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Preface 


Aerodynamics is the theoretical foundation of aeronautical, rocket, space, 
and artillery engineering and the cornerstone of the aerodynamic design of 
modern craft. The fundamentals of aerodynamics are used in studying the exter¬ 
nal flow over various bodies or the motion of air (a gas) inside various objects. 
Engineering success in the fields of aviation, artillery, rocketry, space flight, 
motor vehicle transport, and so on, i.e. fields that pertain to the flow of air 
or a gas in some form or other, depends on a firm knowledge of aerodynamics. 

The present textbook, in addition to the general laws of flow of a fluid, 
treats the application of aerodynamics, chiefly in rocketry and modern high¬ 
speed aviation. The book consists of two parts, each forming a separate volume. 
The first of them concerns the fundamental concepts and definitions of aero¬ 
dynamics and the theory of flow over an airfoil and a wing, including an un¬ 
steady flow (Chapters 1-9), while the second describes the aerodynamic design 
of craft and their individual parts (Chapters 10-15). The two parts are designed 
for use in a two-semester course of aerodynamics, although the first part can be 
used independently by those interested in individual problems of theoretical 
aerodynamics. 

A sound theoretical background is important to the study of any subject 
because creative solutions of practical problems, scientific research, and dis¬ 
coveries are impossible without it. Students should therefore devote special 
attention to the first five chapters, which deal with the fundamental concepts 
and definitions of aerodynamics, the kinematics of a fluid, the fundamentals of 
fluid dynamics, the theory of shocks, and the method of characteristics used 
widely in investigating supersonic flows. Chapters 6 and 7, which relate to the 
flow over airfoils, are also important to a fundamental understanding of the 
subject. These chapters contain a fairly complete discussion of the general 
theory of flow of a gas in two-dimensional space (the theory of two-dimensional 
flow). The information on the supersonic steady flow over a wing in Chapter 8 
relates directly to these materials. The aerodynamic design of most modern craft 
is based on studies of such flow. 

One of the most topical areas of modern aerodynamic research is the study 
of optimal aerodynamic configurations of craft and their separate (isolated) 
parts (the fuselage, wing, empennage). Therefore, a small section (6.5) that 
defines a finite-span wing with the most advantageous planform in an incompres¬ 
sible flow has been included here. This section presents important practical 
and methodological information on the conversion of the aerodynamic coeffic¬ 
ients of a wing from one aspect ratio to another. 

The study of non-stationary gas flows is a rather well developed field of 
modern theoretical and practical aerodynamics. The results of this study are 
widely used in calculating the effect of aerodynamic forces and moments on 
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craft whose motion is generally characterized by non-uniformity, and the non- 
stationary aerodynamic characteristics thus calculated are used in the dynamics 
of craft when studying their flight stability. Chapter 9 concerns the general 
relations of the aerodynamic coefficients in unsteady flow. Aerodynamic deriv¬ 
atives (stability derivatives) are analysed, as is the concept of dynamic stability. 
Unsteady flow over a wing is also considered. The most important section of 
this chapter is devoted to numerical methods of calculating the stability deriv¬ 
atives of a lifting surface of arbitrary planform, generally with a curved leading 
edge (i.e. with variable sweep along the span). Both exact and approximate 
methods of determining the non-stationary aerodynamic characteristics of a 
wing are given. 

A special place in the book is devoted to the most important theoretical 
and applied problems of high-speed aerodynamics, including the thermodynamic 
and kinetic parameters of dissociating gases, the equations of motion and energy, 
and the theory of shocks and its relation to the physicochemical properties of 
gases at high temperatures. Considerable attention is given to shock waves 
(shocks), which are a manifestation of the specific properties of supersonic flows. 
The concept of the thickness of a shock is discussed, and the book includes graphs 
of the functions characterizing changes in the parameters of a gas as it passes 
through a shock. 

Naturally, a textbook cannot reflect the entire diversity of problems facing 
the science of aerodynamics. I have tried to provide the scientific information 
for specialists in the field of aeronautic and rocket engineering. This inform¬ 
ation, if mastered in its entirety, should be sufficient for young specialists to 
cope independently with other practical aerodynamic problems that may appear. 
Among these problems, not reflected in the book, are magnetogasdynamic invest¬ 
igations, the application of the method of characteristics to three-dimensionai 
gas flows, and experimental aerodynamics. I will be happy if study of this text¬ 
book leads students to a more comprehensive, independent investigation of 
modern aerodynamics. 

The book is the result of my experience teaching courses in aerodynamics 
at the N.E. Bauman Higher Engineering College in Moscow, USSR. Intended 
for college and junior-college students, it will also be a useful aid to specialists 
in research institutions, design departments, and industrial enterprises. 

All physical quantities are given according to the International System of 
Units (SI). 

In preparing the third Russian edition of the book, which the present English 
edition has been translated from, I took account of readers’ remarks and of the 
valuable suggestions made by the reviewer, professor A.M. Mkhiteryan, to whom 
I express my profound gratitude. 


Nikolai F. Krasnov 
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Introduction 


Aerodynamics is a complex word originating from the Greek 
words app (air) and 80vap«x (power). This name has been given to 
a science that, being a part of mechanics—the science of the motion 
of bodies in general—studies the laws of motion of air depending on 
the acting forces and on their basis establishes special laws of the 
interaction between air and a solid body moving in it. 

The practical problems confronting mankind in connection with 
flights in heavier-than-air craft provided an impetus to the develop¬ 
ment of aerodynamics as a science. These problems were associated 
with the determination of the forces and moments (what we call 
the aerodynamic forces and moments) acting on moving bodies. 
The main task in investigating the action of forces was calculation 
of the buoyancy, or lift, force. 

At the beginning of its development, aerodynamics dealt with 
the investigation of the motion of air at quite low speeds because 
aircraft at that time had a low flight speed. It is quite natural that 
aerodynamics was founded theoretically on hydrodynamics —the 
science dealing with the motion of a dropping (incompressible) 
liquid. The cornerstones of this science were laid in the 18tli century 
by L. Euler (1707-1783) and D. Bernoulli (1700-1782), members of 
the Russian Academy of Sciences. In his scientific treatise “The 
General Principles of Motion of Fluids” (in Russian—1755), Euler 
for the first time derived the fundamental differential equations of 
motion of ideal (non-viscous) fluids. The fundamental equation of 
hydrodynamics establishing the relation between the pressure and 
speed in a flow of an incompressible fluid was discovered by Ber¬ 
noulli. He published this equation in 1738 in his works “Fluid 
Mechanics” (in Russian). 

At low flight speeds, the influence on the nature of motion of air 
of such its important property as compressibility is negligibly 
small. But the development of artillery—rifle and rocket—and high¬ 
speed aircraft moved to the forefront the task of studying the laws 
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of motion of air or in general of a gas at high speeds. It was found 
that if the forces acting on a body moving at a high speed are cal¬ 
culated on the basis of the laws of motion of air at low speeds, they 
may differ greatly from the actual forces. It became necessary to 
seek the explanation of this phenomenon in the nature itself of 
the motion of air at high speeds. It consists in a change in its density 
depending on the pressure, which may be quite considerable at such 
speeds. It is exactly this change that underlies the property of com¬ 
pressibility of a gas. 

Compressibility causes a change in the internal energy of a gas, 
which must be considered when calculating the parameters deter¬ 
mining the motion of the fluid. The change in the internal energy 
associated with the parameters of state and the work that a com¬ 
pressed gas can do upon expansion is determined by the first law of 
thermodynamics. Hence, thermodynamic relations were used in the 
aerodynamics of a compressible gas. 

A liquid and air (a gas) differ from each other in their physical 
properties owing to their molecular structure being different. Digres¬ 
sing from these features, we can take into account only the basic 
difference between a liquid and a gas associated with the degree of 
their compressibility. Accordingly, in aerohydromechanics, which 
deals with the motion of liquids and gases, it is customary to use 
the term fluid to designate both a liquid and a gas, distinguishing 
between an incompressible and a compressible fluid when necessary. 

Aerohydromechanics treats laws of motion common to both liquids 
and gases, which made it expedient and possible to combine the 
studying of these laws within the bounds of a single science of aero¬ 
dynamics (or aeromechanics). In addition to the general laws charac¬ 
terizing the motion of fluids, there are laws obeyed only by a gas or 
only by a liquid. 

Fluid mechanics studies the motion of fluids at a low speed at 
which a gas behaves practically like an incompressible liquid. 
In these conditions, the enthalpy of a gas is large in comparison 
with its kinetic energy, and one does not have to take account of 
the change in the enthalpy with a change in the speed of the flow, 
i.e. with a change in the kinetic energy of the fluid. This is why 
there is no need to use thermodynamic concepts and relations in 
low-speed aerodynamics (hydrodynamics). The mechanics of a gas 
differs from that of a liquid when the gas has a high speed. At such 
speeds, a gas flowing over a craft experiences not only a change in its 
density, but also an increase in its temperature that may result in 
various physicochemical transformations in it. A substantial part of 
the kinetic energy associated with the speed of a flight is converted 
into heat and chemical energy. 

All these features of motion of a gas resulted in the appearance 
of high-speed aerodynamics or gas dynamics —a special branch of 



Introduction 


15 


aerodynamics studying the laws of motion of air (a gas) at high 
subsonic and supersonic speeds, and also the laws of interaction 
between a gas and a body travelling in it at sucli speeds. 

One of the founders of gas dynamics was academician S. Chaplygin 
(1869-1942), who in 1902 published an outstanding scientific work 
“On Gas Jets” (in Russian). Equations are derived in this work that 
form the theoretical foundation of modern gas dynamics and entered 
the world’s science under the name of the Chaplygin equations. 

The development of theoretical aerodynamics was attended by 
the creation of experimental aerodynamics devoted to the experi¬ 
mental investigation of the interaction between a body and a gas 
flow past it with the aid of various technical means such as a wind 
tunnel that imitate the flow of aircraft. 

Under the guidance of professor N. Zhukovsky (1847-1921), the 
first aerodynamic laboratories in Russia were erected (at the Moscow 
State University, the Moscow Higher Technical College, and at 
Kuchino, near Moscow), In 1918, the Central Aerohvdrodynamic 
Institute (TsAGI) was organized by Zhukovsky’s initiative with the 
direct aid of V. Lenin. At present it is one of the major world centres 
fo the science of aerodynamics hearing the name of N. Zhukovsky. 

The development of aviation, artillery, and rocketry, and the 
maturing of the theoretical fundamentals of aerodynamics changed 
the nature of aerodynamic installations, from the first, comparatively 
small and low-speed wind tunnels up to the giant high-speed tunnels 
of TsAGI (1940) and modern hypersonic installations, and also special 
facilities in which a supersonic flow of a heated gas is artificially 
created (what we call high-temperature tunnels, shock tunnels, plasma 
installations, etc,). 

The nature of the interaction between a gas and a body moving 
in it may vary. At low speeds, the interaction is mainly of a force 
nature. With a growth in the speed, the force interaction is attended 
by heating of the surface owing to heat transfer from the gas to the 
body: this gives rise to thermal interaction. At very high speeds, 
aerodynamic heating is so great that it may lead to failure of the 
material of a craft wall because of its fusion or sublimation and. as 
a result, to the entrainment of the destroyed material (ablation) 
and to a change in the nature of heating of the wall. Aerodynamic 
heating may also cause chemical interaction between a solid wall 
and the gas flowing over it, as a result of which the same effect of 
ablation appears. High flight speeds may also cause ablation as a 
result of mechanical interaction between the gas and a moving body 
consisting in erosion of the material of a wall and damage to its 
structure. 

The investigation of all kinds of interaction between a gas and 
a craft allows one to perform aerodynamic calculations associated 
with the evaluation of the quantitative criteria of this interaction, 
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namely, with determination of the aerodynamic forces and moments, 
lieat transfer, and ablation. As posed at present, this problem con¬ 
sists not only in determining the overall aerodynamic quantities 
(the total lift force or drag, the total heat flux from the gas to a sur¬ 
face, etc.), but also in evaluating the distribution of the aerodynamic 
properties—dynamic and thermal—over a surface of an aircraft 
moving through a gas (the pressure and shearing stress of friction, 
local heat fluxes, local ablation). 

The solution of such a problem requires a deeper investigation of 
the flow of a gas than is needed to determine the overall aerodynamic 
action. It consists in determining the properties of the gas charac¬ 
terizing its flow at each point of the space it occupies and at each 
instant. 

The modern methods of studying the flow of a gas are based on 
a number of principles and hypotheses established in aerodynamics. 
One of them is the continuum hypothesis —the assumption of the 
continuity of a gas flow according to which we may disregard the 
intermolecular distances and molecular movements and consider 
the continuous changes of the basic properties of a gas in space and 
in time. This hypothesis follows from the condition consisting in 
that the free path of molecules and the amplitude of their vibrational 
motion are sufficiently small in comparison with the linear dimen¬ 
sions characterizing flow around a body, for example the wing span 
and the diameter or length of the fuselage (or body). 

The introduced continuum hypothesis should not contradict the 
concept of the compressibility of a gas, although the latter should 
seem to be incompressible in the absence of intermolecular distances. 
The reality of a compressible continuum follows from the circum¬ 
stance that the existence of intermolecular distances may be dis¬ 
regarded in many investigations, but at the same time one may assume 
the possibility of the concentration (density) varying as a result of 
a change in the magnitude of these distances. 

In aerodynamic investigations, the interaction between a gas 
and a body moving in it is based on the principle of inverted flow 
according to which a system consisting of a gas (air) at rest and a 
moving body is replaced with a system consisting of a moving gas 
and a body at rest. When one system is replaced with the other, the 
condition must be satisfied that the free-stream speed of the gas 
relative to the body at rest equals the speed of this body in the gas 
at rest. The principle of inverted motion follows from the general 
principle of relativity of classical mechanics according to which 
forces do not depend on which of two interacting bodies (in our case 
the gas or craft) is at rest and which is performing uniform rectilinear 
motion. 

The system of differential equations underlying the solution of 
problems of flow over objects is customarily treated separately in 



Introduction 


17 


modern aerodynamics for two basic kinds of motion: free (inviscid) 
flow and flow in a thin layer of the gas adjacent to a wall or bound¬ 
ary—in the boundary layer, where motion is considered with account 
taken of viscosity. This division of a flow is based on the hypothesis 
of the absence of the reverse influence of the boundary layer on the 
free flow. According to this hypothesis, the parameters of inviscid 
flow, i.e. on the outer surface of the boundary layer, are the same as 
on a wall in the absence of this layer. 

The finding of the aerodynamic parameters of craft in unsteady 
motion characterized by a change in the kinematic parameters with 
time is usually a very intricate task. Simplified ways of solving this 
problem are used for practical purposes. Such simplification is pos¬ 
sible when the change occurs sufficiently slowly. This is characteristic 
of many craft. When determining their aerodynamic characteristics, 
we can proceed from the hypothesis of steadiness in accordance 
with which these characteristics in unsteady motion are assumed to 
be the same as in steady motion, and are determined by the kinematic 
parameters of this motion at a given instant. 

When performing aerodynamic experiments and calculations, 
account must be taken of various circumstances associated with the 
physical similitude of the How phenomena being studied. Aerodyna¬ 
mic calculations of full-scale craft (rockets, airplanes) are based on 
preliminary widespread investigations (theoretical and experimental) 
of flow over models. The conditions that must be observed in such 
investigations on models are found in the theory of dynamic simili¬ 
tude, and typical and convenient parameters determining the basic 
conditions of the processes being studied are established. They are 
called dimensionless numbers or similarity criteria. The modern 
problems of similarity and also the theory of dimensions widely 
used in aerodynamics are set out in a fundamental work of academi¬ 
cian L. Sedov titled “Similarity and Dimensional Methods in Mech¬ 
anics” [1]. 

Aerodynamics, figuratively speaking, is a multibranch science. In 
accordance with the needs of the rapidly developing aviation, rocket, 
and cosmic engineering, more or less clearly expressed basic scientific 
trends have taken shape in aerodynamics. They are associated with 
the aerodynamic investigations of craft as a whole and their indivi¬ 
dual structural elements, and also of the most characteristic kinds 
of gas flows and processes attending the flow over a body. It is quite 
natural that any classification of aerodynamics is conditional to 
a certain extent because all these trends or part of them are inter¬ 
related. Nevertheless, such a “branch” specialization of the aero¬ 
dynamic science is of a practical interest. 

The two main paths along which modern aerodynamics is deve¬ 
loping can be determined. The first of them is what is called force 
aerodynamics occupied in solving problems connected with the 
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force action of a fluid, i.e. in finding the distribution of the pressure 
and shearing stress over the surface of a craft, and also with the 
distribution of the resultant aerodynamic forces and moments. The 
data obtained are used for strength analysis of a craft as a whole 
and of individual elements thereof, and also for determining its 
flight characteristics. The second path includes problems of aero- 
thermodynamics and aerodynamic heating—a science combining 
aerodynamics, thermodynamics, and heat transfer and studying 
flow over bodies in connection with thermal interaction. As a result 
of these investigations, we find the heat fluxes from a gas to a wall 
and determine its temperature. These data are needed in analysing 
the strength and designing the cooling of craft. At the same time, 
the taking into account of the changes in the properties of a gas 
flowing over a body under the influence of high temperatures allows 
us to determine more precisely the quantitative criteria of force 
interaction of both the external flow and of the boundary layer. 

All these problems are of a paramount importance for very high 
air speeds at which the thermal processes are very intensive. Even 
greater complications are introduced into the solution of such prob¬ 
lems, however, because it is associated with the need to take into 
consideration the chemical processes occurring in the gas, and also 
the influence of chemical interaction between the gas and the material 
of the wall. 

If we have in view the range of air speeds from low subsonic to 
very high supersonic ones, then, as already indicated, we can separate 
the following basic regions in the science of investigating flow: aero¬ 
dynamics of an incompressible fluid, or fluid mechanics (the Mach 
number of the flow is M = 0), and high-speed aerodynamics. The 
latter, in turn, is divided into subsonic (M < 1), transonic ( M « 1), 
supersonic (M > 1) and hypersonic {M 1) aerodynamics. It must 
be noted that each of these branches studies flow processes that are 
characterized by certain specific features of flows with the indicated 
Mach numbers. This is why the investigation of such flows can be 
based on a different mathematical foundation. 

We have already indicated that aerodynamic investigations are 
based on a division of the flow near bodies into two kinds: free (exter¬ 
nal) inviscid flow and the boundary layer. An independent section 
of aerodynamics is devoted to each of them. 

Aerodynamics of an ideal fluid studies a free flow and investigates 
the distribution of the parameters in inviscid flow over a body that 
are treated as parameters on the boundary layer edge and, consequent¬ 
ly, are the boundary conditions for solving the differential equations 
of this layer. The inviscid parameters include the pressure. If we 
know its distribution, we can find the relevant resultant forces and 
moments. Aerodynamics of an ideal fluid is based on Euler’s 
fundamental equations. 
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Aerodynamics of a boundary layer is one of the broadest and most 
developed sections of the science of a fluid in motion. It studies 
viscous gas flow in a boundary layer. The solution of the problem of 
flow in a boundary layer makes it possible to find the distribution of 
the shearing stresses and, consequently, of the resultant aerodynamic 
forces and moments caused by friction. It also makes it possible to 
calculate the transfer of heat from the gas flowing over a body to a 
boundary. The conclusions of the boundary layer theory can also 
he used for correcting the solution on inviscid flow, particularly for 
finding the correction to the pressure distribution due to the influence 
of the boundary layer. 

The modern theory of the boundary layer is based on fundamental 
investigations of A. Navier. G. Stokes, 0. Reynolds, L. Prandtl, and 
T. von Karman. A substantial contribution to the development of 
the boundary layer theory was made by the Soviet scientists A. Do- 
rodnitsyn, L. Loitsyansky, A. Melnikov, N. Ivochin. G. Petrov, 
V. Struminsky, and others. They created a harmonious theory of 
the boundary layer in a compressible gas, worked out methods of 
calculating the How of a viscous fluid over various bodies (two- and 
three-dimensional), investigated problems of the transition of a 
laminar boundary layer into a turbulent one, and studied the com¬ 
plicated problems of turbulent motion. 

In aerodynamic investigations involving low airspeeds, the 
thermal processes in the boundary layer do not have to be taken 
into account because of their low intensity. When high speeds are 
involved, however, account must be taken of heat transfer and of 
the influence of the high boundary layer temperatures on friction. 
It is quite natural that abundant attention is being given to the 
solution of such problems, especially recently. In the Soviet Union, 
professors L. Kalikhman, I. Kibel, V. Iyevlev and others are develop¬ 
ing the gas-dynamic theory of heat transfer, studying the viscous flow 
over various bodies at high temperatures of the boundary layer. Simi¬ 
lar problems are also being solved by a number of foreign scien¬ 
tists. 

At hypersonic flow speeds, the problems of aerodynamic heating 
are not the only ones. That ionization occurs at such speeds because 
of the high temperatures and the gas begins to conduct electricity 
causes new problems associated with control of the plasma flow with 
the aid of a magnetic field. When describing the processes of inter¬ 
action of a moving body with plasma, the relevant aerodynamic 
calculations must take into account electromagnetic forces in addition 
to gas-dynamic ones. These problems are studied in magnetogas- 
dynamics. 

The motion of fluids in accordance with the continuum hypothe¬ 
sis set out above is considered in a special branch of aerodynamics — 
continuum aerodynamics. Many theoretical problems of this branch 
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of aerodynamics are treated in a fundamental work of L. Sedov: 
“Continuum Mechanics” (in Russian — a textbook for universities) [2], 
It must be noted that the continuum hypothesis holds only for con¬ 
ditions of flight at low altitudes, i.e. in sufficiently dense layers of 
the atmosphere where the mean free path of the air molecules is 
small. At high altitudes in conditions of a greatly rarefied atmosphere, 
the free path of molecules becomes quite significant, and the air can 
no longer be considered as a continuum. This is why the conclusions 
of continuum aerodynamics are not valid for such conditions. 

The interaction of a rarefied gas with a body moving in it is 
studied in a special branch of aerodynamics—aerodynamics of 
rarefied gases. The rapid development of this science during recent 
years is due to the progress in space exploration with the aid of 
artificial satellites of the Earth and rocket-propelled vehicles, as 
well as in various types of rocket systems (ballistic, intercontinental, 
global missiles, etc.) performing flights near the earth at very high 
altitudes. 

The conditions of flow over craft and, consequently, their aero¬ 
dynamic characteristics vary depending on how the parameters of 
the gas change at fixed points on a surface. A broad class of flow 
problems of a practical significance can be solved, as already noted, 
in steady-state aerodynamics, presuming that the parameters are 
independent of the time at these points. When studying flight stabil¬ 
ity, however, account must be taken of the unsteady nature of flow 
due to the non-uniform airspeed, and of vibrations or rotation of the 
craft, because in these conditions the flow over a body is characterized 
by a local change in its parameters with time. The investigation of 
this kind of flow relates to unsteady aerodynamics. 

We have considered a classification of modern aerodynamics by 
the kinds of gas flows. It is obvious that within the confines of each 
of these branches of aerodynamics, flow is studied as applied to 
various configurations of craft or their parts. In addition to such 
a classification, of interest are the branches of modern aerodynamics 
for which the configuration of a craft or its individual elements is the 
determining factor. 

As regards its aerodynamic scheme, a modern aircraft in the 
generalized form is a combination of a hull (fuselage), wings, a tail 
unit (empennage), elevators, and rudders. When performing aero¬ 
dynamic calculations of such combinations, one must take into 
account the effects of aerodynamic interference—the aerodynamic 
interaction between all these elements of an aircraft. Accordingly, 
in particular, the overall aerodynamic characteristics such as the 
lift force, drag, or moment must be evaluated as the sum of similar 
characteristics of the isolated hull, wings, tail unit, elevators, and 
rudders with corrections made for this interaction. 

Hence, this scheme of aerodynamic calculations presumes a knowl- 
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edge of the aerodynamic characteristics of the separate constituent 
parts of an aircraft. 

Aerodynamic calculations of the lifting planes of wings is the 
subject of a special branch of the aerodynamic science—wing aero¬ 
dynamics. The outstanding Russian scientists and mechanics N. Zhu¬ 
kovsky (Joukowski) and S. Chaplygin are by right considered to be 
the founders of the aerodynamic theory of a wing. 

The beginning of the 20th century was noted by the remarkable 
discovery by Zhukovsky of the nature of the lift force of a wing; he 
derived a formula for calculating this force that bears his name. 
His work on the bound vortices that are a hydrodynamic model of 
a wing was far ahead of his time. The series of wing profiles (Zhukov¬ 
sky wing profiles) he developed were widely used in designing air¬ 
planes. 

Academician S. Chaplygin is the author of many prominent works 
on wing aerodynamics. In 1910 in his work “On the Pressure of a 
Parallel Flow on Obstacles” (in Russian), he laid the foundations of 
the theory of an infinite-span wing. In 1922, he published the scientific 
work “The Theory of a Monoplane Wing” (in Russian) that sets out 
the theory of a number of wing profiles (Chaplygin wing profiles) 
and also develops the theory of stability of a monoplane wing. Chaply¬ 
gin is the founder of the theory of a finite-span wing. 

The fundamental ideas of Zhukovsky and Chaplygin were developed 
in the works of Soviet scientists specializing in aerodynamics. Associ¬ 
ate member of the USSR Academy of Sciences V. Golubev (1884-1954) 
investigated the flow past short-span wings and various kinds of 
high-lift devices. Important results in the potential wing theory 
were obtained by academician M. Keldysh (1911-1978), and also by 
academicians M. Lavrentyev and L. Sedov. Academician A. Dorod- 
nitsyn summarized the theory of the lifting (loaded) line for a side¬ 
slipping wing. 

Considerable achievements in the theory of subsonic gas flows 
belong to M. Keldysh and F. Frankl, who strictly formulated the 
problem of a compressible flow past a wing and generalized the 
Kutta-Zhukovsky theorem for this case. 

Academician S. Khristianovich in his work “The Flow of a Gas 
Past a Body at High Subsonic Speeds” (in Russian) [3] developed 
an original and very effective method for taking into account the 
influence of compressibility on the flow over airfoils of an arbitrary 
configuration. 

The foreign scientists L. Prandtl (Germany) and H. Glauert 
(Great Britain) studied the problem of the influence of compressibility 
on flow past wings. They created an approximate theory of a thin 
wing in a subsonic How at a small angle of attack. The results they 
obtained can be considered as particular c ses of the general theory 
of flow developed by Khristianovich. 
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A great contribution to the aerodynamics of a wing was made by 
academician A. Nekrasov (1883-1954), who developed a harmonious 
theory of a lifting plane in an unsteady flow. Keldysh and Lav¬ 
rentyev solved the important problem on the flow over a vibrating 
airfoil by generalizing Chaplygin’s method for a wing with varying 
circulation. Academician Sedov established general formulas for 
unsteady aerodynamic forces and moments acting on an arbitrarily 
moving wing. 

Professors F. Frankl, E. Krasilshchikova, and S. Falkovich devel¬ 
oped the theory of steady and unsteady supersonic flow over thin 
wings of various configurations. 

Important results in studying unsteady aerodynamics of a wing 
were obtained by professor S. Belotserkovsky, who widely used 
numerical methods and computers. 

The results of aerodynamic investigations of wings can be applied 
to the calculation of the aerodynamic characteristics of the tail unit, 
and also of elevators and rudders shaped like a wing. The specific 
features of flow over separate kinds of aerodynamic elevators and 
rudders and the presence of other kinds of controls resulted in the 
appearance of a special branch of modern aerodynamics—the aero¬ 
dynamics of controls. 

Modern rocket-type craft often have the configuration of bodies 
of revolution or are close to them. Combined rocket systems of the 
type “hnll-wing-tail unit” have a hull (body of revolution) as the 
main component of the aerodynamic system. This explains why the 
aerodynamics of hulls (bodies of revolution), which has become one 
of the important branches of today’s aerodynamic science, has seen 
intensive development in recent years. 

A major contribution to the development of aerodynamics of bodies 
of revolution was made by professors F. Frankl and E. Karpovich, 
who published an interesting scientific work “The Gas Dynamics 
of Slender Bodies” (in Russian). 

The Soviet scientists I. Kibel and F. Frankl, who specialized 
in aerodynamics, developed the method of characteristics that made 
it possible to perform effective calculations of axisymmetric super¬ 
sonic flow past pointed bodies of revolution of an arbitrary thickness. 

A group of scientific workers of the Institute of Mathematics of the 
USSR Academy of Sciences (K. Babenko, G. Voskresensky, and 
others) developed a method for the numerical calculation of three- 
dimensional supersonic flow over slender bodies in the general case 
when chemical reactions in the flow are taken into account. The 
important problem on the supersonic flow over a slender cone was 
solved by the foreign specialists in aerodynamics G. Taylor (Great 
Britain) and Z. Copal (USA). 

The intensive development of modern mathematics and computers 
and the improvement on this basis of the methods of aerodynamic 
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investigations lead to greater and greater success in solving many 
complicated problems of aerodynamics including the determination 
of the overall aerodynamic characteristics of a craft. Among them 
are the aerodynamic derivatives at subsonic speeds, the finding of 
which a work of S. Belotserkovsky and B. Skripach [4] is devoted to. 
In addition, approximate methods came into use for appraising the 
effect of aerodynamic interference and calculating the relevant 
corrections to aerodynamic characteristics when the latter were 
obtained in the form of an additive sum of the relevant characteristics 
of the individual (isolated) elements of a craft. The solution of such 
problems is the subject, of a special branch of the aerodynamic 
science—interference aerodynamics. 

At low supersonic speeds, aerodynamic heating is comparatively 
small and cannot lead to destruction of a craft member. The main 
problem solved in the given case is associated with the choice of the 
cooling for maintaining the required boundary temperature. More 
involved problems appear for very high airspeeds when a moving 
body has a tremendous store of kinetic energy. For example, if a 
craft has an orbital or escape speed, it is sufficient to convert only 
25-30°o of this energy into beat for the entire material of a structural 
member to evaporate. The main problem that appears, particularly, 
in organizing the safe re-entry of a craft into the dense layers of the 
atmosphere consists in dissipating this energy so that a minimum 
part of it will be absorbed in the form of heat by the body. It was 
found that blunt-nosed bodies have such a property. This is exactly 
what resulted in the development of aerodynamic studies of such 
bodies. 

An important contribution to investigating the problems of 
aerodynamics of blunt-nosed bodies was made by Soviet scientists— 
academicians A. Dorodnitsyn, G. Cherny. 0. Belotserkovsky, and 
others. Similar investigations were performed by M Lighthill 
(Great Britain), P. Garabedian (USA), and other foreign scientists. 

Blunting of the front surface must be considered in a certain 
sense as a way of thermal protection of a craft. The blunted nose 
experiences the most intensive thermal action, therefore it requires 
thermal protection to even a greater extent than the peripheral part 
of the craft. The most effective protection is associated with the use 
of various coatings whose material at the relevant temperatures is 
gradually destroyed and ablated. Here a considerable part of the 
energy supplied by the heated air to the craft is absorbed. The devel¬ 
opment of the theory and practical methods of calculating ablation 
relates to a modern branch of the aerodynamic science—aerodynamics 
of ablating surfaces. 

A broad range of aerodynamic problems is associated with the 
determination of the interaction of a fluid with a craft having an 
arbitrary preset shape in the general case. The shapes of craft sur- 
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faces can also be chosen for special purposes ensuring a definite aero¬ 
dynamic effect. The shape of blunt bodies ensures a minimum trans¬ 
fer of heat to the entire body. Consequently, a blunt surface can be 
considered optimal from the viewpoint of heat transfer. In designing 
craft, the problem appears of choosing a shape with the minimum 
force action. One of these problems is associated, particularly, with 
determination of the shape of a craft head ensuring the smallest drag 
at a given airspeed. Problems of this kind are treated in a branch of 
aerodynamics called aerodynamics of optimal shapes. 



Basic Information 
from Aerodynamics 


1.1. Forces Acting 

on a Moving Body , 

Surface Force 

Let us consider the forces exerted by a gaseous viscous continuum 
on a moving body. This action consists in the uniform distribution 
over the body’s surface of the forces P n produced by the normal and 
the forces P T produced by the shear stresses (Fig. 1.1.1). The surface 
element dS being considered is acted upon by a resultant force 
called a surface one. This force P is determined according to the 
rule of addition of two vectors: P n and P T . The force P n in addition 
to the force produced by the pressure, which does not depend on the 
viscosity, includes a component due to friction (Maxwell’s hypo¬ 
thesis). 

In an ideal fluid in which viscosity is assumed to be absent, the- 
action of a force on an area consists only in that of the forces produced 
by the normal stress (pressure). This is obvious, because if the force- 
deviated from a normal to the area, its projection onto this area would 
appear, i.e. a shear stress would exist. The latter, however, is absent 
in an ideal fluid. 

In accordance with the principle of inverted' (low, the effect of 
the forces will be the same if we consider a body at rest and a uni¬ 
form flow over it having a velocity at infinity ecjual to the speed of 
the body before inversion. We shall call this velocity the velocity 
at infinity or the free-stream velocity (the velocity of the undisturbed, 
flow) and shall designate it by —Voo, in contrast to V (the velocity 
of the body relative to the undisturbed flow), i.e. | V | = | V M |. 

A free stream is characterized by the undisturbed parameters— 
the pressure p x , density p^., and temperature T x differing from 
their counterparts p, p, and T of the flow disturbed by the body 
(Fig. 1.1.2). The physical properties of a gas (air) are also characterized 
by the following kinetic parameters: the dynamic viscosity p and 
the coefficient of heat conductivity h (the undisturbed parameters 
are p and hoc, respectively), as well as by thermodynamic para- 
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Fig. 1.1.1 

Forces acting on a surface ele¬ 
ment of a moving body 



V=.;A_;p_,L 


Vp.p.r 


Fig. 1.1.2 

Designation of parameters of 
disturbed and undisturbed flows 



meters: the specific heats at constant pressure c v (c p x ) and constant 
volume c v (c r x ) and their ratio (the adiabatic exponent) k — c p /c D 

(k 00 Cp oq/c£ OC ) . 


Property of Pressures 
In an Ideal Fluid 

To determine the property of pressures in an ideal fluid, let us 
take an elementary particle of the fluid having the shape of a tetra¬ 
hedron M^MyM zM 3 with edge dimensions of Ax, Ay, and Az 
(Fig. 1.1.3) and compile equations of motion for the particle by 
equating the product of the mass of this element and its acceleration 
to the sum of the forces acting on it. We shall write these equations 
in projections onto the coordinate axes. We shall limit ourselves to 
the equations of motion of the tetrahedron in the projection onto the 
z-axis, taking into account that the other two have a similar form. 
The product of the mass of an element and its acceleration in the 
■direction of the z-axis is p av AW dVJdt, where p av is the average 
density of the fluid contained in the elementary volume AW, and 
dVJdt is the projection of the particle’s acceleration onto the z-axis. 

The forces acting on our particle are determined as follows. As we 
have already established, these forces include what we called the 
surface force. Here it is determined by the action of the pressure on 
the faces of our particle, and its projection onto the z-axis is 
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Another force acting on the isolated fluid volume is the mass (body) 
force proportional to the mass of the particle in this volume. Mass 
forces include gravitational ones, and in particular the force of 
gravity. Another example of these forces is the mass force of an 
electromagnetic origin, known as a ponderomotive force, that 
appears in a gas if it is an electric conductor (ionized) and is in an 
electromagnetic held. Here we shall not consider the motion of a 
gas under the action of such forces (see a special course in magneto- 
gasdynamics). 

In the case being considered, we shall write the projection of the 
mass force onto the x-axis in the form of Xp av AW. denoting by X 
the projection of the mass force related to a unit of mass. With ac¬ 
count taken of these values for the projections of the surface and 
mass forces, we obtain an equation of motion 

Pav A = Xp av A W -t- p x A S x — p„ AS,, cos (n,z) 

where A S x and AS,, are the areas of faces M (I M->M a and M r M 2 M 3 , 

respectively, cos ( n,x ), is the cosine of the angle between a normal n 
to face il/jil/0.1/3 and the a-axis, and p x and p„ are the pressures 
acting on faces M 0 M z M a and M ,.M 3,1 / 3 . respectively. 

Dividing the equation obtained by A S x and having in view that 

/ 

AS x = AS,, cos (n,x). let us pass over to the limit with Ax, Ay, and 
As tending to zero. Consequently, the terms containing AW/AS X 
will also tend to zero because AW is a small quantity of the third 
order, while A S x is a small quantity of the second order in com¬ 
parison with the linear dimensions of the surface element. As a result, 
we have p x — p„ — 0, and, therefore. p x = p n . 

When considering the equations of motion in projections onto the 
y- and z-axes, we find that p v — p„ and p 2 — p„. 

Since our surface element with the normal n is oriented arbitrarily, 
we can arrive at the following conclusion from the results obtained. 
The pressure at any point of a flow of an ideal fluid is identical on 
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all surface elements passing through this point, i.e. it does not 
depend on the orientation of these elements. Consequently, the 
pressure can be treated as a scalar quantity depending only on the 
coordinates of a point and the time. 

Influence of Viscosity 
on the Flow of a Fluid 

Laminar and Turbulent Flow. Two modes of flow are characteristic 
of a viscous fluid. The first of them is laminar flow distinguished 
by the orderly arrangement of the individual filaments that 
do not mix with one another. Momentum, heat, and matter are 
transferred in a laminar flow at the expense of molecular processes 
of friction, heat conduction, and diffusion. Such a flow usually 
appears and remains stable at moderate speeds of a fluid. 

If in given conditions of flow over a surface the speed of the flow 
exceeds a certain limiting (critical) value of it, a laminar flow stops 
being stable and transforms into a new kind of motion characterized 
by lateral mixing of the fluid and, as a result, by the vanishing of 
the ordered, laminar flow. Such a flow is called turbulent. In a tur¬ 
bulent flow, the mixing of macroscopic particles having velocity 
components perpendicular to the direction of longitudinal motion 
is imposed on the molecular chaotic motion characteristic of a 
laminar flow. This is the basic distinction of a turbulent flow from 
a laminar one. Another distinction is that if a laminar flow may be 
either steady or unsteady, a turbulent flow in its essence has an 
unsteady nature when the velocity and other parameters at a given 
point depend on the time. According to the notions of the kinetic 
theory of gases, random (disordered, chaotic) motion is characteristic 
of the particles of a fluid, as of molecules. 

When studying a turbulent flow, it is convenient to deal not 
with the instantaneous (actual) velocity, but with its average (mean 
statistical) value during a certain time interval 1 2 . For example, the 

component of the average velocity along the x-axis is V x = 

<2 

= [1 f(t 2 — t x )] J F* dt, where V x is the component of the actual 

ti 

velocity at the given point that is a function of the time t. The com¬ 
ponents V y and V z along the y- and z-axes are expressed similarly. 
Using the concept of the average velocity, we can represent the actual 
velocity as the sum V x — V x + V' x in which V' x is a variable addition¬ 
al component known as the fluctuation velocity component (or the 
velocity fluctuation). The fluctuation components of the velocity 
along the y- and z-axes are denoted by Vy and F', respectively. 

By placing a measuring instrument with a low inertia (for example, 
a hot-wire anemometer) at the required point of a flow, we can record 
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or measure the fluctuation speed. In a turbulent flow, the instrument 
registers the deviation of the speed from the mean value—the fluc¬ 
tuation speed. 

The kinetic energy of a turbulent flow is determined by the sum 
of the kinetic energies calculated according to the mean and fluc¬ 
tuation speeds. For a point in question, the kinetic energy of a 
fluctuation flow can be determined as a quantity proportional to the 
mean value of the mean square fluctuation velocities. If we resolve 
the fluctuation flow along the axes of a coordinate system, the kinetic 
energy of each of the components of such a flow will be proportional 
to the relevant mean square components of the fluctuation velocities, 
designated by Fy. I” 2 , and F' 2 and determined from the expression 

11 

The concepts of average and fluctuating quantities can be extended 
to the pressure and other physical parameters. The existence of 
fluctuation velocities leads to additional normal and shear stresses 
and to the more intensive transfer of heat and mass. All this has to 
be taken into account when running experiments in aerodynamic 
tunnels. The turbulence in the atmosphere was found to be relatively 
small and, consequently, it should be just as small in the working 
part of a tunnel. An increased turbulence affects the results of an 
experiment adversely. The nature of this influence depends on the 
turbulence level (or the initial turbulence), determined from the 
expression 

s = ±V(V?- r V?±n 2 )!3 ( 1 . 1 . 1 ) 

where F is the overall average speed of the turbulent flow at the 
point being considered. 

In modern low-turbulence aerodynamic tunnels, it is possible in 
practice to reach an initial turbulence close to what is observed in 
the atmosphere (e ^ 0.01-0.02). 

The important characteristics of turbulence include the root 

mean square (rms) fluctuations V F*, VVy, and V F' 2 . These 
quantities, related to the overall average speed, are known as the 
turbulence intensities in the corresponding directions and are de¬ 
noted as 

= ^ = /f?/F, £ z = VWfV (1.1.2) 

Using these characteristics, the initial turbulence ( 1 . 1 . 1 ) can be 
expressed as follows: 


e = y (e| -j- 8y -f- ej) /3 


( 1 . 1 . 1 ') 
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Fig. 1.1.4 

Flow of a viscous fluid over a body: 
a -schematic view of flow; /-laminar boundary layer; 

2 —viscous sublayer; 3 —turbulent boundary layer; 4 —surface in the flow; 5 —wake; 6—free 
flow; 7 —wake vortex; b —velocity profile in the boundary layer; c—diagram defining the 
concept of a two-point correlation coefficient; V. is the velocity component at the outer edge 
of the boundary layer 0 

Turbulence is of a vortex nature, i.e. mass, momentum, and 
energy are transferred by fluid particles of a vortex origin. Hence 
it follows that fluctuations are characterized by a statistical asso¬ 
ciation. The correlation coefficient between fluctuations at points 
of the region of a disturbed flow being studied is a quantitative meas¬ 
ure of this association. In the general form, this coefficient between 
two random fluctuating quantities cp and if is written as (see [51) 

R — cpif/^tp 2 Vty 2 ) (1.1.3) 

If there is no statistical association between the quantities cp and 
if, then R — 0; if, conversely, these quantities are regularly asso¬ 
ciated, the correlation coefficient R = 1. This characteristic of 
turbulence is called a two-point correlation coefficient. Its expression 
can be written (Fig. 1.1.4c) for two points 1 and 2 of a fluid volume 
with the relevant fluctuations V' xl and V' j2 in the form 

R = VnV^I(V v? l Vv%) (1.1.3') 

When studying a three-dimensional turbulent flow, one usually 
considers a large number of such coefficients. The concept of the 
turbulence scale is introduced to characterize this flow. It is deter¬ 
mined by the expression 

oo 

L=^Rdr (1.1.4) 

o 

The turbulence scale is a linear dimension characterizing the 
length of the section of a flow on which fluid particles move “in 
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association”, i.e. have statistically associated fluctuations. By 
loving together the points being considered in a turbulent flow, in 
the limit at r —► 0 we can obtain a one-point correlation coefficient. 
With this condition, (1.1.3') acquires the form 

( 1 . 1 . 5 ) 

This coefficient characterizes the statistical association between 
fluctuations at a point and, as will be shown below, directly deter¬ 
mines the shear stress in a turbulent flow. 

Turbulence will be homogeneous if its averaged characteristics 
found for a point (the level and intensity of turbulence, the one- 
point correlation coefficient) are the same for the entire flow (invari¬ 
ance of the characteristics of turbulence in transfers). Homogeneous 
turbulence is isotropic if its characteristics do not depend on the 
direction for which they are calculated (invariance of the characteris¬ 
tics of turbulence in rotation and reflection). Particularly, the 
following condition is satisfied for an isotropic flow: 

V7=vf^vr° 

If this condition is satisfied for all points, the turbulence is 
homogeneous and isotropic. For such turbulence, the constancy 
of the two-point correlation coefficient is retained with various 
directions of the line connecting the two points in the fluid volume 
being considered. 

For an isotropic flow, the correlation coefficient (1.1.5) can be 
expressed in terms of the turbulence level e = VV'£;V: 

R vWy/VT = VW^i(V-z-) (1.1.6) 

The introduction of the concept of averaged parameters or prop¬ 
erties appreciably facilitates the investigation of turbulent flows. 
Indeed, for practical purposes, there is no need to know the instan¬ 
taneous values of the velocities, pressures, or shear stresses, and we 
can limit ourselves to their time-averaged values. The use of aver¬ 
aged parameters simplifies the relevant equations of motion (the 
Reynolds equations). 

Such equations, although they are simpler, include the partial 
derivatives with respect to time of the averaged velocity components 
V x , V y , and V 2 because in the general case, the turbulent motion is 
unsteady. In practical cases, however, averaging is performed for 
a sufficiently long interval of time, and now investigation of an 
unsteady flow can be reduced to the investigation of steady flow 
(quasi-steady turbulent flow). 

Shear Stress. Let us consider the formula for the shear stress 
in a laminar flow. Here friction appears because of diffusion of the 
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molecules attended by transfer of the momentum from one layer 
to another. This leads to a change in the flow velocity, i.e. to the 
appearance of the relative motion of the fluid particles in the layers. 
In accordance with a hypothesis first advanced by I. Newton, the 
shear stress for given conditions is proportional to the velocity of 
this motion per unit distance between layers with particles moving 
relative to one another. If the distance between the layers is An. 
and the relative speed of the particles is Av, the ratio Av/An at the 
limit when An —► 0, i.e. when the layers are in contact, equals the 
derivative dvldn known as the normal velocity gradient. On the basis 
>of this hypothesis, we can write Newton’s friction law: 



where p is a proportionality factor depending on the properties of 
a fluid, its temperature and pressure; it is better known as the dynamic 
viscosity. 

The magnitude of p for a gas in accordance with the formula of 
the kinetic theory is 

p - 0.499pcZ (1.1.8) 

At a given density p, it depends on kinetic characteristics of a gas 
such as the mean free path Z and the mean speed c of its molecules. 

Let us consider friction in a turbulent flow. We shall proceed from 
the simplified scheme of the appearance of additional friction forces 
in turbulent flow proposed by L. Prandtl for an incompressible 
fluid, and from the seini-empirical nature of the relations introduced 
for these forces. Let us take two layers in a one-dimensional flow 
•characterized by a change in the averaged velocity only in one direc¬ 
tion. With this in view, we shall assume that the velocity in one of 
the layers is such that V x =/= 0, V y = V z — 0. For the adjacent 
layer at a distance of Ay = Z' from the first one, the averaged velocity 
is V x (dVJdy) V. According to Prandtl’s hypothesis, a particle 
moving from the first layer into the second one retains its velocity 
V x and, consequently, at the instant when this particle appears in 
the second layer, the fluctuation velocity V' x = (dVJdy) l' is ob¬ 
served. 

The momentum transferred by the fluid mass pFy dS through the 
urea element dS is pV' y (V x -f- V' x ) dS. This momentum determines 
the additional force produced by the stress originating from the 
fluctuation velocities. Accordingly, the shear (friction) stress (in 
magnitude) in the turbulent flow due to fluctuations is 

I T t | = pF' (V x + V' x ) 
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Averaging this expression, we obtain 


_ 1 2 


PVx 


1 2 


Vy<lt- 


V'yV' x dt- 


pv x v;^pv' x v'„ 


where V'J/' v is the averaged value, of the product o£ the fluctuation 
velocities, and V' y is the averaged value of the fluctuation velocity. 

We shall show that this value of the velocity equals zero. Integrat¬ 
ing the equality V y = V y V' y termwise with respect to t within 
the limits from /, to t 2 and then dividing it by t 2 — t Y , we find 



11 


But since, by definition, V„ =■ --— l V,.dt, it is obvious that 

t 2 —Ii J 

- r 1 l , 

V' u = --— \ V'ydt — 0. Hence, the averaged value of the shear 

l 2 l l J 
tl 

stre ss du e to fluctuations can be expressed by tbe relation | t | = 
= pV' x V'y that is the generalized Reynolds formula. Its form does 
not depend on any specific assumptions on the structure of the 
turbulence. 

The shear stress determined by this formula can be expressed 
directly in terms of the correlation coefficient. In accordance with 
(1.1.5), we have 

|x t |=p rVv^VW^ (1.1.9) 

or for an isotropic flow for which we have V~V x =V~V'y, 

|T t [ pRV? = pRe*Vz (1.1.9') 

According to this expression, an additional shear stress due to 
fluctuations does not necessarily appear in any How characterized 
by a certain turbulence level. Its magnitude depends on the measure 
of the statistical mutual association of the fluctuations determined 
by the correlation coefficient R. 

The generalized Reynolds formula for the shear stress in accord¬ 
ance with Prandtl’s hypothesis on tbe proportionality of the fluc¬ 
tuation velocities [V' y - aV' x = al’ (dV x ,'dy), where a is a coefficient! 


3-01715 
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can be transformed as follows: 

<1 

Here the proportionality coefficient a has been included in the 
averaged value of V , designated by Z. 

The quantity Z is called the mixing length and is, as it were, an 
analogue of the mean free path of molecules in the kinetic theory of 
gases. The sign of the shear stress is determined by that of the velocity 
gradient. Consequently, 

r t = pZ 2 | dVJdy | dVJdy (1.1.10') 

The total value of the shear stress is obtained if to the value x r 
due to the expenditure of energy by particles on their collisions 
and chaotic mixing we add the shear stress occurring directly because 
of the viscosity and due to mixing of the molecules characteristic 
of a laminar flow, i.e. the value x t = p dVJdy. Hence, 

x = T j 4 . x t = p dVJdy + pZ 2 | dVJdy \ dVJdy (1.1.11) 

Prandtl’s investigations show that the mixing length Z = y,y, 
where it is a constant. Accordingly, at a wall of the body in the 
flow, we have 

V=o = H = I P dVJdy |„_ 0 (1.1.12) 

It follows from experimental data that in a turbulent flow in direct 
proximity to a wall, where the intensity of mixing is very low, the 
shear stress remains the same as in laminar flow, and relation ( 1 . 1 . 12 ) 
holds for it. Beyond the limits of this flow, the stress X! will be very 
small, and we may consider that the shear stress is determined by 
the quantity ( 1 . 1 . 10 '). 

Boundary Layer, It follows from relations (1.1.7) and (1.1.10) 
that for the same fluid flowing over a body, the shear stress at differ¬ 
ent sections of the flow is not the same and is determined by the 
magnitude of the local velocity gradient. 

Investigations show that the velocity gradient is the largest near 
a wall because a viscous fluid experiences a retarding action owing 
to its adhering to the surface of the body in the fluid. The velocity 
of the flow is zero at the wall (see Fig. 1.1.4) and gradually increases 
with the distance from the surface. The shear stress changes accord¬ 
ingly—at the wall it is considerably greater than far from it. The 
thin layer of fluid adjacent to the surface of the body in a flow that 
is characterized by large velocity gradients along a normal to it 
and, consequently, by considerable shear stresses is called a bound¬ 
ary layer. In this layer, the viscous forces have a magnitude of the 



Ch. 1. Basic Information from Aerodynamics 


35 


same order as all the other forces (for example, the forces of inertia 
and pressure) governing motion and, therefore, taken into account 
in the equations of motion. 

A physical notion of the boundary layer can be obtained if wo 
imagine the surface in the flow to he coated with a pigment soluble 
in the fluid. It is obvious that the pigment diffuses inlo the fluid 
and is simultaneously carried downstream. Consequently, the colo¬ 
ured zone is a layer gradually thickening downstream. The coloured 
region of the fluid approximately coincides with the boundary layer. 
This region leaves the surface in the form of a coloured wake (see 
Fig. 1.1.4a). 

As shown by observations, for a turbulent flow, the difference of 
the coloured region from the boundary layer is comparatively small, 
whereas in a laminar flow this difference may be very significant. 
According to theoretical and experimental investigations, with an 
increase, in the velocity, the thickness of the layer diminishes, and 
the wake becomes narrower. 

The nature of the velocity distribution over the cross section of 
a boundary layer depends on whether it is laminar or turbulent. 
Owing to lateral mixing of the particles and also to their collisions, 
this distribution of the velocity, more exactly of its time-averaged 
value, will be appreciably more uniform in a turbulent flow than in 
a laminar one (see Fig. 1.1.4). The distribution of the velocities 
near the surface of a body in a flow also allows us to make the con¬ 
clusion on the higher shear stress in a turbulent boundary layer 
determined by the increased value of the velocity gradient. 

Beyond the limits of the boundary layer, there is a part of the 
flow where the velocity gradients and, consequently, the forces of 
friction are small. This part of the flow is known as the external 
free flow. In investigation of an externa] flow, the influence of the 
viscous forces is disregarded. Therefore, such a flow is also considered 
to be inviscid. The velocity in the boundary layer grows with an 
increasing distance from the wall and asymptotically approaches 
a theoretical value corresponding to the flow over the body of an 
inviscid fluid, i.e. to the value of the velocity in the external flow 
at the boundary of the layer. 

We have already noted that in direct proximity to it a wall hinders 
mixing, and, consequently, we may assume that, the part of the 
boundary layer adjacent to the wall is in conditions close to laminar 
ones. This thin section of a quasilaminar boundary layer is called a 
viscous sublayer (it is also sometimes called a laminar sublayer). 
Later investigations show that fluctuations are observed in the 
viscous sublayer that penetrate into it from a turbulent core, but 
there is no correlation between them (the correlation coefficient 
R = 0). Therefore, according to formula (1.1.9), no additional shear 
stresses appear. 


3 * 
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Fig. 1.1.5 

Boundary layer: 

1 — wall of a body in the Howl 

2 — outer edge of the layer.; 



The main part of the boundary layer outside of the viscous sub¬ 
layer is called the turbulent core. The studying of the motion in 
a boundary layer is associated with the simultaneous investigation 
of the flow of a fluid in a turbulent core and a viscous sublayer. 

The change in the velocity over the cross section of the boundary 
layer is characterized by its gradually growing with the distance 
from the wall and asymptotically approaching the value of the 
velocity in the external flow. For practical purposes, however, it is 
convenient to take the part of the boundary layer in which this 
change occurs sufficiently rapidly, and the velocity at the boundary 
of this layer differs only slightly from its value in the external flow. 
The distance from the wall to this boundary is what is conventionally 
called the thickness of the boundary layer 6 (Fig. 1.1.5). This thick¬ 
ness is usually defined as the distance from the contour of a body to 
a point in the boundary layer at which the velocity differs from its 
value in the external layer by not over one per cent. 

The introduction of the concept of a boundary layer made possible 
effective research of the friction and heat transfer processes because 
owing to the smallness of its thickness in comparison with the dimen¬ 
sions of a body in a flow, it became possible to simplify the differen¬ 
tial equations describing the motion of a gas in this region of a flow, 
which makes their integration easier. 


1.2. Resultant Force Action 

Components of Aerodynamic Forces 
and Moments 

The forces produced by the normal and shear stresses continuously 
distributed over the surface of a body in a flow can be reduced to 
a single resultant vector R a of the aerodynamic forces and a resultant 
vector M of the moment of these forces (Fig. 1.2.1) relative to a 
reference point called the centre of moments. Any point of the body 
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Fig. 1.2.1 

Aerodynamic forces and moments acting on a craft in the flight path ( x a , y al 
and z a ) and body axis ( x , y, and z) coordinate systems 

can be this centre. Particularly, when testing craft in wind tunnels, 
the moment is found about one of the points of mounting of the 
model that may coincide with the nose of the body, the leading 
edge of a wing, etc. When studying real cases of the motion of such 
craft in the atmosphere, one can determine the aerodynamic moment 
about their centre of mass or some other point that is a centre of 
rotation. 

In engineering practice, instead of considering the vectors R a 
and M, their projections onto the axes of a coordinate system are 
usually dealt with. Let us consider the flight path and fixed or body 
axis orthogonal coordinate systems (Fig. 1.2.1) encountered most 
often in aerodynamics. In the flight path system, the aerodynamic 
forces and moments are usually given because the investigation of 
many problems of flight dynamics is connected with the use of 
coordinate axes of exactly such a system. Particularly, it is con¬ 
venient to write the equations of motion of a craft’s centre of 
mass in projections onto these axes. The flight path axis Ox a of 
a velocity system is always directed along the velocity vector of 
a craft’s centre of mass. The axis Oy a of the flight path system (the 
lift axis) is in the plane of symmetry and is directed upward (its 
positive direction). The axis Oz a (the lateral axis) is directed along 
the span of the right (starboard) wing (a right-handed coordinate 
system). In inverted flow, the flight path axis Ox a coincides with the 
direction of the flow velocity, while the axis Oz a is directed along 
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the span of the left (port) wing so as to retain a right-handed coordi¬ 
nate system. The latter is called a wind coordinate system. 

Aerodynamic calculations can be performed in a iixed or body 
axis coordinate system. In addition, rotation of a craft is usually 
investigated in this system because the relevant equations are 
written in body axes. In this system, rigidly fixed to a craft, the 
longitudinal body axis Ox is directed along the principal axis of 
inertia. The normal axis Oy is in the plane of symmetry and is orient¬ 
ed toward the upper part of the craft. The lateral body axis Oz 
is directed along the span of the right wing and forms a right-handed 
coordinate system. The positive direction of the Ox axis from the 
tail to the nose corresponds to non-inverted flow (Fig. 1.2.1). The 
origins of both coordinate systems—the flight path (wind) and the 
body axis systems—are at a craft’s centre of mass. 

. The projections of the vector R a onto the axes of a flight path 
coordinate system are called the drag force X a , and lift force Y a , 
and the side force Z a , respectively. The corresponding projections 
of the same vector onto the axes of a body coordinate system are 
called the longitudinal X, the normal Y , and the lateral Z forces. 

The projections of the vector M onto the axes in the two coordi¬ 
nate systems have the same name: the components relative to the 
longitudinal axis are called the rolling moment (the relevant symbols 
are M x& in a flight path system and M x in a body one), the compo¬ 
nents relative to the vertical axis are called the yawing moment 
(My a or M v ), and those relative to the lateral axis are called the 
pitching moment {M z& or M z ). 

In accordance with the above, the vectors of the aerodynamic 
forces and moment in the flight path and body axis coordinate 
systems are: 

R a = X a + Y a + Z a = X + Y + Z (1.2.1) 

M = M* a + M ya + M Za = M x + M y + M z (1.2.2) 

We shall consider a moment about an axis to be positive if it 
tends to turn the craft counterclockwise (when watching the motion 
from the tip of the moment vector). In accordance with the adopted 
arrangement of the coordinate axes, a positive moment in Fig. 1.2.1 
increases the angle of attack, and a negative moment reduces it. 

The magnitude and direction of the forces and moments at a 
given airspeed and altitude depend on the orientation of the body 
relative to the velocity vector V (or if inverted flow is being con¬ 
sidered, relative to the direction of the free-stream velocity V,*). 

This orientation, in turn, underlies the relevant mutual arrangement 
of the coordinate systems associated with the flow and the body. 
This arrangement is determined by the angle of attack a and the 
sideslip angle (1 (Fig. 1.2.1). The first of them is the angle between 
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Fig. 1.2.2 

Determining the position of a craft in space 

the axis Ox and tlie projection of the vector V onto the plane xOy, 
and the second is the angle between the vector V and the plane xOy. 

The angle of attack is considered to be positive if the projection 
of the air velocity onto the normal axis is negative. The sideslip 
angle is positive if this projection onto the lateral axis is positive. 

When studying a flight, a normal earth-fixed coordinate system is 
used relative to which tlie position of a body moving in space is 
determined. The origin of coordinates of this system (Fig. 1.2.2) 
coincides with a point on the Earth’s surface, for example with the 
launching point. The axis O 0 y g is directed upward along a local 
vertical, while the axes O 0 x g and O 0 z g coincide with a horizontal 
plane. The axis O 0 x e is usually oriented in the direction of flight, 
while the direction of the axis O 0 z g corresponds to a right-handed 
coordinate system. 

If the origin of an earth-fixed system of coordinates is made to 
coincide with the centre of mass of a craft, we obtain a normal earth- 
fixed coordinate system also known as a local geographical coordi¬ 
nate system Ox^ygZg (Fig. 1.2.2). The position of a craft relative to 
this coordinate system is determined by three angles: the yawing 
(course) angle i|), the pitching angle d, and the rolling (banking) 
angle y. 

The angle ij) is formed by the projection of the longitudinal body 
axis Ox onto the horizontal plane x g Oy g (Ox*) and the axis Ox g ; 
this angle is positive if the axis Ox g coincides with the projection 
of Ox* by clockwise rotation about the axis Oy g . 

The angle d is that between the axis Ox and the horizontal plane 
XgOz g and will be positive if this plane is below the longitudinal 



40 


Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


body axis. The angle y is formed upon the rotation (rolling) of a 
craft about the longitudinal axis Ox and is measured in magnitude 
as the angle between the lateral body axis and the axis Oz g displaced 
to a position corresponding to a zero yawing angle (or as the angle 
between the axis Oz and its projection onto a horizontal plane— 
the axis Oz g ). If displacement of the axis Oz g with respect to the 
lateral axis occurs clockwise, the angle y is positive. 

The pitching angle determines the inclination of a craft to the 
horizon, and the yawing angle—the deviation of the direction of 
its flight from the initial one (for an aircraft this is the deviation 
from its course, for a projectile or rocket this is the deviation from 
the plane of launching). 


Conversion of Aerodynamic Forces 

and Moments from One Coordinate System 

to Another 

Knowing the angles a and |3, we can convert the components of 
the force and moment in one coordinate system to components in 
another system in accordance with the rules of analytical geometry. 
Particularly, the components of the aerodynamic force and moment 
in a body axis system are converted to the drag force and the rolling 
moment, respectively, in a flight path system of coordinates by the 
formulas 

X & — X cos (xx a ) + Y cos ( yx a ) + Z cos (zx a ) (1.2.3) 

M x& = M x cos (xx a ) + M y cos (yx a ) + M z cos (zx a ) (1.2.3') 

✓N x-S, 

where cos ( xx a ), cos ( yx a ), cos ( zx a ) are the cosines of the angles 
between the axis Ox a and the axes Ox, Oy, and Oz, respectively. 

The expressions for the other components of the force vector, and 
also for the components of the moment vector, are written in a 
similar way. The values of the direction cosines used for converting 
forces and moments from one coordinate system to another are 
given in Table 1.2.1. 


Table 1.2.1 


Body axis 
system 

Flight path system 

0x a 

°»a 


Ox 

cos a cos P 

! 

sin a 

— cos a sin P 

Oy 

— sin a cos P 

cos a ! 

sin a sin p 

Oz 

sin P 

0 

cos P 
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In accordance with the data of Table 1.2.1, Eqs. (1.2.3) and 
(1.2.3') acquire the following form: 

X a = X cos a cos |5 — Y sin a cos (1 — Z sin (1 (1-2.4) 

71/_ Ta = M x cos a cos — M y sin a cos (1 -j- M, sin (1 (1.2.4') 

For example, for the motion of the aircraft shown in Fig. 1.2.1, 
Eq. (1.2.4) yields, with the relevant signs: 

— X a = —X cos a cos (1 — Y sin a cos |) -f- Z sin |) 

The force and moment components* are converted in a similar 
way from a flight path to a body axis coordinate system. For example, 
by using the data of Table 1.2.1, we obtain the following conversion 
formulas for the longitudinal force and the rolling moment: 

X = X a cos a cos (1 + y a sin a — Z a cos a sin |1 (1.2.5) 

M x = M x cos a cos (5 4- M y< sin a — M z ^ cos a sin |3 (1.2.5') 

We can go over from a local geographical coordinate system (a nor¬ 
mal system) to a body axis or flight path one, or vice versa, if we 
know the cosines of the angles between the corresponding axes. Their 
values can be determined from Fig. 1.2.2 that shows the mutual 
arrangement of the axes of these coordinate systems. 


1.3. Determination 

of Aerodynamic Forces 
and Moments According to 
the Known Distribution 
of the Pressure and Shear Stress. 
Aerodynamic Coefficients 

Aerodynamic Forces 

and Moments and Their Coefficients 

Assume that for a certain angle of attack and sideslip angle, and 
also for given parameters of the free stream (the speed Foo, static 
pressure p density p^, and temperature T «,), we know the distrib¬ 
ution of the pressure p and shear stress t over the surface of the body 
in the flow. We want to determine the resultant values of the aero¬ 
dynamic forces and moments. 

The isolated surface element dS of the body experiences a normal 
force produced by the excess pressure (p — p x ) dS and the tangential 


* We shall omit the word ‘ components” below for brevity, but shall mean 
it and use formulas for scalar quantities. 
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Fig. 1-3.1 

Action of pressure and friction 
(shear) forces on an elementary 
area 

force t dS■ The sum of the projections of these forces onto the z-axis 
of a wind (flight path) coordinate system is (Fig. 1.3.1) 

/\ /\ 

Kp — Poo) cos(n,a; a ) + Tcos(f,a: a )] dS (1.3.1) 

where n and t are a normal and a tangent to the element of area, 
respectively. 

The other two projections onto the axes z/ a and z a are obtained by 
a similar formula with the corresponding cosines. To find the resul¬ 
tant forces, we have to integrate expression (1.3.1) over the entire 
surface S. Introducing into these equations the pressure coefficient 
P = (p — Pcc)/qoo and the local friction factor c } , x = where 

= P<x>Flo/2 is the velocity head, we obtain formulas for the drag 
force, the lift force, and the side force, respectively: 

S T ' [p cos (n,x & ) +C f , x cos (f,^ a )] dS/S T 
(S) 

r _ /\ z\ 

T a = ?oo S r j [ — p cosin, !/ a ) + c f , x cos(f,f/ a )]c/5/5 r 
(S) 

/\ 

Z a=—qocS T \ j fpcos («,z a ) + c f . *cos (f,z a )l dS/S T (1.3.4) 

(S) 

We can choose a random surface area such as that of a wing in 
plan view or the area of the largest cross section (the mid-section) of 
the fuselage as the characteristic area S T in these formulas. The 
integrals in formulas (1.3.2)-(1.3.4) are dimensionless quantities 
taking into account how the aerodynamic forces are affected by the 
nature of the flow over a body of a given geometric configuration and 
by the distribution of the dimensionless coefficients of pressure and 
ifriction due to this flow. 

In formulas (1.3.2) for the force X a , the dimensionless quantity 
is usually designated by c x& and is known as the drag coefficient. 


(1.3.2) 

(1.3.3) 





Ch. 1. Basic Information from Aerodynamics 


43 


In the other two formulas, the corresponding symbols c Va and c 2& 
are introduced. The relevant quantities are known as the aerodyna¬ 
mic lift coefficient and the aerodynamic side-force coefficient. With 
a view to the above, we have 

-If a = ^ a £y a 7 ocS r, X a ^z a QooS T (1.3.5) 

We can obtain general relations for the moments in the same way 
as formulas (1.3.2)-(1.3.4)for the forces. Let us consider as an example 
■such a relation for the pitching moment M z . It is evident that the 
elementary value of this moment dM z& is determined by the sum of 
the moments about the axis z a of the forces acting on an area dS in 
a plane at right angles to the axis z a . If the coordinates of the area 
dS are y a and x a , the elementary value of the moment is 

_ /\ /\ 
dM z a = qocS T {[p cos (n,y a ) — c t . x cos (t,y a ) 1 x a 

- /\ /\ 

— [p cos (n,x a ) + c, , x cos (t,x a ) y a } dS/S T 

Integrating this expression over the surface S and introducing 
the dimensionless parameter 

M z ~ r - /\ /N 

m z a = qooS * L = ) (lp cos (n,y a ) — cos (t,p a )] x a 

(S) 

- /x /x dS 

— [p cos (n,x a ) -f- c t , x cos (t ,z a )] y a ) -j-j- (1.3.6) 

in which L is a characteristic geometric length, we obtain a formula 
for the pitching moment: 

M = m z qooS T L (1.3.7) 

ct a 

The parameter m z is called the aerodynamic pitching-moment 
coefficient. The formulas for the other components of the moment 
are written similarly: 

M Xa = m Xa qooS r L and M y& = (1.3.8) 

The dimensionless parameters m Xa and m Va are called the aerody¬ 
namic rolling-moment and yawing-moment coefficients, respectively. 

The relevant coefficients of the aerodynamic forces and moments 
can also be introduced in a body axis coordinate system. The use of 
these coefficients allows the forces and moments to be written as 
follows: 

X — c* x q oo S r , ill" x — j7i- x q oo S 

T" ^ Cyq oo S r, y = tu y q oo S Z L 

X =: c z qooS Zj XI2 ocS Z L 


(1.3.9) 
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The quantities c x , c y , and c z are called the aerodynamic longitu¬ 
dinal-force, normal-force, and lateral-force coefficients, and the 
parameters m x , m y , and rn z —the aerodynamic body axis rolling- 
moment, yawing-moment, and pitching-moment coefficients, respec¬ 
tively. 

An analysis of the expressions for the aerodynamic forces (1.3.2)- 
(1.3.4) allows us to arrive at the conclusion that each of these forces 
can be resolved into a component due to the pressure and a component 
associated with the shear stresses appearing upon the motion of a 
viscous fluid. For example, the drag X a = A a , p -f- X a , t , where 
X a , p is the pressure drag and X &it is the friction drag. Accordingly, 
the overall coefficient of drag equals the sum of the coefficients of 
pressure and friction drags: c x& = c Xa + c Xa f . 

Similarly, the aerodynamic lift- and side-force coefficients, and 
also the moments, can be represented as the sum of two components. 
The forces, moments, and their coefficients are written in the same 
way in a body axes. For example, the longitudinal-force coefficient 
c x — c x. p + c x j, where c x , p and x x .t are the coefficients of the 
longitudinal forces due to pressure and friction, respectively. 

The components of the aerodynamic forces and moments depending 
on friction are not always the same as those depending on the pressure 
as regards their order of magnitude. Investigations show that the 
influence of friction is more appreciable for flow over long and thin 
bodies. In practice, it is good to take this influence into account 
mainly when determining the drag or longitudinal force. 

When a surface in a flow has a plane area at its tail part (a bottom 
cut of the fuselage or a blunt trailing edge of a wing), the pressure 
drag is usually divided into two more components, namely, the 
pressure drag on a side surface (the nose drag), and the drag due to the 
pressure on the base cut or section (the base drag). Hence, the overall 
drag and the relevant aerodynamic coefficient are 

= ^a.n + ^ a ,b + X a.t and c Xg = C* a , n + C Xg , b + C Ka , f 

When determining the longitudinal force and its coefficient, we 
obtain 

X X n —(— X b —f- Xj and c x c Xt n ~~f~ c Xt b c x , f 

In accordance with Fig. 1.3.1, we have 

= — ?oo j p b dS b and c x , b --= 

s b 

where p b = (p b — p<x,)/qoo (this quantity is negative because a 
rarefaction appears after a bottom cut, i.e. p b < /?«,). 

Characteristic Geometric Dimensions. The absolute value of an 
aerodynamic coefficient, which is arbitrary to a certain extent, 
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Fig. 1.3.2 

Schematic view of a wing: 
b „—centre chord, b t —tip chord, 
and b —local chord 



depends on the choice of the characteristic geometric dimensions 
S T and L. To facilitate practical calculations, however, a characteris¬ 
tic geometric quantity is chosen beforehand. In aerospace technology, 
the area of the mid-section (the largest cross section) of the body 
S T = iSmirt is usually chosen as the characteristic area, and the 
length of the rocket is taken as the characteristic linear dimension L. 

In aerodynamic calculations of aircraft, the wing plan area S r = 
= S w , the wing span l (the distance between the wing tips) or the 
w'ing chord b are adopted as the characteristic dimensions. By the 
chord of a wing is meant a length equal io the distance between the 
farthest points of an airfoil (section). For a wing with a rectangular 
planform, the chord equals the width of the wing. In practice, a wing 
usually has a chord varying along its span. Either the mean geometric 
chord b = b m equal to b m = S K /l or the mean aerodynamic chord 
b = b\ is taken as the characteristic dimension for such a wing. The 
mean aerodynamic chord is determined as the chord of the airfoil 
of an equivalent rectangular wing for which with an identical wing 
plan area the moment aerodynamic characteristics are approximately 
the same as of the given wing. 

The length of the mean aerodynamic chord and the coordinate of 
its leading edge are determined as follows (Fig. 1.3.2): 

U 2 1/2 

b A — —r \ b 2 dz , x A =-=^f— \ bxdz 

*->W J J 

0 0 

When calculating forces and moments according to known aero¬ 
dynamic coefficients, the geometric dimensions must be used for 
which these coefficients were evaluated. Should such calculations 
have to be performed for other geometric dimensions, the aero¬ 
dynamic coefficients must be preliminarily converted to the relevant 
geometric dimension. For this purpose, one must use the relations 
c 1 S 1 = CoS o (for the force coefficients), and m y SiL y — m 2 S 2 L 2 (for 
the moment coefficients) obtained from the conditions of the constancy 


46 


Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 



Fig. 1.3.3 

Constructing a polar of the first kind of a craft: 

a —c vs. a; b —c„ vs. a’, c —polar ot first kind 

■^a »a 


of the forces and moments acting on the same craft. These relations 
are used to find the coefficients c 2 and m 2 , respectively, converted to 
the new characteristic dimensions S 2 and L 2 . 

c 2 = Ci (iSj/iSg), m 2 = TYii (Si^ilS 2 -^ 2 ) 

where the previous dimensions Si, L r and aerodynamic coefficients 
Ci, nil, as well as the new dimensions S 2 , L 2 are known. 

Polar of a Craft. A very important aerodynamic characteristic 
that has found widespread use is what is known as the polar of 
a craft. It establishes a relation between the lift and drag forces or, 
which is the same, between the lift and drag coefficients in a flight 
path coordinate system. This curve, called a polar of the first kind 
(Fig. 1.3.3c) is the locus of the tips of the resultant aerodynamic force 
vectors R a acting on a craft at various angles of attack [or of the 
vectors of the coefficient c» of this force determined in accordance 

x a 

with the relation Cn a = R a /(Sr?co)]. 

A polar of the first kind is constructed with the aid of graphs of 
c x versus a and c„ versus a so that the values of c x and c„ are 
laid off along the axes of abscissas and ordinates, respectively. The 
relevant angle of attack a, which is a parameter of the polar in the 
given case, is written at each point of the curve. 

A polar of the first kind is convenient for practical use because it 
allows one to readily find for any angle of attack such a very import¬ 
ant aerodynamic characteristic of a craft as its lift-to-drag ratio 

K = c v Jc x& = F a /X« (1.3.10) 

If the scales of c y& (or Y a ) and c x& (or X a ) are the same, the quan¬ 
tity K equals the slope of a vector drawn from the origin of coordi- 
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Fig. 1.3.4 

Drag polar of the second kind 



nates (the pole) to the point of the polar diagram corresponding to the 
chosen angle of attack. 

We can use a polar to determine the optimal angle of attack a opt 
corresponding to the maximum lift-to-drag ratio: 

^mai = tan (1.3.10 ) 

if we draw a tangent to the polar from the origin of coordinates. 

The characteristic points of a polar include the point c v&max 
corresponding to the maximum lift force that is achieved at the 
critical angle of attack a Cr . We can mark a point on the curve deter¬ 
mining the minimum drag coefficient c* a m ln and the corresponding 
values of the angle of attack and the lift coefficient. 

A polar is symmetric about the axis of abscissas if a craft has 
horizontal symmetry. For such a craft, the value of c a - |n ,j n corre¬ 
sponds to a zero lift force, c Va = 0. 

In addition to a polar of the first kind, a polar of the second kind 
is sometimes used. It differs in that it is plotted in a body axis 
coordinate system along whose axis of abscissas the values of the 
longitudinal-force coefficient c x are laid off, and along the axis of 
ordinates—the normal-force coefficients c v (Fig. 1.3.4). This curve 
is used, particularly, in the strength analysis of craft. 

Theoretical and experimental investigations show that in the 
most general case, the aerodynamic coefficients depend for a given 
body configuration and angle of attack on dimensionless variables 
such as the Mach number M 00 = V oo/a<x> and the Reynolds number 

Re OC - VooLpJ^. In these expressions, a x is the speed of sound 

in the oncoming flow, pc*, and goo are the density and dynamic vis¬ 
cosity of the gas, respectively, and L is the length of the body. 
Hence, a multitude of polar curves exists for each given craft. For 
example, for a definite number Ren, we can construct a family of 
such curves each of which corresponds to a definite value of the 
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Fig. 1.3.5 

Determination of the centre of pressure (a) and aerodynamic centre ( b ) 


velocity M «. The curves in Figs. 1.3.3 and 1.3.4 correspond to a fixed 
value of ifeoo and determine the relation between and c x for 
low-speed flights (of the order of 100 m/s) when the aerodynamic 
coefficients do not depend on M x . 

Centre of Pressure and Aerodynamic Centre. The centre of pressure 
(CP) of a craft is the point through which the resultant of the 
aerodynamic forces passes. The centre of pressure is a conditional 
point because actually the action of fluid results not in a concen¬ 
trated force, but in forces distributed over the surface of the moving 
body. It is customarily assumed that for symmetric bodies or ones 
close to them this conditional point is on one of the following axes— 
the longitudinal axis of the craft passing through the centre of mass, 
the axis of symmetry of a body of revolution, or on the chord of an 
airfoil. 

Accordingly, the longitudinal force X is arranged along this axis, 
while the centre of pressure when motion occurs in the pitching 
plane is considered as the point of application of the normal force Y. 
The position of this centre of pressure is usually determined by the 
coordinate x v measured from the front point on the contour of the 
body in a flow. If the pitching moment M z about this point and the 
normal force Y are known (Fig. 1.3.5a), the coordinate of the centre 
of pressure 

x p = —MJY (1.3.11) 

A moment M z tending to reduce the angle of attack is considered 
to be negative (Fig. 1.3.5a); hence the coordinate x p is positive. 
Taking into account that 

M z = m z qccS T b and Y = c y qooS T 

we obtain 

x p = —m z blc y 
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whence 

x p lb = c p = —mjcy (1.3.11') 

The dimensionless quantity c p defined as the ratio between the 
distance to the centre of pressure and the characteristic length of a 
body (in the given case the wing chord b) is called the centre-of- 
pressure coefficient. With small angles of attack, when the lift 
and normal-force coefficients are approximately equal (c y& « c y ), 
we have 

c P = m » a ‘C Va (1.3.12) 

In the case being considered of a two-dimensional flow past a 
body, the pitching-moment coefficients in wind (flight path) and 
body axis coordinate systems are the same, i.e. m z — m z . 

For a symmetric airfoil when at a —»- 0 the quantities c v and m z 
simultaneously take on zero values in accordance with the expres¬ 
sions 

c y = (dcylda) a, m z = (dm jda) a 

holding at small angles of attack (here the derivatives dc y !da and 
dm jda. are constant quantities that can be determined for an angle 
of attack of a a 0), the coefficient c p equals a constant value not 
depending on the angle of attack: 

c p = —dmJdCy (1.3.13) 

The value of the coefficient c p and of the dimensionless coordinate 
of the cenlre of mass xcm -= xcm h can be used to determine the 
pitching-moment coefficients about this centre: 

m't — Cy (a cm — Cp) (1.3.14) 

Investigations show that in real conditions of flow, an appreciable 
displacement of the centre of pressure can be observed in craft even 
upon a slight change in the angles of attack. This is especially notice¬ 
able in craft with an asymmetric configuration or upon deflection of 
an elevator, which disturbs the existing symmetry. In these con¬ 
ditions, the centre of pressure is not convenient for use as a charac¬ 
teristic point in estimating the position of the resultant of the aero¬ 
dynamic forces and the appearing pitching moment about the centre 
of mass. In these conditions, it is more convenient to assess the 
flight properties of a craft according to the aerodynamic centre 
location. To reveal the meaning of this concept, let us consider an 
asymmetric airfoil and evaluate the moment _V/ Zll about an arbitrary 
point F a with the coordinate x n on the chord of the airfoil. It follows 
from Fig. 1.3.5b that 

1 H ^ p) 

i — ■ 11715 
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Fig. 1.3.6 

Relation between the moment 
coefficient m z and normal-force 
coefficient c y for an asymmet¬ 
ric aircraft 



or, since —Yx p 
have 


M z is the moment about the front point 0, we 
M zn = Yx n + M z 


Going over to aerodynamic coefficients, we obtain 

m zn = Cy ( xjb) + m z (1.3.15) 


For small angles of attack when there is a linear dependence of 
m z on c y of the form 

m z — m zo + ( dmjdcy) c y (1.3.16) 


we obtain 

or 


Tn zn Cy ( X n lb ) | TYl z y “f- (dfTl JdCy) Cy 

m zn = m z0 + c y (dmjdcy + xjb) 


(1.3.17) 


where m z0 is the coefficient of the moment about a point on the 
leading edge at c v = 0 (Fig. 1.3.6). 

The second term in (1.3.17) determines the increment of the 
moment associated with a change in the normal-force coefficient. 
If we choose the point F a on a chord whose coordinate x n — x F 

Ot 

is determined by the condition (see Fig. 1.3.56) 


xjb — Xfjb = x Fa = — dmjdcy (1.3.18) 


the coefficient of the moment about this point will not depend on 
c y , and at all (small) angles of attack it will be a constant quantity. 
This point is called the aerodynamic centre (AC) of the given body. 
The aerodynamic centre is evidently the point of application of the 
additional normal force produced by the angle of attack [the coef¬ 
ficient of this force is (dc y !da) a = c^a\. The pitching moment 
about an axis passing through this point does not depend on the 
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angle of attack. Such a point is called the angle-of-attack aerodynamic 
centre of a craft. The centre of pressure and the aerodynamic centre 
are related by the expression 


c p - - 


m z0 ~(dm z /dCy) c„ 


'Po ~r 


(1.3.19) 


where c po = — m zu /c y . For a symmetric configuration, m l0 = 0, 
and, consequently, the centre of pressure coincides with the aero¬ 
dynamic centre. 

Expression (1.3.19) holds, however, for a symmetric configuration 
provided with an elevator deflected through a certain angle 8 e (see 
Figs. 1.2.2 and 1.3.5). In this case, the moment coefficient is 

m z = ?«“« - 1 - ra® e 8 e (1.3.20) 


and the normal-force coefficient is 


c y = c%a -f cf/'5 e (1.3.21) 

where m“ = dmjd cc, c“ -■= dc y !d a, m z e — dtn z id8 e , and = 
— dcy/d S e . 

If a configuration is not symmetric, then 


m z = m z0 — ra“ a 4- m 6 * 6 e (1.3.22) 

c,j = c y0 -+- C%a — Cy e 5 e (1.3.23) 


The point of application of the normal force due to the elevator 
deflection angle and proportional to this angle is known as the 
elevator-deflection aerodynamic centre. The moment of the forces 
about a lateral axis passing through this centre is evidently inde¬ 
pendent of the angle <5 e . In the general case for an asymmetric con¬ 
figuration, its centre of pressure coincides with none of the aero¬ 
dynamic centres (based on a or 8 e ). In a particular case, in a sym¬ 
metric craft at a = 0, the centre of pressure coincides with the aero¬ 
dynamic centre based on 8 e . 

Using the definition of the aerodynamic centres based oil the 
angle of attack and the elevator deflection angle and introducing the 
corresponding coordinates XF a and we find the coefficient of the 
moment about the centre of mass. This coefficient is evaluated by 
formula (1.3.22), in which 


(x C M _ x F rj )’ m \ e = c6 f frcai — x F& ) (1.3.24) 


where x F = xf lb and x F = x F !b are the relative coordinates of 

a \a r 6 ft 

the aerodynamic centres. 
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1.4. Static Equilibrium 
and Static Stability 

Concept of Equilibrium and Stability 

The slate of static equilibrium is determined by the flight con¬ 
ditions and the corresponding force action at which the overall aero¬ 
dynamic moment about the centre of mass in the absence of rotation 
and with the angle of attack and the sideslip angle remaining con¬ 
stant is zero (M — 0). Such equilibrium corresponds to conditions of 
steady rectilinear motion of a craft, when the parameters of this 
motion do not depend on the time. 

It is evident that for axisymmetric configurations over which the 
fluid Hows in a longitudinal direction, the equality M — 0 is achieved 
with undeflected elevators and rudders and with zero angles of attack 
and sideslip. Hence, in this case, equilibrium, called the trim equilib¬ 
rium of a craft, sets in at the balance angle of attack and sideslip 
angle (a ba] , |3 bal ) equal to zero. The need to balance flight at other 
angles (a =/= a bal and (3 =/= |3 bal ) requires the corresponding turning 
of the elevators. 

Equilibrium of a craft (particularly, with the elevators fixed in 
place) may be stable or unstable. Equilibrium of a craft is considered 
to be stable if after the introduction of a random short-time disturb¬ 
ance it returns to its initial position. If these disturbances cause it 
to deflect still more from the initial position, equilibrium is said 
to be unstable. 

The nature of the equilibrium of a craft is determined by its 
static stability or instability. To reveal the essence of static stability, 
we can consider the flow of air in a wind tunnel past a craft fixed 
at its centre of mass and capable of turning about it (Fig. 1.4.1). 
For a given elevator angle S e , a definite value of the aerodynamic 
moment M z corresponds to each value of the angle of deflection of 
the craft a (the angle of attack). A possible relation between a and 
M z for a certain angle 8 e is shown in Fig. 1.4.1, where points 2 , 
and 3 determining the balance angles a lbat , a 2bal , mid a 3 ba> at 
which the aerodynamic moment equals zero correspond to the equilib¬ 
rium positions. The figure also shows two other moment curves for 
the elevator angles 8,1 and 8 a . 

Let us consider equilibrium at point 1. If the craft is deviated 
through an angle smaller or larger than a lbal , the induced moments, 
positive or negative, respectively, will result in an increase (reduc¬ 
tion) of this angle to its previous value tz lhaI , i.e. these moments are 
stabilizing ones. Consequently, the position of equilibrium at point 1 
is stable (the craft is statically si able). It can be shown similarly 
that such a position of stable equilibrium also corresponds to point 3. 
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Fig. 1.4.1 

Dependence of the aerodynamic 
moment M z on the angle of 
attack a of a craft and the de¬ 
flection of the elevators 6 e *. 
l, 2, 3 , 4 —points of intersection of 
the moment curve with the a-axis 
that determine the balance angles of 
attack; 5 —region of a linear change 
in the pitching moment with the 
angle of attack and the elevator 
angle 



In the first case, free rotation of the craft continues until it occupies 
the equilibrium position at point 1 , and in the second case—at 
point 3. 

At point 2 (a 2bsI ) the equilibrium is unstable. Indeed, examin¬ 
ation of Fig. 1.4.1 reveals that at values of the angle a larger or 
smaller Ilian a 2ba ,, moments are induced, positive or negative, re¬ 
spectively, that tend to increase (or reduce) a. Hence, these moments 
are destabilizing, and the craft will he statically unstable. 

Static stability is schematically divided into longitudinal and 
lateral stability. For static longitudinal stability, it is assumed 
that all the disturbing forces and moments act in the longitudinal 
plane of the body axes xOy. Ilence, only such movements of a craft 
are investigated that occur in its plane of symmetry in the absence of 
roll and slip. When analysing static lateral stability, the disturbed 
movements of a craft are considered that are associated with a change 
in the rolling and sideslip angles at a constant angle of attack. Such 
movements are always mutually related. Deflection of the ailerons 
causes not only roll, but also slip. At, the same time, turning of the 
rudders also leads to rolling. Therefore investigation of lateral 
stability is associated with an analysis of both rolling and yawing 
moments. 


Static Longitudinal Stability 

When such stability exists, an induced longitudinal moment 
about the centre of mass will be stabilizing. In this case, the direc¬ 
tion of the change in the moment M z (and accordingly of the coef¬ 
ficient m z ) is opposite to the change in the angle a. Consequently, the 
condition of static longitudinal stability can he expressed in accord¬ 
ance with one of the curves shown in Fig. 1.4.1 by the inequalities 
OMJda < 0 or dmjda = mf < 0 (the derivatives are evaluated 
for the balance angle of attack a = a, ial ). 
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a—static stability; b —static instability; c—neutrality relative to static stability 

With static longitudinal instability, a destabilizing (tilting) 
moment appears that tends to increase the angle of attack in com¬ 
parison with its balance value. Consequently, the inequalities 
dMJda >0 or mf > 0 are the condition for static longitudinal 
instability. 

A craft will be neutral relative to static longitudinal stability if 
upon a small deflection from the balance angle of attack neither a 
stabilizing nor a destabilizing moment is induced. This angle of 
attack a = a ba) in Fig. 1.4.1 corresponds to point 4 at which the 
moment curve is tangent to the horizontal axis. It is obvious that 
here the coefficient of the restoring moment A m l — Act = 0. 

2a i)rll 

Criteria of Static Stability. The derivative mf on which the magni¬ 
tude of the slabilizing or destabilizing moment depends is called 
the coefficient (degree) of static longitudinal stability. This stabil¬ 
ity criterion relates to configurations both with and without axial 
symmetry. 

For axisymmetric craft, we can assume that the criterion of static 
stability equals the difference between the distances from the nose of 
a craft to its centre of mass and centre of pressure, i.e. the quantity 
Y — x C n — a'p, or in the dimensionless form 

Y = *cm lb — = x cm — c p 

If the coefficient of the centre of pressure c p is larger than the 
relative coordinate of the centre of mass r C Mi he. if the centre of 
pressure is behind the centre of mass, the craft is statically stable; 
when the centre of pressure is in front (the difference z CM — c p is 
positive), the craft is statically' unstable; when both centres coincide, 
the craft is neutral. 

The action of the relevant pitching moments about a lateral axis 
passing through the centre of mass is shown in Fig. 1.4.2. 



Ch. 1. Basic Information from Aerodynamics 


55 


The criterion Y = x c u — Cp determines the margin of static 
stability. It may be negative (static stability), positive (static 
instability), and zero (neutrality relative to longitudinal stability). 

The quantity Y is determined by the formula Y = m z !c y in which 
the pitching moment coefficient is evaluated about the centre of 
mass. For small values of a, the coefficients m z and c y can be written 
in the form m z = a, and c y = c^a. With this taken into account, 
we have 

Y = mf/c% = dmjdcy — :r CM — c p (1.4.1) 

Hence it follows that the derivative dmjdc y = raj may be 
considered as a criterion determining the qualitative and quantitative 
characteristics of longitudinal stability. If mv •< 0, we have static 
longitudinal stability, if m' z u > 0, we have instability, and if 
m\y — 0, we have neutrality. The parameter m c z v is also called the 
coefficient (degree) of static longitudinal stability. 

To appraise the static stability of asymmetric craft or of sym¬ 
metric craft with deflected elevators, the concept of the aerodynamic 
centre is used. The dimensionless coordinate of this point with 
respect to the angle of attack is determined by the formula x Fa = 

= —m z v. Taking this into account and assuming in (1.3.17) that 
the quantity x n equals the coordinate .r CM of the centre of mass, we 
obtain 

m z = m z0 — c y (x Fa — z CM ) 

Differentiation of this expression with respect to c y yields 

mv = — (x Fa — ;r CM ) (1-4.2) 

Accordingly, the longitudinal stability is determined by the mutual 
arrangement of the aerodynamic centre and centre of mass of a craft. 
When the aerodynamic centre is behind the centre of mass (the differ¬ 
ence Xp a — x CM is positive), the relevant craft is statically stable, 
and when it is in front of the centre of mass (the difference x Fa — z C m 
is negative), the craft is unstable. 

By correspondingly choosing the centre of mass (or by centering), 
we can ensure the required margin of static stability. Centering 
(trimming) is central if the centre of mass coincides with the aero¬ 
dynamic centre of the craft. 

When the centering is changed, the degree of longitudinal stability 
is 

m c v = (mv)' + x CM — Zcm (1.4.2') 

where the primed parameters correspond to the previous centering 
of the craft. 
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Influence of Elevator Deflection. Investigations show (see 
Fig. 1.4.1) that when the moment curve M z = / (a) is not linear, 
its slope at the points of intersection with the horizontal axis is 
not the same for different elevator angles. This indicates a difference 
in the value of the coefficients of static longitudinal stability. 
A glance at Fig. 1.4.1, for example, shows that upon a certain deflec¬ 
tion of the elevator (8 e ), stability at low angles of attack (a x a lbaI ) 
may change to instability at larger values of them (a ^ a 2baI ) ant ^ 
may be restored at still larger angles (a ^ a 3bal ). To avoid this 
phenomenon, it is necessary to limit the range of the angles of attack 
to low values at which a linear dependence of the pitching moment 
coefficient on the angle of attack and elevator angle is retained. In 
this case, the degree of stability does not change because at all 
possible (small) elevator angles the inclination of the moment curve 
to the axis of abscissas is the same. 

The condition of a linear nature of the moment characteristic 
makes it possible to use concepts such as the aerodynamic centre or 
neutral centering ( x Fa = x CM ) when studying the flying properties 
of craft. These concepts lose their sense when the linear nature is 
violated. 

Longitudinal Balancing. Let us consider a flight at a uniform 
speed in a longitudinal plane along a curvilinear trajectory with a 
constant radius of curvature. Such a flight is characterized by a 
constant angular velocity £2 Z about a lateral axis passing through 
the centre of mass. This velocity can exist provided that the in¬ 
clination of the trajectory changes insignificantly. 

The constancy of the angular velocity is due to the equilibrium of 
the pitching moments about the lateral axis, i.e. to longitudinal 
balancing of the craft at which the equality M z — 0 holds, i.e. 

m z o + mfa bal + m««8 e + m«*lQ z = 0 

This equation allows us to find the elevator angle needed to ensure 
balanced flight at the given values of a ba , and Q z : 

6 e.bai = (m z o + m“oc bal + m®*Q z ) (1.4.3) 

For conditions of a high static stability, we have m z *Q z <C m“a baI ; 
consequently 

§ e.bal = (—1 Irrfe) (m z0 + m“a baI ) (1.4.3') 

For a craft with an axisymmetric configuration, m z0 — 0, there¬ 
fore 

6 e.bai = —(m?/m 6 z e) a baI (1.4.4) 

The normal (lift) force coefficient corresponds to the balance angle 
of attack and elevator angle, namely, 

c y-bal c y0 ( c y “ c y e ^e.ba]' /c h>a]) °h)al 


(1.4.5) 
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Tlie values of c y0 are usually very small even for asymmetric con¬ 
figurations (at low 8 e and a) and equal zero exactly for craft with 
axial symmetry. Hence, with a sufficient degree of accuracy, we can 
write 

Cy.bal = ( c y + ^ e 6 e .bal/«bal) «bal (1.4.6) 


Static Lateral Stability 

To analyse the lateral stability of a craft, one must consider jointly 
the nature of the change in the rolling and sideslip angles upon the 
simultaneous action of the perturbing rolling M x and yawing M v 
moments. If after the stopping of such action these angles diminish, 
tending to their initial values, we have static lateral stability. 
Hence, when investigating lateral stability, one must consider simul¬ 
taneously the change in the aerodynamic coefficients m x and m y . 
In most practical cases, however, lateral stability can be divided 
into two simpler kinds-—rolling stability and directional stability — 
and can be studied separately by considering the change in the 
relevant moment coefficients m x (y) and m u (j3). 

Let us consider static rolling stability. Assume that in steady 
motion at the angle of attack a A the craft is turned about the axis Ox 
through a certain rolling angle y. This turn with a constant orien¬ 
tation of the axis Ox relative to the velocity vector V causes the 
appearance of the angle of attack a ^ a (l cos y and the sideslip 
angle (1 « a d sin y. The slip, in turn, causes a rolling moment to 
appear whose coefficient m x = /m(’|j sk /nPa d sin y. Differentiating 
with respect to y, we obtain m} x = a. 

The derivative m) is a measure of the static rolling stability. If 
mj < 0 (the moment tends to eliminate rolling), the craft has static 
rolling stability; at /ny > 0, a disturbing moment is formed, and 
static rolling instability sets in; when my — 0. the craft is neutral 
with respect to rolling stability. 

Since a flight usually occurs at positive angles of attack, the signs 
of the derivatives mj and m_P coincide. Hence, in analysing rolling 
motion, we can use the derivative »;P known as the coefficient (degree) 
of static rolling stability. 

Static directional stability is characterized by a coefficient (degree) 
determined by the derivative dM u ld$ (or 0m u id |3 --- mP). If the 
quantity mP < 0, tlie craft has static directional stability; at m {* > 
> 0. it has static instability, and when = 0, neutrality. 

The concept of directional stability is associated with the prop¬ 
erty of a craft to eliminate an appearing sideslip angle |3. At the 
same time, a craft does not maintain the stability of its own flight 
direction because after changing its direction of motion under the 
action of various disturbances, it does not return to its previous 
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direction, but like a weathercock, turns with its nose part in the 
direction of the new vleocity vector V. 

Similar to the aerodynamic centre based on the angle of attack, 
we can introduce the concept of the aerodynamic centre based on 
the sideslip angle whose coordinate we shall designate by ir^. 
Using this concept, we can represent the degree of static directional 
stability in the form 

= — (* Fp — *cm) (1-4.7) 

where = x F ^l and z C m — Xcm^ (f is a characteristic geometric 
dimension that can determine the wing span, fuselage length, etc.). 

Hence, the static directional stability or instability depends on 
the mutual position of the centre of mass and the aerodynamic centre. 
A rear arrangement of the aerodynamic centre ( x F > :r CM ) deter¬ 
mines static directional stability (m^ z < 0), while its front arrange¬ 
ment (x Ff < i C m) determines static instability (rah > 0). When 
the two centres coincide ( x F = x CM ), the craft is neutral as regards 

static directional stability (m** = 0). 

A particular case of motion of a craft in the plane of the angle of 
attack can be characterized by a constant angular velocity (Q y = 
= const) and stabilization with respect to rolling with the aid of 
an automatic pilot (Q* « 0). The condition for such steady motion 
is lateral trim of the craft when the yawing moment vanishes, i.e. 

m y = m y0 -f mgp + m®*6 r + m°v = 0 

All craft customarily have longitudinal symmetry, therefore 
m Vo = 0. When this condition holds, the equation obtained allows 
us to determine the balance rudder angle 6 r = 6 r . ba , corresponding 
to the given values of the balance sideslip angle p ba , and the angular 
velocity Q y . Most craft have a sufficiently high degree of static 
-directional stability at which the term m®yQ. y is negligible. Therefore 

8 r.bai = (— m$lm*r ) Pbai (1.4.8) 

This relation, like (1.4.4), will be accurate for conditions of rec¬ 
tilinear motion. 


1.5. Features of Gas Flow 
at High Speeds 

Compressibility of a Gas 

One of the important properties of a gas is its compressibility — 
its ability to change its density under the action of a pressure. All 
the processes associated with the flow of a gas are characterized by 
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a change in the pressure and. consequently, by the influence of com¬ 
pressibility on these processes to some extent. Investigations show 
that as long as the speeds are low, the change in the density owing 
to insignificant changes in the pressure is not large, and the effect of 
compressibility may be ignored. To study low-speed flow over bodies, 
one may use the equations of hydrodynamics that studies the laws 
of motion of an incompressible fluid. 

In practice, the influence of compressibility may be ignored in the 
range of air speeds from a few metres per second to 100-150 m/s. 
In real conditions, this corresponds to Mach numbers from M x ----- 
= F.-c'flcc = 0 to M x = 0.3-0.45 (here a x is the speed of sound in 
an undisturbed flow). Idealization of the process consists in assuming 
the Mach number to equal zero within this region of speeds because 
small disturbances (sound oscillations) propagate in an incompres¬ 
sible fluid at an infinitely high speed and. consequently, the ratio 
of the flight speed to that of sound tends to zero. 

Modern craft have high airspeeds at which flow over them is attend¬ 
ed by a considerable change in the pressure and. consequently, by 
a substantial change in the density and temperature. In the con¬ 
ditions of a flight at high speeds, one must take into account the 
influence of compressibility, which may he very significant, on the 
■effects of interaction of the fluid and a body. This is one of the most 
important fealitres of high-speed aerodynamics. 


Heating of a Gas 

The appreciable increase in the speeds of crafl made it. necessary 
to take into account ilie features of gas streams due to the change 
in the physicochemical properties of the air in aerodynamic investiga¬ 
tions. In “conventional" supersonic aerodynamics, the compressibili¬ 
ty was taken into consideration as Ihe most important manifestation 
of a feature of flow at high speeds, while the influence of the tem¬ 
perature on the thermodynamic parameters ard kinetic coefficients 
of air, and also on the physicochemical processes that may proceed 
in it was disregarded. For very high (hypersonic) speeds, however, 
the features associated with the influence of high temperatures come 
to the forefront. 

High temperatures appear owing to deceleration of the gas stream 
when the kinetic energy of ordered motion of the particles transforms 
into the internal energy of the gas. 

At a temperature of Ihe order of 1500 K, excitation of the vibra¬ 
tional levels of the internal energy of ihe oxygen and nitrogen 
molecules in the air becomes noticeable. At a temperature of about 
3000 K and a pressure of 10 5 Pa, the vibrational degrees of freedom 
of the oxygen molecules are completely excited, and further eleva¬ 
tion of the temperature allows the atoms to surmount the action 
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of the intramolecular forces. As a result, for example, a diatomic 
molecule breaks up into two individual atoms. This process is 
known as dissociation. The latter is attended by recombination—the 
formation of a new molecule when two atoms collide (0 2 20). 

This heat-producing reaction is accompanied by the collision of 
two atoms with a third particle that carries off part of the released 
energy and thus ensures the creation of a stable molecule. In addi¬ 
tion, chemical reactions occur in the air that result in the appearance 
of a certain amount of nitrogen monoxide NO. The latter also disso¬ 
ciates upon further heating with the formation of atomic nitrogen 
and oxygen by the equations 

N t 2 + 0 2 2N0, N 2 + 0 =f± NO + N, or N + 0 2 NO -f O 

At a temperature of 5000-6000 K and a pressure of 10 5 Pa, the 
oxygen molecules dissociate almost completely. In addition, at 
such a temperature, the major part of the nitrogen molecules disso¬ 
ciate with simultaneous recombination of the atoms into molecules. 
This process follows the equation N 2 ^t 2N. The intensity of disso¬ 
ciation is determined by the degree of dissociation. It equals the 
ratio of the number of air particles broken up in dissociation to the 
total number of atoms and molecules. The degree of dissociation 
depends on the temperature and pressure. 

Elevation of the temperature is attended by an increase in the 
degree of dissociation because the speed and energy of the moving 
molecules grow, and this increases the probability of their collision 
and decomposition. The intensity of dissociation grows with lower¬ 
ing of the pressure (density) because of the lesser probability of 
triple collisions of the particles that lead to the formation of mole¬ 
cules from atoms. For example, oxygen begins to dissociate already 
at T = 2000 K if the pressure is 10 2 Pa, whereas at standard atmo¬ 
spheric pressure (approximately 10 5 Pa) 0 2 begins to dissociate at 
T = 3000 K. The temperature at which nitrogen begins to dissociate 
lowers from 6000 K at a pressure of 10 5 Pa to 4000 K at 10 Pa. 

At 5000-6000 K, still another process begins to develop. It con¬ 
sists in that because of the large influx of energy, first the electron 
degrees of freedom are excited, and then electrons break away from 
the nitrogen and oxygen atoms and also from the nitrogen monoxide 
molecules. This process is called ionization. It occurs mainly because 
of collision of the air particles in their thermal motion, which ex¬ 
plains why it is also called thermal ionization. Ionization is more inten¬ 
sive with elevation of the temperature and is attended by a growth 
in the concentration of the free electrons. The intensity of this process 
is characterized by the degree of ionization. It equals the ratio of 
the number of ionized atoms (molecules) to their total number. 
Investigations show that nitrogen, for example, is fully ionized 
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Fig. 1.5.1 

■Change in the exponents cp, », 
and x in the relevant formulas 
for determining the specific 
heat, dynamic viscosity, and 
thermal conductivity 


X,n,<p 



thermally (11 1 e degree of ionization is unity) al a temperature of 
17 000 Iv and a pressure of 10"’ Pa. 

Change in Specific Heats. When air is heated, the heal supplied 
goes uot only io increase the energy of llie translational and rota¬ 
tional motion of llie molecules, hut also lo increase llie energy of 
vibration of the atoms in a molecule, lo do the work needed to over¬ 
come the forces of interaction between atoms upon lhe dissociation 
of a molecule, and also lo detach the electrons from alums in ioniza¬ 
tion. The result is an increase in the .specific heals. 

Before dissociation begins, the change in llie specific beat of air 
is determined only by the temperature. The influence of llie temper¬ 
ature on the specific heat at a constant pressure can he cslimated by 
the formula 

Cp/c p x = (T.'Tcc)* (1.3.1) 

where the exponent <p, in turn, depends on the temperature 
(Fig. 1.5.1). For T > 1000 K, ibis exponent can he assumed to be 
constant and equal to 0.1. For T — 288 K. the specific heat c poo = 
= 1000 J/(kg*K) [or 1000 nr/(s'--K)j. Formula d.3.1) may he used 
for values of T up to 2200-2500 K. al which the vibrational degrees 
of freedom are close to the state of complete excitation. 

When dissociation sets in, the specific heat depends no! only on 
the temperature, but also on the pressure. The specific heats and 
the adiabatic exponents k — c,,.'c v were calculated for conditions 
of thermodynamic equilibrium at high temperatures on computers 
by a group of Soviet scientists headed by Associate member of the 
USSR Academy of Sciences A. Fredvoditelev 111. 71. These calcula¬ 
tions were performed for lernperatures from fOOO to G000 K without 
account being taken of ionization because its influence in this lem- 
peraturc interval is negligible. For higher lernperatures. the influence 
of equilibrium single ionization was taken into account. It was con- 
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Fig. 1.5.2 

Change in the specific heat c p of air at high temperatures 


Op/ Oy-k 



Fig. 1.5.3 

Change in the ratio of the specific heats k = c p /c B for air at high temperatures 

sidered to be completed at T = 12 000 K and p = 10 2 Pa. Curves 
plotted according to the data in [6, 7] and characterizing the change 
in c p and k at high temperatures are given in Figs. 1.5.2. and 1.5.3 
(see [8]). The data obtained indicate that at a temperature up to 
2000 K and a pressure of 10 3 Pa and above, the values of c v and 
k — Cp/c„ are determined by the temperature and do not virtually 
depend on the pressure. 

The general trend observed upon a change in the specific heats 
and their ratio is such that when the pressure drops and the degrees 
of dissociation and ionization, consequently, grow, the value of c p 
increases, and that of the ratio k = c p /c v diminishes, although not 
monotonically. 
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Change in the dynamic visco¬ 
sity of air at high tempera- j 
tures 

Kinetic Coefficients. The processes of friction and heat transfer 
occurring in a viscous heat-conducting gas depend on kinetic para¬ 
meters of the gas such as the dynamic viscosity p and the thermal 
conductivity X. It was established that in the absence of dissocia¬ 
tion, the coefficient p depends only on the temperature and is deter¬ 
mined by the formula 

p/p =o =\(TIT x ) n (1.5.2) 

in which the exponent n depends on the temperature (see Fig. 1.5.1). 
In approximate calculations, the mean value n m zts 0.7 may be used 
for a sufficiently large temperature interval; here the initial value' 
of p may he taken equal to poo 1.79 X 10 -5 Pa-s, which corre¬ 
sponds to T oo = 288 K, Formula (1.5.2) is used for temperatures up r 
to 2000-2500 K. With elevation of the temperature, this formula 
gives appreciable errors. Investigations show that for high tempera¬ 
tures up to 9000 Iv the dynamic viscosity of air in conditions of 
equilibrium dissociation can be determined with an accuracy up to. 
10% by Sutherland’s! formula 

p/p cc = (T/T^y 2 (i + m/T„)/(i + 111/r) (i.5.3> 

This formula yields better results for temperatures under 1500 K 
than (1.5.2). It has been established by accurate calculations that 
the dynamic viscosity at high temperatures also depends on the 
pressure. Figure 1.5.4 presents a graph (see [8]) characterizing the 
change in the coefficient p at temperatures up to 12 000 K within 
the pressure interval from 10 3 to 10 7 Pa. 

Like the viscosity, the thermal conductivity at temperatures up 
to about 2000 K is independent of the pressure and is determined 
by the power formula 


W, Pa-s 



1/L = (T/T x )k 


(1.5.4) 
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Fig. 1.5.5 

Change in the thermal conduc¬ 
tivity of air at high tempera¬ 
tures 



in which the exponent x depends, as can be seen from Fig. 1.5.1, 
on the temperature. For approximate calculations, one may take 
the mean value x m equal to 0.85, and the value of corresponding 
to T cc = 261 lv equal to 23.2 W/(m • K). Dissociating air is character¬ 
ized by a dependence of the thermal conductivity on the temperature 
and pressure. The corresponding plot is shown in Fig. 1.5.5. 

The origin of viscous forces and the appearance of the process of 
thermal conduction in a gas are associated with the molecular struc¬ 
ture of a substance. Gas molecules upon their proper motion transfer 
mass, energy, and momentum from one place to another. A result of 
the change in the momentum is the appearance of viscous forces, 
while the transfer of energy gives rise to the property of thermal 
conduction. Therefore, elevation of the temperature is attended by 
an increase in the thermal conductivity and the dynamic viscosity 
in a gas. When dissociation sets in, the nature of the change in X 
and p is quite involved. At a low degree of dissociation, the values 
of X drop, which is caused by the expenditure of internal energy on 
breaking of the molecular bonds and, as a consequence, by lowering 
of the temperature of the gas. When the degree of dissociation grows, 
the more intensive breaking up of the molecules into atoms leads to 
a growth in the number of particles participating in the transport 
processes, which results in an increase in the coefficient X. 

When a gas is heated strongly, the expenditure of its internal 
energy on ionization substantially grows, which lowers the thermal 
conduction. The dynamic viscosity in a gas grows monotonically 
with the temperature because with the onset of dissociation and 
ionization more and more particles are formed that participate in 
the transport of momentum, and this gives rise to an increase in 
the viscous (friction) forces. 
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State of Air at High Temperatures 

Equation of State. Investigation of the flow of air over bodies 
shows that the relations of conventional aerodynamics based on the 
constancy of the thermodynamic characteristics and of the physico¬ 
chemical structure are sufficiently reliable as long as the air remains 
comparatively “cold”, its specific heats change insignificantly, and, 
consequently, we may apply the thermal equation of state of a perfect 
gas 

P = RpT or p = R 0 pT/(p m ) 0 (1.5.5) 

where R and R 0 are the individual and universal (molar) gas con¬ 
stants, respectively [7? 0 = 8.314 X 10 3 J/(kmol-K)], p is the densi¬ 
ty, T is the temperature, and (p m ) 0 is the mean molar mass of air 
having a constant composition. 

A gas satisfying Eq. (1.5.5) is said to be thermally perfect- The 
caloric equation of state i — pc p /(pR), which determines a relation 
for the enthalpy, corresponds to Eq. (1.5.5). If we take into account 
that c p /R = k/(k — 1), we have 

i = [k/(k — 1)] p/p (1.5.6) 

A gas whose state is determined by Eq. (1.5.6) corresponding to 
the condition at which c p and c v are constant and independent of 
the temperature is said to be calorically perfect. 

It must be taken into account that the need to consider the change 
in the specific heats with the temperature sets in before the need to 
use an equation of state differing from that for a perfect gas. For 
example, calculations show that the change in the specific heats 
with the temperature when passing through a normal shock wave 
begins from free-stream Mach numbers of Moo = 3-4. AtMoo = 6-7, 
the equation of state for a perfect gas retains its significance, as does 
the equation for the speed of sound 

a~ = kRT (1.5.7) 

because the composition of the gas heated behind the shock wave 
does not change. 

Hence, in this case a gas is not calorically perfect, but does have 
the properties of a thermally perfect gas. 

For a gas with a varying heat capacity, the caloric equation of 
state (1.5.6) gives a large error. The actual relation between the 
enthalpy and temperature is determined by the function /i(T) that 
is more complicated than (1.5.6). 

The following equation holds for dissociating air, for which the 
specific heats and molar mass are functions of its state: 

P = {RJp m) P T (1.5.8) 

in which p m = / 2 (p , T). 

5-01715 
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Fig. 1.5.6 

An i-S diagram for dissociating air 



Fig. 1.5.7 

Change in the mean molar mass of air at high temperatures 

The caloric equation of a dissociating gaseous medium also ac¬ 
quires a more complicated nature, and in the general form it can be 
written as i — f 3 (p, T). Such a fluid no longer has the properties of 
a perfect gas for which the enthalpy depends only on the temperature. 

The thermal and caloric equations of state of a dissociating (real) 
gas are still more complicated because they additionally take ac¬ 
count of the forces of interaction between the molecules, and also 
the proper volume of the latter. These equations are solved by nu¬ 
merical methods with the aid of computers and are usually presented 
in the form of tables or phase diagrams. 

The results of calculating the parameters of state of air in condi¬ 
tions of thermodynamic equilibrium for elevated temperatures at 
pressure intervals from 10 2 to 10 7 Pa are given in [6, 71. These results 
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of calculations were used to compile an atlas of phase diagrams [8]. 
The most widespread use for thermal calculations in aerodynamics 
has been found by the i-S diagram (enthalpy-entropy diagram) of 
dissociating air shown in Fig. 1.5.6. This diagram, which presents 
the caloric equation of state in a graphic form, contains curves of 
p = const (isobars), T = const (isotherms), and p = const (iso- 
chors—dashed lines). 

Sometimes the caloric phase diagram depicting i against p w T ith 
curves of T = const, p =■ const, and S — const may be more con¬ 
venient for calculations. Such a diagram constructed according to 
the data of an i-S one is given in [8]. It graphically depicts the ther¬ 
mal equation of state in different variants. 

Graphs allowing one to determine the mean molar mass u m of 
dissociated and ionized air (Fig. 1.5.7) and also the speed of sound 
(Fig. 1.5.8) as a function of p and T [7] or of i and S [81 are impor¬ 
tant for practical calculations. Examination of these graphs reveals 
that the speed of sound changes noticeably with the temperature 
and to a smaller extent depends on the pressure, which is explained 
by the insignificant influence of the structure of air on the nature of 
propagation of small disturbances. At the same time, the change in 
the structure of air upon its dissociation appreciably affects the 
molar mass, which is expressed in the strong influence of the pressure 
on the value of p m . Three characteristic sections on which p m di¬ 
minishes with increasing temperature can be noted in Fig. 1.5.7. The 
first of them is due to dissociation of oxygen, the second—of nitro¬ 
gen, and the third—to ionization of the components of the air. The 
general trend of a decrease in the mean molar mass of a gas that disso¬ 
ciates and becomes ionized is due to the breaking up of the molecules 
into atoms, and also to the detachment of electrons. An increase in 
the pressure leads to more intensive recombinations. This results in 
a certain growth in p m . 

Diatomic Model of Air. A model of the air is sometimes used in 
aerodynamic investigations that is a diatomic gas consisting of 
a mixture of oxygen and nitrogen in accordance with their mass 
composition. Such a mixture is treated as a single perfect gas if 
the mixture components are inert and no reactions occur between 
them. 

At elevated temperatures, the mixture of gases reacts chemically 
because the diatomic gas dissociates and the atoms formed participate 
in recombination. The dissociation is assumed to be in equilibrium. 
This means that in the chemical reaction determined for the pure 
dissociating diatomic gas by the simplest equation of a binary pro¬ 
cess 

r n 

A 2 A-fA (1.5.9) 


5* 


'R 



Fig. 1.5.8 

Speed of sound in air at high temperatures: 

a —against the temperature and pressure; b —against the entha py and entropy 
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the rates of the direct reaction r D and of the reverse one r R (the 
rates of dissociation and recombination respectively) are identical. 

Investigations of a dissociating flow are connected with the deter¬ 
mination of the degree of equilibrium dissociation a. Its value for 
the diatomic model of the air being considered is given in chemical 
thermodynamics by the expression 

a 2 /(l — a) = (p d /p) exp (— TJT) (1.5.10) 

where 

a = n x l(n x + 2 n Ai ) (1.5.11) 

pd and r d are the characteristic density and temperature for dissocia¬ 
tion, respectively, n A is the number of atoms of the element A in 
a certain volume, and n Ai is the number of molecules of the gas A 2 
in the same volume . 

The characteristic temperature T d = DSk , where D is the dissocia¬ 
tion energy of one molecule of A 2 and k is a gas constant related 
to one molecule (the Boltzmann constant). Investigations show that 
for the temperature interval from 1000 to 7000 K, the values of T & 
and p d can be assumed to be approximately constant and equal to 
T a = 50 000 K, p d = 150g/cm 3 for oxygen, and to T d = 113 000 K, 
p d = 130 g/crn 3 for nitrogen. 

To obtain an equation of state for the gas mixture appearing as 
a result of dissociation of diatomic molecules, we must use the expres¬ 
sions for determining the pressure p and molar gas constant R for 
the mixture of gases and the partial pressxire p t of a component: 


P = l]Pi, R='2 i c i R i ; 

i i 

Pi = p t TRi = p t T {k/nii) = (Xi/V) T ( k/nif) 


(1.5.12) 


where p, is the density of a component, uij is the mass of an atom 
or molecule, R t is the gas constant for a component, and V is the 
volume of the gas mixture. 

Equations (1.5.12) are known under the general name of Dalton’s 
law. 

We shall use the subscript A to designate an atomic component 
(i = 1) and the subscript M—a molecular one (t == 2). Since the 
concentration of a component is c ; = p,/p, where p is the density of 
the mixture, then c 1 = c A — a = pjp and c 2 — c M = p M /p = 
= 1 — a. 

If /bm = 2 m A , and the relation between the masses of the 
components p ; and the quantities p and a is established from the 
expressions p A = pa = xJV, and pm — p (1 — a) = Xm IV, from 
(1.5.12) we obtain an equation of state in the following form: 

P = p Tk [p A /(pm A ) + Pm/(p^a) 1 = [/o'(2m A )| p T (1 -p a) 


(1.5.13) 
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where 47(2 m A ) is the gas constant for 1 g of the component A 2 in 
the mixture; when multiplied by 1 + oc, it yields the gas constant R 
(the individual gas constant) for 1 g of a mixture of the components 
A and A 2 whose masses are in the ratio of a/(l — a). 

It is known from thermodynamics that the mean molar mass of 
a mixture of gases is 

M-m= (2 c i^i)~ i (1.5.14) 

i 

where c- t is the mass concentration of a component, p ; is its molar 
mass, and the symbol 2 determines the number of moles in the 
mixture. 

For a diatomic gas, we have 2 c i = c i + c z — c x + C M = 1. 

i 

Since c A = a, cm = 1 — a, and 2p A = pm = (Fm)oi th en 

Pin = (c a /pa + cm/ Pm) _1 = (p m )o/(l + a) (1.5.15) 

This expression may be used for the transformation of the equation 
of state (1.5.8) for a dissociating gas of an arbitrary composition: 

p = [Z? 0 /(p m )o]pr(l + «) (1.5.16) 


Kinematics 
of a Fluid 


2.1. Approaches to the Kinematic 
Investigation of a Fluid 

Determination of the force interaction and heat transfer between 
a fluid and a body about which it flows is the main task of aerodyna¬ 
mic investigations. The solution of this problem is associated with 
studying of the motion of a fluid near a body. As a result, properties 
are found at each point of a flow that determine this motion. Among 
them are the velocity, pressure, density, and temperature. With 
definite prerequisites, this investigation can be reduced to determi¬ 
nation of the velocity field, which is a set of velocities of the fluid 
particles, i.e. to solution of a kinematic problem. Next the known 
velocity distribution is used to determine the other properties, 
and also the resultant forces, moments, and heat fluxes. 

There are two approaches to the kinematic investigation of a 
fluid, known as the Lagrangian and the Eulerian approaches. 


Lagrangian Approach 

This approach considers the motion of individual fluid particles 
and for each of them determines its pathline, i.e. the coordinates 
of the particles as a function of time. But since there is an infinite 
number of particles, to set a pathline one must identify the particles 
which this pathline relates to. The coordinates a, b , and c at a cer¬ 
tain instant t •— t 0 are selected as the characteristic of a particle. 
This means that from among an infinite set of pathlines, the one 
passing through the point whose coordinates are a, b, and c will 
belong to the given particle. Accordingly, we shall write the equa¬ 
tion of the pathline in the parametric form: 

x = f x {a, b, c, t); y = f 2 (a, b, c, t); z = / 3 (a, b, c, t) (2.1.1) 

where a. b, c, and t are the Lagrangian variables. The quantities 
a, b, and c are variables determining the pathline. 
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The components of the velocity vector at each point of the pathline 
equal the partial derivatives V x — dx/dt, V y = dyldt, and V z = 
= dz/dt, while the components of the acceleration vector equal the 
relevant second partial derivatives W x = d 2 xldt 2 , W y = d 2 y/dt 2 , and 
W z = d 2 z/dt 2 . 


Eulerian Approach 

The Eulerian approach is in greater favour in aerodynamic investi¬ 
gations. Unlike the Lagrangian approach, it fixes not a particle of 
a fluid, but a point of space with the coordinates x, y, and z and 
studies the change in the velocity at this point with time. Hence, 
the Eulerian approach consists in expressing the velocities of parti¬ 
cles as a function of the time t and the coordinates x, y, and z of 
points in space, i.e. in setting the field of velocities determined by 
the vector V = F x i + F y j -j- F z k, where i, j, and k are unit vectors 
along the coordinate axes, while V x — dx/dt , V y — dy/dt , and 
V z = dz/dt are the velocity vector components given in the form of 
the equations 

V x = fi (x, y, z, t); V y = / 2 (x, y, z, t); V z = f 3 (x, y, z, t) (2.1.2) 

The quantities x, y, z, and t are called the Eulerian variables. 
By solving the simultaneous differential equations 

-^ = /i (x, y, z, t); -jjj- = / 2 (x, y, z, t); ~ = /,(*, y, z, t) 

(2.1.3) 


we can obtain equations of a family of pathlines in the parametric 
form coinciding with Eqs. (2.1.1) in which a, b, and c are integra¬ 
tion constants. 

Hence, in the Eulerian approach, we can go over from a descrip¬ 
tion of the kinematics to representation of a flow by the Lagrangian 
approach. The reverse problem associated with the transition from 
the Lagrangian approach [Eq. (2.1.1)] to the Eulerian one [Eq. 
(2.1.3)] consists in differentiation of Eqs. (2.1.1) with respect 
to time and the following exclusion of the constants a, b, and c by 
means of Eqs. (2.1.1). 

By calculating the total derivative of the velocity vector with 
respect to time, we obtain the acceleration vector 


W = 


dV 

dt 


= — 4-F 

dt ^ x 


d\ 


dx 


dV 

dy 


+ ^ 2 


d\ 

dz 


(2.1.4) 


Projection of the vector W onto the axes of coordinates yields the 
components of the resultant acceleration. In the expanded form. 
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these components are as follows: 
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dV z 
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(2.1.5) 


Relations (2.1.5) for the accelerations correspond to a flow char¬ 
acterized by a change in the velocity at a given point with time 
and, consequently, by the inequality d\!dt 0. Such a flow of 
a fluid is called unsteady. A flow of a fluid in which the velocity 
and other properties at a given point are independent of the time 
(dY/dt = 0) is called steady. 


Streamlines and Pathlines 

At any instant, we can imagine a curve in a flow having the prop¬ 
erty that every particle of the fluid on it has a velocity tangent 
to the curve. Such a curve is called a streamline. 

To obtain a streamline, one must proceed as follows. Take a point 
A x (Fig. 2.1.1a) in the flow at the instant t — t n and express the veloc¬ 
ity of the particle at this point by the vector Next take a point 
A 2 adjacent to A x on the vector V,. Assume that at the instant 
t = t 0 , the velocity vector at this point is V 2 . Next consider a point 
A 3 on the vector V 2 , the velocity at which is determined at the same 
instant by the vector V 3 , and so on. Such a construction yields a 
broken line consisting of segments of velocity vectors. By shrinking 
the size of these segments to zero and simultaneously increasing 
their number to infinity, at the limit we obtain a curve enveloping 
the entire family of velocity vectors. This is exactly a streamline. 
It is obvious that a definite streamline corresponds to each instant. 

To obtain an equation of a streamline, let us take advantage of 
a property according to which at each point of this line the direc¬ 
tions of the velocity vector V and of the vector ds=ida: + jdy + 
-f- k dz, where dx, dy, and dz are the projections of the streamline 
arc element ds, must coincide. Consequently, the cross product 
ds X V = 0, i.e. 


i j k 

dx dy dz 
V V V 

v x r y r z 


i (V z dy — V u dz) — j (V z dx — V x dz) 


+ k (Vydx—V x dy)=r 0 
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fig. 2.1.1 

Construction of a streamline (a) and a stream tube (6): 
1 —streamlines; 2 —contour 


Hence since, for example, V z dy — V v dz = 0, and so on, we 
obtain a system of differential equations 

dx/V x = dij/V v = dz/V z (2.1.6) 

The solution of the problem on determining streamlines thus 
consists in integration of the system of equations (2.1.6). Each of 
the integrals of these equations F 1 ( x , y, z, C x ) — 0 and 
F z ( x , y, z, C 2 ) = 0 is a family of surfaces depending on one of 
the parameters, C x or C 2 , while the intersection of these surfaces 
forms a family of streamlines. 

Unlike streamlines, which are constructed at a fixed instant, the 
concept of a pathline is associated with a certain time interval dur¬ 
ing which a particle covers a definite distance. It thus follows that 
a streamline and a pathline (or trajectory), which is the trace of 
motion of a single particle, coincide in a steady flow. If the flow 
is unsteady, a streamline and pathline in it do not coincide. 

The concepts of a stream tube and a stream filament are considered 
in aerodynamics. If we draw streamlines through the points of an 
elementary closed contour (Fig. 2.1.16), they form a surface called 
the surface of a stream tube. The part of the fluid confined within 
this surface is called a stream tube. If we draw pathlines through 
the points of an elementary closed contour, they form a surface 
confining a part of the fluid called a stream filament. A stream tube 
and a stream filament drawn through the points of the same closed 
contour in a steady flow coincide. 


2.2. Analysis of Fluid 
Particle Motion 

Unlike a solid body whose motion is determined by its transla¬ 
tional motion together with its centre of mass and by rotation about 
an instantaneous axis passing through the centre, the motion of a 
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Fig. 2.2.1 

Motion of a fluid particle 



fluid particle is characterized, in addition, by the presence of strain 
changing the shape of the particle. 

Let us consider a fluid particle in the form of an elementary paral¬ 
lelepiped with edges of dx, dy, and dz, and analyse the motion of 
face A BCD (Fig. 2.2.1). Since the coordinates of the vertices of the 
face are different, the velocities determined at a certain instant 
t = t 0 are also different: 

F.rA = V x (x, y), V xB = V x (x -r dx, y) 

f yK — V y (.r, y) , V yB = Vy (j : dx , y) 

F xC = V x (x -j- dx, y -f dy), F. vD = V x (x, y -f- dy) 

V, jC = V y (x + dx, y + dy), V yV) = V y (x, y -f- dy) 

where x and y are the coordinates of point A. 

Let us expand the expressions for the velocities into a Taylor 
series, leaving only small quantities of the first order in them, i.e. 
terms containing dx, dy, and dz to a power not higher than the first 
one. Assuming that at point A the velocity F aA = F v and V yA = 
— V y , we obtain 

Fjcb ~V x -\-{dVJdx) dx- 1 -..., F x d— V x -^(dV x ldy)dy-\-... 

F tf B = V y +(dV v ldx) dx+..., V y - D =V y -\-{dV y ldy) dy-... 

F x c = F. v + ( dVJdx) dx + ( dVjdy) dy +... 

F yC = F y + (dVy/dx) dx + (dVy/dy) dy + ... 

Examination of these expressions reveals that, for example, at 
point B the velocity component along the z-axis differs from the 
value of the velocity at point A by the quantity (dVJdx) dx. This 
signifies that point B, while participating in translational motion 
at the velocitj V x in the direction of the z-axis together with point A, 
simultaneously moves relative to it in the same direction at the 


( 2 . 2 . 2 ) 


( 2 . 2 . 1 ) 
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Fig. 2.2.2 

Angular strain of a fluid 
particle 0 

velocity (dVjdx) dx. The result is a linear strain of segment AB. 
The rate of this strain is 0* = dVjdx- 

Point B moves in the direction of the z/-axis at the velocity V y 
together with point A and simultaneously moves relative to this 
point at the linear velocity ( dV y /dx) dx determined by the angular 
velocity of segment AB. 

Considering point D, we can by analogy with point B determine 
that the relative linear velocity of this point in the direction of the 
y- axis is (dVy/dy) dy and, consequently, the rate of linear strain of 
segment AD will be = dVjdy. The angular velocity of the seg¬ 
ment about point A is — dVjdy (the minus sign takes into account 
that point D rotates about point A in a direction opposite to that of 
rotation of point B). Rotation of segments AD and AB causes distor¬ 
tion of the angle DAB (Fig. 2.2.2), i.e. angular strain of the particle 
is produced. Simultaneously, bisector AM of angle DAB may turn, 
the result being the appearance of an angle between it and bisec¬ 
tor AN of the distorted angle D'AB'. Hence, the particle rotates- 
additionally. 

The angle of rotation of the bisector (Fig. 2.2.2) is 

df> = y — t 

where y = 0.5 [jt/2 — (da 2 + da i)] and t = it/4 — da 2 . 

The angles da 2 and da 1 shown in Fig. 2.2.2 equal ( dV y !dx ) dt and 
(dVjdy) dt, respectively. Consequently 

d$ = 0.5 (da 2 — cfccj) = 0.5 (dV y ldx — dVjdy) dt 

Hence we can find the angular velocity d$ldt of a fluid particle 
about the z-axis. Denoting it by co z , we have 

(o z = dp/df = 0.5 {dVyldx — dVjdy) (2.2.3) 

If we consider the motion of edge AD relative to segment AB f 
the angular velocity of this edge will evidently be 

2e z = dV y ldx + dVjdy 



(2.2.4) 
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The quantity 

e 2 =0.5 ( dVy/dx + dVjdy) (2.2.4') 

is called the semi-rate of downwash of the right angle DAB. 

Let us apply this reasoning to three-dimensional flow and consider 
point C belonging to a particle in the form of an elementary parallel¬ 
epiped with edge lengths of dx, dy, and dz. The velocity at this 
point at the instant t = t 0 is a function of the coordinates x + dx, 
y -f- dy, and z + dz. Writing the velocity components in the form of 
a Taylor series in which only small terms of the first order are re¬ 
tained, we have 

F aC = V x + ( dVjdx) dx -f- (dVjdy) dy -|- ( dVjdz) dz\ 

V y c = V v + ( dVy/dx) dx + ( dVy/dy) dy + (dV y /dz) dz\ (2.2.5) 

V zC — V z -f- (dVjdx) dx -f ( dVjdy ) dy + (dVjdz) dz J 

Let us introduce a notation similar to that adopted when analysing 
the motion of a two-dimensional particle. We shall assume that 
6 Z = dVjdz. This quantity determines the rate of linear strain of 
a three-dimensional particle in the direction of the z-axis. Let us 
also introduce the notation 

(Dj. =0.5 ( dVjdy — dV y /dz), = 0.5 ( dV x /dz — dVjdx) (2.2.6) 

The quantities w x and are the components of the angular veloc¬ 
ity of a particle along the x- and y- axes, respectively. The components 
of the angular velocity of a particle co x , o) y , and co z are considered 
to be positive upon rotation from the z-axis to the z/-axis, from the 
j/-axis to the &-axis, and from the z-axis to the z-axis, respectively. 
Accordingly, the signs of the derivatives dV y !dx, dVjdy, and dVjdz 
coincide with those of the angular velocity, while the signs of the 
derivatives dVjdy, 8V y ldz, and dVjdx are opposite to those of the 
angular velocity. 

By analogy with (2.2.4'), we have the values 

e x = 0.5 (dVjdy + dV y !dz), e y = 0.5 (dVjdz + dVjdx ) (2.2.7) 

that equal the semi-rate of downwash of the two right angles of 
the parallelepiped in planes yOz and xOz, respectively. 

By performing simple transformations, we can see that 

dVjdy =■■ e x -■- dVjdz — e y + dV y ldx = e 2 -j- o) z 

dV y ldz — e x — (o*; dVjdx = e y — to y ; dVjdy = e z — (o z 

With account taken of these expressions, the velocity components 
at point C can be represented in the following form: 

V xC = V x + 0* dx + e y dz + e z dy + c o y dz — o) z dy t 

F yC = V y -f 0 y dy -f- e 2 dx + e x dz -+- c o z dx — co x dz l (2.2.8) 

F z q = V z + 0 2 dz + e x dy + E y dx + co x dy — dx j 
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Hence, the motion of point C can be considered as the result of 
addition of three kinds of motion: translational along a pathline 
together with point 4 at a velocity of V (V x , V y , V z ), rotation 
about it at the angular velocity 

w ^ CD*i + 0) y j + co z k (2.2.9) 

and pure strain. This conclusion forms the content of the Helmholtz 
theorem. Strain, in turn, consists of linear strain characterized by 
the coefficients 0*, 0 y , and 0 2 , and of the angular strain determined 
by the quantities e*, e y , and e 2 . 

The linear strain of the element’s edges causes a change in its 
volume t = dx dy dz, which is determined by the difference 

dr = dx j dij 1 dz 1 — dx dy dz 

where dx 1 , dy lt and dz t are the lengths of the edges at the instant 
t -f- dt. 

Introducing the values of the lengths, we find 
dr — (dx + 0* dx dt) (dy + 0 y dy dt) (dz 0 2 dz dt) — dx dy dz 

Disregarding in this expression infinitesimal terms higher than 
the fourth order, we obtain 

dr — (Q x + + 0 2 ) dx dy dz dt 

Hence we can determine the rate of change of the relative volume,, 
or the rate of the specific volume strain 0 = (llr)drldt, which at 
each point of a flow equals the sum of the rates of linear strain along 
any three mutually perpendicular directions: 

0 = 0* + 0 y + 0 Z (2.2.10) 

The quantity 0 is also known as the divergence of the velocity 
vector at a given point: 

div y = 0 = e x + e y + 0 , ( 2 . 2 . 11 ) 

Hence, the motion of a fluid particle has been shown to have 
a complicated nature and to be the result of summation of three 
kinds of motion: translational and rotational motion and strain. 

A flow in which the particles experience rotation is called a vortex 
one, and the angular velocity components to x , co y , and co 2 —the vortex 
components. To characterize rotation, the concept of the velocity 
curl is introduced. It is expressed in the form curl V = 2«>. The 
velocity curl is a vector 

curl V = (curl \) x i + (curl \) y j + (curl V) 2 k (2.2.12) 

whose components equal the corresponding double values of a vortex 
component: 

(curl \) x = 20)*, (curl V) y = 2co y , and (curl V) z = 2co 2 
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2.3. Vortex-Free 

Motion of a Fluid 

When investigating the motion of a fluid, we may often take no 
account of rotation because of the negligibly small angular velocities 
of the particles. Such motion is called vortex-free (or irrotational). 

For a vortex-free flow, <n = 0 (or curl V = 0), and, consequently, 
the vortex components co x , co a , and co 2 equal zero. Accordingly, from 
formulas (2.2.3) and (2.2.6) we obtain 

dVJdy — dVy/dx, dVjdy — dV y ldz, dVJdz — dVJdx (2.3.1) 

These equations are a necessary and sufficient condition for the 
differential trinomial V x dx + V y dy + V z dz to be a total differen¬ 
tial of a function characterizing the flow of a fluid in the same way as 
the velocity components V x , V y , and V z . 

Designating this function in the form cp (x, y, z, t) and consider¬ 
ing the time 1 as a parameter, we can write the expression 

dcp = V x dx - r V y dy + V z dz 

On the other hand, the same differential is 

d(f = (dcp/dz) dx + ( d(fldy) dy -j- (dcp/dz) dz 

Comparing the last two expressions, we find 

V x = dcp Idx, V y = dtp Idy, V z — dyidz (2.3.2) 

The function cp is called a velocity potential or a potential function, 
and the vortex-free flow characterized by this function is called 
a potential flow. Examination of relations (2.3.2) reveals that the 
partial derivative of the potential cp with respect to a coordinate 
equals the projection of the velocity onto the relevant coordinate 
axis. This property of the potential function also holds for an arbi¬ 
trary direction. Particularly, the tangential component of the velocity 
at a point on an arbitrary curve s equals the partial derivative F s = 
= dcp/ds, while the normal component V n = dcp Idn, where n is a 
normal to the arc s at the point being considered. For the polar 
coordinates r and 0, the projections of the velocity vector V of a 
point onto the direction of a polar position vector and onto a direc¬ 
tion perpendicular to this vector equal, respectively, the partial 
derivatives 

V r = dcp Idr and F s = dcp Ids — (1/r) dcp/d0 

It can be seen that the magnitude of the velocity in a certain 
direction is determined by the rapidity of the change in the potential 
cp in the same direction. If we consider the direction s, the rapidity 
of the change in the potential equals the partial derivative with 
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respect to this direction dcp/ds. The quantity dcp Ids can be consid¬ 
ered as the projection onto the direction s of a vector known as the 
gradient of the function cp and coinciding with the direction of the 
most rapid increase in this function. It is evident that this vector 
equals the velocity vector V. Denoting the gradient of a function 
in the form grad cp, we have 

V = grad cp (2.3.3) 

or 

V = grad cp = (grad cp)* i + (grad cp) y j + (grad cp) 2 k (2.3.4) 

where the coefficients in parentheses on the right-hand side are the 
projections of the vector of the velocity gradient onto the coordinate 
axes: 

(grad cp)* = V x = d(p/dx, (grad cp) v = F y = dcp Idy, 

(grad cp) 2 — V z = dcp/dz (2.3.5) 

The use of the potential function appreciably simplifies the in¬ 
vestigation of a fluid’s motion because instead of determining three 
unknowns, the velocity components V x , V v , and V z , it is sufficient 
to find one unknown function cp, which makes it possible to com¬ 
pletely calculate the velocity field. 


2.4. Continuity Equation 

General Form of the Equation 

The equation of continuity of motion in the mathematical form 
is the law of mass conservation—one of the most general laws of 
physics. This equation is one of the fundamental equations of aero¬ 
dynamics used to find the parameters determining the motion of a gas. 

To obtain the continuity equation, let us consider a moving vol¬ 
ume of a fluid. This volume, varying with time, consists of the same 
particles. The mass m of this volume in accordance with the law of 
mass conservation remains constant, therefore p ra x = const, where 
p m is the mean density within the limits of the volume t. Conse¬ 
quently, the derivative d (p m T )ldt = 0, or, with a view to the density 
and volume being variables, we have 

(1/Pm) dp m /dt + (1/t) dxldt = 0 

This volume relates to an arbitrary finite volume. To obtain a 
relation characterizing the motion of a fluid at each point, let us go 
over to the limit with t -*• 0 in the last equation, which signifies 
contraction of this volume to an internal point. If the condition is 
observed that the moving fluid completely fills the space being stud- 
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ied and, consequently, no voids or discontinuities are formed, the 
density at a given point is a quite determinate quantity p, and we 
obtain the equation 

(1/p) dp/dt + div V = 0 (2.4.1) 

in which the value of lim [(1/tt) dx/dt] has been replaced according 

T-*0 

to (2.2.10) and (2.2.11) with the divergence of the velocity. 

Relation (2.4.1) is a continuity equation. It has been obtained 
in a general form and can therefore be used for any chosen coordinate 
system. 

Cartesian Coordinate System 

Let us consider the continuity equation in the Cartesian coordinate 
system. For this purpose, we calculate the derivative dp ( x , y, z, t)ldt 
in (2.4.1) in accordance with (2.2.11). As a result, we obtain the 
continuity equation 

dp/dt + d (p V x )/dx + d (p V v )fdy -f- d (p V z )/dz — 0 (2.4.2) 

Introducing the concept of the divergence of the vector pV 
div (pV) = d (pV x )/dx + d {pV y )!dy + d (p V z )/dz 
we obtain 

dp/dt + div (pV) = 0 (2.4.3) 

instead of (2.4.2). 

Continuity equation (2.4.2) describes an unsteady flow. For a steady 
flow, dp/dt = 0 and, consequently, 

d (p v x )fdx + d (P v y )!dy + d (p V z )'dz = 0 (2.4.4) 

or 

div (pV) = 0 (2.4.4') 

For a two-dimensional llow, the continuity equation is 

d(pV x )/dx + d (pV u )/dy = 0 (2.4.5) 

For an incompressible flow, p = const, hence. 

dVjdx -f- dVy/dy -j- OVJdz - 0 (2.4.6) 

or 

div V = 0 (2.4.7) 

For potential motion, the continuity equation is Iransformed with 
account taken of (2.3.2) to the following form: 

(1/p) dp/dt -f- r7 2 cp /dx” -|- d'y ’dij- d 2 <p!dz- ■ 0 (2.4.8) 

For an incompressible fluid, p const, therefore 

d' 2 (p/dx 1 d-ip/dy- d 2 (p'dz 2 --- 0 (2.4.8') 

6 — 01715 
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The expression obtained is called the Laplace equation. The solu¬ 
tion of this equation is known to be a harmonic function. Conse¬ 
quently, the velocity potential of an incompressible flow cp is such 
a harmonic function. 


Curvilinear Coordinate System 

Conversion Formulas. It is more convenient to solve some problems 
in aerodynamics by using a curvilinear orthogonal coordinate system. 
Such systems include, particularly, the cylindrical and spherical 
coordinate systems. 

In a cylindrical coordinate system, the position of a point P in 
space (Fig. 2.4.1) is determined by the angle y made by the coordi¬ 
nate plane and a plane passing through point P and the coordinate 
axis Ox, and by the rectangular coordinates x and r in this plane. 
The formulas for transition from a Cartesian coordinate system to 
a cylindrical one have the following form: 

x = x, y = r cos y, z = r sin y (2.4.9) 

In a spherical coordinate system, the position of point P (Fig¬ 
ure 2.4.2) is determined by the angular coordinates 0 (the polar angle) 
and (the longitude), as well as by the polar radius r. The relation 
between rectangular and spherical coordinates is determined as 
follows: 

x = r cos 0, y — r sin 0 cos if, z — r sin 0 sin if (2.4.10) 

The relevant transformations of the equations of aerodynamics 
obtained in Cartesian coordinates to a curvilinear orthogonal system 
can be performed in two ways: either by direct substitution of (2.4.9) 
and (2.4.10) into these equations or by employing a more general 
approach based on the concept of generalized coordinate curves 
(see [9]). Let us consider this approach. 

We shall represent the elementary lengths of arcs of the coordinate 
curves in the vicinity of point P in the general form: 

cfej = h x dq r , ds 2 = h 2 dq 2 , ds 3 = h 3 dq 3 (2.4.11) 

where q n (n = 1, 2, 3) are the curvilinear coordinates, and hi are 
coefficients known as Lame’s coefficients. 

For cylindrical and spherical coordinates, respectively, we have 

<h = x, q 2 = r, q 3 - y f (2.4.12) 

<h = r, q 2 = 0, q 3 = if (2.4.13) 

It follows directly from Fig. 2.4.1 that for cylindrical coordinates 
ds 1 = dx, ds 2 - dr, ds 3 — r dy (2.4.14) 
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Fig. 2.4.1 

An elementary fluid particle in 
a cylindrical coordinate system 



Fig. 2.4.2 

An elementary fluid particle in 
a spherical coordinate system 



Figure 2.4.2 allows us to determine the length of the arcs of the 
relevant coordinate lines in a spherical system: 

ds 1 = dr, ds 2 = r d0, ds 3 = r sin 0 dip (2.4.15) 

Consequently, for cylindrical coordinates, Lame’s coefficients 
have the form 

hi = 1, h 2 = 1, h 3 = r (2.4.16) 

and for spherical ones 

hi = 1, h 2 = r, h 3 = r sin 6 (2.4.17) 

Let us consider some expressions for vector and scalar quantities 
in curvilinear coordinates that are needed to transform the conti¬ 
nuity equation to these coordinates. The gradient of a scalar func¬ 
tion <t> is 


grad <D = (dO/dsJ ij + (dO/ds 2 ) i 2 + (dO/ds 3 ) i 3 

where i lt i 2 , and i 3 are unit vectors along the relevant coordinate 
lines. 
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Having in view formulas (2.4.11), we obtain 


grad 0> = _L 
"1 


d0> . d<3) . , J__ d<& . 

dq x ‘‘ 1 h 2 dq 3 * 2 h 3 ' dq 3 * 3 


(2,4,18) 


For further transformations, we shall use information from the 
course of mathematics dealing with vector analysis, Let us find the 
divergence of the velocity vector, writing it as the sum of the com¬ 
ponents along the coordinate lines: 

v = + + 2 V n i n (2.4.19) 

n= 1 


Performing the divergence operation for both sides of this equa¬ 
tion, we obtain 


div V = 2 (V n div i„ + i„ grad F n ) 


(2.4.20) 


To determine div i n , we shall use a known relation of vector analy¬ 
sis 

div i n = div [i m X iyl = iy curl i m — i m curl i } (2.4.21) 

where n takes on consecutively the values of n — 1, -2, 3 which the 
values of m = 2, 3, 1 and j = 3, 1, 2 correspond to. This relation 
includes the vectors curl i m or curl to be determined, for which 
we shall introduce the common symbol curl i n . Using (2.4.18) and 
the general methods of transforming vector quantities, we find 


curl i n = 


1 / 1 c >h n 

K \ hj ' dqj 


1 _ dh n j \ 

hm dQm * I 


(2.4.22) 


Let us introduce (2.4.22) into (2.4.21). For this purpose we shall 
first replace the subscript n in curl i n with m and and also cor¬ 
respondingly arrange the subscripts on the right-hand side of (2.4.22). 
As a result, we have 


div i n 


1 / 1 dh m 
hn V hrn dq u 


1 dhj , 

hj ' dq n I 


(2.4.23) 


Let us introduce these values into (2.4.20). Having in view that 
in this formula, in accordance with (2.4.18), we have 


in -grad V n = (1 lh n ) dV n ldq n 


we find the following expression for the divergence: 

y_ 1 j d {V\h 2 h 3 ) d (V%h 3 h{) d(\ 3 h. 2 h { ) ~| ^ 24) 

_ h 2 h z h 3 L dq 2 dq 3 J \ ) 

Having this expression, we can transform the continuity equation 
(2.4.1) to various forms of curvilinear orthogonal coordinates. 
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Cylindrical Coordinates. In cylindrical coordinates, Lame’s 
coefficients are given by expressions (2.4.16), and the values of 
q n (n = 1, 2, 3) by relations (2.4.12). The velocity components 
along the axes of cylindrical coordinates are 

Fj = V x = dx/dt , V 2 = V T — drldt , V 3 — F v = r dyidt (2.4.25) 


Taking this into account, the divergence of the velocity (2.4.24) 
becomes 

div V=-££s- + -^ + —• (2.4.26) 

Ox dr r dy r ' 

To transform the derivative dpldt in the continuity equation 
(2.4.1) to cylindrical coordinates, we use the transformation formula 


df df , at dq 1 at d‘i 2 Of dq 3 

dt dt ' dqi dt dq 2 dt ' dq 3 dt 


(2.4.27) 


in which / (a 1 , y, z, t) is a function of Cartesian coordinates and 
time. We obtain 


d P _ i 

dt r 


dp_ 

at 

ap 

at 


dx 

dt 


dp_ 

dx 


+ V*£ + V' 


dr 

dt 

in 

dr 


d P 

dr 


dy 

dt 


dp 

dy 


+ ZL. 


ap_ 

ay 


(2.4.28) 


Substituting their values for div V and dpldt in Eq. (2.4.1), we 
find 


<)p , d(pV x ) a (pt r r ) , t P(pFy) . pt r _ q fP 4 29) 

dt ' dx ' dr 1 r dy ' r 

Let us write this equation in a somewhat different form: 


_^P_ , j (prEc) , a (prty) J_ d (prFy) _ ~ 
dt dx ' dr r ‘ ay 

For the particular case of steady motion 

a (prV x ) . d (prF r ) a (prV'y) _ q 

dx ' dr ' r dy 


(2.4.30) 


(2.4.31) 


For potential motion, substitutions may be made in the continuity 
equation: 

V x = dtp/dx, V r = dtp/dr, F v — (1/r) (dtp/dy) (2.4.25') 

If the motion of a gas is simultaneously axisymmetric as, for 
example, if it flows about a body of revolution at a zero angle of 
attack, the flow parameters do not depend on the angular coordi¬ 
nate y, and the continuity equation has a simpler form: 


d (p rV x )/dx -(- d (p rV r )/dr = 0 


(2.4.32) 
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Spherical Coordinates. Using relation (2.4.24), having in view 
formulas (2.4.13) for spherical coordinates, and also relations 
(2.4.17) for Lame’s coefficients and the expressions for the velocity 
components 


Vi 




dB 
dt 9 


F„_F, = r s inflif 


(2.4.33) 


we obtain the following expression for the divergence of the velocity: 

(2.4.34) 


div V= 


1 d(F r r 2 ) 


d (Vq sin 0) 


1 


dr 


■ sin 0 


dB 


dV „ 


■ sin 0 di|) 


We shall write the total derivative for the density dp/dt in accord¬ 
ance with (2.4.27) in the following form: 


dp _ dp dr dp dB dp dtp dp 

dt dt ' dt dr dt dB ' dt dtp 

dp , y _dp_, _£e_ . j?P_ | V * d P 

dt ' T dr ' r dB ^ r sin 0 dtp 


(2.4.35) 


(Introducing the values of div V from (2.4.34) and the derivative 
dp/dt from (2.4.35) into (2.4.1) and grouping terms, we have 

dp 1_ d (p V r r 2 ) 1 d (pFp sin 0) . 1 £ £££)£ __ q 

dt ' r 2 dr ' r sin 0 dB ' r sin 0 dvp 

(2.4.36) 


For steady motion, the partial derivative dp/dt — 0, hence 
1 d( P F r r 2 ) , 1 d (pFg sin 0) , 1 «( P F*) n /n , 0 - x 

T *—Tr -- dB - r lm0~-a?- u 

In the particular case of an incompressible fluid (p = const) 

1 d(V T r*) , 1 d (F e sin 0) , 1 dV t 

_______ + __--- r ___.__ = U (2.4 .6b) 


The following substitutions must be performed to transform the 
continuity equation for potential motion: 


F r = 


dqp 

~dr~ 


Fe = T - 


d(p 

~W 


1 


r sin 0 


TV < 2 - 4 - 39 > 


Continuity Equation of Gas Flow 
along a Curved Surface 

Let us consider a particular form of the continuity equation in 
curvilinear orthogonal coordinates that is used in studying flow over 
a curved wall. The z-axis in this system of coordinates coincides with 
the contour of the wall, and the g-axis with a normal to this wall at 
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Fig. 2.4.3 

To the derivation of the cori 
tinuity equation in curvilinear 
coordinates 



the point being considered. The coordinates of point P on the plane 
(Fig. 2.4.3) equal the length x measured along the wall and the 
distance y measured along a normal to it, respectively. Assume 
that the wall is a surface of revolution in an axisymmetric flow of 
a gas. The curvilinear coordinates of point P are: 

<h = x, g 2 = y, g s = y (2.4.40) 

The elementary lengths of the coordinate line arcs are 

ds l = (1 + ylR) dx, ds 2 — dy, ds 3 — r dy (2.4.41) 


where r is the radial coordinate of point P measured along a normal 
to the axis of the surface of revolution, and R is the radius of curva¬ 
ture of the surface in the section being considered. 

Consequently, Lame’s coefficients are 

h t = 1 + y/R, h 2 = 1, h 3 — r (2.4.42) 

Let us use formula (2.4.24)_for div V in which the velocity compo¬ 
nents are 

Vi = V x = dsjdt — (1 -f- y/R) dx/dt, V 2 — V y — dy/dt, V :t =■ 0 

(2.4.43) 


Substitution yields 


div V = 


(i + y/R)' 


d(V x r) 

dx 


a IV (1 + ylR)\ ] 


(2.4.44) 


Let us calculate the total derivative for the density: 

dp_dp dx dp . dy dp 

dt dt ' dt dx ' dt dy 


dp | V x dp dp 

dt i + y/H dx ^ v v dy 


(2.4.45) 
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Introducing expressions (2.4.44) and (2.4.45) into (2.4.1), after 
simple transformations we obtain the continuity equation 


^r(i + ylR)- 


d (pr^.-v) 
dx 


d\p r (1 + ylR)V„] 
dy 


(2.4.46) 


When studying the motion of a gas near a wall with a small curva¬ 
ture or in a thin layer adjacent to a surface (for example, in a bound¬ 
ary layer), the coordinate y <C R- Consequently 

(dp/dt) r + d (p rV x )/dx + d (p rV y )!dy = 0 (2.4.47) 

The form of the obtained equation is the same as for a surface 
with a straight generatrix. For steady flow 

d (p rV x )/dx + d (P rVy)/dy = 0 (2-4.48) 

For two-dimensional flow near a curved wall (a cylindrical 
surface), the continuity equation has the form 


(i + y/R) 


d (pFy) 
dx 


5[p^/(l +yim 
dy 


= 0 (2.4.49) 


For y<f?, we approximately have 

dpldt + d (p V x )idx + d (p V y )/dy = 0 (2.4.50) 

Hence, for flow near a wall, the continuity equation in curvilin¬ 
ear coordinates has the same form as in Cartesian coordinates. 

For steady flow, dp/dt = 0; in this case the continuity equa¬ 
tion is 

d (pV x )/dx + d (p V y )ldy = 0 (2.4.50') 

Equations (2.4.48) and (2.4.50') can be combined into a single one: 

d/(pV x r e )/dx + d (p V v r°)/dy = 0 (2.4.48') 

where e — 0 for a two-dimensional plane flow and e = 1 for a three- 
dimensional axisymmetric flow. 


Flow Rate Equation 

Let us consider a particular form of the continuity equation for 
a steady fluid flow having the shape of a stream filament. The mass 
of the fluid in a fixed volume confined within the surface of the fila¬ 
ment and the end plane cross sections does not change in time because 
the condition that dp/dt = 0 is observed at every point. Hence the 
mass of the fluid entering the volume in unit time via the end cross 
section with an area of Sj and equal to Px^Sx is the same as the 
mass of the fluid p 2 E 2 <S 2 leaving through the opposite cross section 
with an area of S 2 (Pi and p 2 are the densities, V t and V 2 are the 
speeds in the first and second cross sections of the filament, respective- 
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ly). We thus have p, K 1 5 1 = p 2 F 2 S 2 . Since this equation can be 
related to any cross section, in the general form we have 

pF5 = const (2.4.51) 

This is the flow rate equation. 


2.5. Stream Function 

The studying of a vortex-free gas flow is simplified because it 
can be reduced to the finding of one unknown potential function 
completely determining the flow. We shall show that for certain 
kinds of a vortex flow there is also a function determining its kine¬ 
matic characteristics. 

Let us consider a two-dimensional (plane or spatial axisymmetric) 
steady vortex flow of a fluid. It can be established from continuity 
equation (2.4.32') that there is a function i|) of the coordinates x 
and y determined by the relations 

di| ildx = — p iJ E V y \ dyldy = py E V x (2.5.1) 

Indeed, introducing these relations into (2.4.32'), we obtain 
d 2 y/(dy dx) = d 2 y!(dx dy) , i.e. an identity. Substituting (2.5.1) 
into the equation of streamlines V v /dy = VJdx written in the form 

P y*V y dx — P IJ & V X dy = 0 (2.5.2) 

we obtain the expression 

{dyldx) dx 4- {dyldy) dy — 0 

from which it follows that (2.5.2) is a differential of the function t|i 
and, consequently, 

d^ = 0 (2.5.3) 

Integrating (2.5.3), we find an equation of streamlines in the form 

i|; (x, y) = const (2.5.4) 

The function i|>, called the stream function, completely determines 
the velocity of a vortex flow in accordance with the relations 

V x = (l/pj/ e ) dyldy, V y = — (l/pi/ E ) dyldx (2.5.5) 

We remind our reader that for a two-dimensional flow, we have 
to assume in these expressions that e = 0, while for a three-dimen¬ 
sional axisymmetric flow e = 1 and y = r. 

A family of streamlines of a potential flow can also be characterized 
by the function i|; = const that is associated with the velocity 
potential by the relations 

dcp Idx — (1/pi/ e ) dyldy, d<p Idy = — (l/pz/ E ) dyldx (2.5.6) 
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Assuming in (2.5.5) and (2.5.6) that p = const, we obtain the 
relevant expressions for an incompressible flow: 

V x = (1 hj & ) <A| p/dy, V y = — (1/z i e ) dty/dx (2.5.7) 

dy/dx = (1/z/ 8 ) dtyldy, dyldy = — (ihj & ) dtyldx (2.5.8) 

Assuming in Eqs. (2.5.8) that e = 0, we obtain the following 
equations for an incompressible two-dimensional flow: 

d(f/dx = di| )/dy, dcp/dy = — dty/dx (2.5.9) 

Knowing the velocity potential, we can use these equations to 
•determine the stream function with an accuracy to within an arbitrary 
-constant, and vice versa. 

In addition to streamlines, we can construct a family of equipoten- 
tial curves (on a plane) or of equipotential surfaces (in an axisym- 
metric flow) in a potential flow that is determined by the equation 
■ 9 = const. 

Let us consider the vectors 

grad 9 = (dcp/dx) i -f- ( dcp/dy ) j and grad tJ: = (dtyldx) i + (dty!dy)\ 

whose directions coincide with those of normals to the curves 9 = 
= const and ip = const, respectively. The scalar (dot) product of 
these vectors is 

grad 9 -grad r|; = (dy/'dx) dtyidx + (dcp/dy) dty/dy 

With a view to formulas (2.3.2) and (2.5.5), we can establish 
that this product equals zero. Hence it follows that streamlines are 
orthogonal to equipotential lines (on a plane) or to equipotential 
surfaces (in an axisymmetric flow). 


2.6. Yortex Lines 


A vortex line is defined to be a curve s constructed at a definite 
instant in a fluid flow and having the property that at each point 
of it the angular velocity vector to coincides with the direction of 
a tangent. 

A vortex line is constructed similarly to a streamline (see 
Fig. 2.1.1). The only difference is that the angular velocities of rota¬ 
tion of the particles to (to lt to 2 , etc.) are taken instead of the linear 
velocities. In accordance with this definition, the cross product 
<0 X dS = 0, i.e. 


i 3 k 

G) Z 

dx dy dz 


= i (o)y dz — co z dy) — j (co* dz — co z dx) 
+ k (to,, dy — tOj, dx) = 0 
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Hence, taking into account that, for example, co y dz — c o z dy = 
= 0 , and so on, we obtain an equation of a vortex line: 

dxl <o x — dy/toy = dzl(x> z (2.6.1) 

By constructing vortex lines through the points of an elementary 
contour with a cross-sectional area of cr, we obtain a vortex tube. 
The product coo is called the intensity or strength of a vortex tube, 
or simply the vorticity. 

We shall prove that the vorticity is constant for all the sections 
of a vortex tube. For this purpose, we shall use the analogy with 
the flow of an incompressible fluid for which div V = 0. A corollary 
is the flow rate equation for a stream filament F^ = V 2 S 2 = . . . 

. . . = VS = const. 

Let us consider vortex motion and the expression for the divergence 
of the angular velocity 

div « = dmjdx + dio y ldy + <?c ojdz 

Substituting for the components of co their values from (2.2.3) 
and ( 2 . 2 . 6 ), we obtain, provided that the second derivatives of 
V x , V y , and V z are continuous, the expression div <o = 0. Using 
the analogy with the flow rate equation FS = const, we obtain an 
equation for the flow of the vector along a vortex tube in the form 

nqOj = co 2 cr 2 = . . . = coo = const (2.6.2) 

This equation expresses the Helmholtz theorem on the constancy 
of the vorticity along a vortex tube. The property of a vortex tube 
consisting in that it cannot break off suddenly or terminate in a sharp 
point follows from this theorem. The termination in a sharp point 
is impossible because at a cross-sectional area of the tube of o -*■ 0 , 
the angular velocity « would tend to infinity according to the Helm¬ 
holtz theorem, and this is not real physically. 


2.7. Velocity Circulation 

Concept 

Velocity circulation is of major significance in aerodynamics. 
This concept is used when studying the flow over craft and, particu¬ 
larly, when determining the lift force acting on a wing. 

Let us consider in a fluid flow a fixed closed contour K at each 
point of which the velocity V is known, and evaluate the integral 
•over this contour: 

r= ] v-rfs 

IK) 


(2.7.1) 
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where Y-ds is the dot product of the vectors V and ds. The quantity T 
determined in this way is known as the circulation of the velocity 
around a closed contour. Since 

V = V x i -f- y,j] + T z k and ds = dx i + dy j + dz k 
we have 

T-. J V x dx + V y dy + V z dz (2.7.2) 

(K) 

Taking also into account that the dot product Y-ds — 
= V cos (V ds) ds = F s ds , where F s is the projection of the velocity 
onto a tangent, we obtain 

T= ( V s ds (2.7.3) 

(k) 

If the contour coincides with a streamline in the form of a circle 
of radius r at each point of which the velocity F s is identical in 
magnitude and direction, we have 

T = 2nrV s (2.7.4) 

The circulation of the velocity in a vortex-free flow can be expressed 
in terms of the velocity potential. Assuming that V x dx + 
+ V v dy + V z dz = dcp, we obtain for an open contour 

r= ^<p = cp A — cp B (2.7.5) 

U) 

where 9 A and 9 B are the values of the potential function at the 
ends of the contour. For a closed contour, 9 A and 9 B are the values 
of the velocity potential at points A and B of the contour coinciding 
with each other. If the potential function is unambiguous, then 
Ta = <Ps, and the velocity circulation around the closed contour is 
zero; ambiguity of the velocity potential ( 9 A =£<p s ) determines 
a non-zero value of the circulation. 


Stokes Theorem 

Let us consider elementary contour ABCD (see Fig. 2.2.1) and 
evaluate the circulation around this contour. We shall assume that 
the velocities are constant along each edge and are equal to the 
following values: 

V x (AB ), V y+ ~Ldx ( BC ), V x + ^dy (CD), V y (AD) 

Considering the counterclockwise direction of circumventing the 
contour (from the z-axis toward the i/-axis) to be positive, we obtain 
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for the circulation 

dT z = V x dx+ ( V y + ^~dx) dy — x + dy^ dx—V v dy 
or 

dT z = (dVyldx — dVJdy) dx dy 

According to (2.2.3), the quantity in parentheses equals the double 
value of the angular velocity component 2w z . Consequently, 

dY z = 2o dx dy (2.7.6) 

We can prove similarly that 

dr x = 2(o x dy dz and dT v = 2(o y dx dz 

In these expressions, the products of the differentials are the 
areas confined by the relevant elementary contours. With a view 
to the results obtained, for the area element do oriented in space 
arbitrarily and confined within an elementary contour, the circula¬ 
tion is 

dT n = 2o) n do (2.7.7) 


where co n is the component of the angular velocity along the direction 
of the normal n to the surface element do. In accordance with (2.7.7), 
the velocity circulation around an elementary closed contour equals 
the double strength of a vortex inside the contour. 

Relation (2.7.7) can be used for a contour L of finite dimensions 
confining a surface S at each point of which the value of w n is known. 
Here the velocity circulation around the contour is 


r = 2 


H 

(S) 


(o„ do 


(2-7.8) 


Formula (2.7.8) expresses the Stokes theorem: llie velocity circu¬ 
lation around the closed contour L equals the double integral of the 
strength of the vortices passing through the surface confined by the 
contour. The quantity determined by this formula is the vorticity 
(vortex .strength) and is designated by 

k = 2 ^ ^ co„ do (2.7.8') 

\s) 


Combining formulas (2.7.3) and (2.7.8) for F, we obtain a relation 
expressing the integral over the contour K in terms of the integral 
over the surface S confined within this contour K: 


^ F s ds = 2 ^ j ©„ do 

( k) (S) 


(2.7.8") 
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Fig. 2.7.1 

Simply and triply connected regions on a plane: 

a —simply connected region (r^ = circulation over the contour K)\ b —triply connected re¬ 
gion <r f , = circulation of the external contour, and Y K = circulations over the in¬ 
ternal contours K t and K t , respectively) 


The above expressions relate to a simply connected contour (the 
region being considered is confined within a single contour, Fig. 
2.7.1a). But the Stokes theorem can also be extended to multiply 
connected contours (a region confined by one external and several 
internal contours). Equation (2.7.8") is used provided that the 
external contour is connected to the internal ones by auxiliary lines 
(cuts) so as to obtain a simply connected region. Now the double 
integral in (2.7.8") is used for the hatched region (Fig. 2.7.15), while 
the contour integral is taken for the obtained simply connected 
region, i.e. around the external contour, along all the cuts, and also 
around all the internal contours. In accordance with this, by formu¬ 
la (2.7.8"), and also with a view to Fig. 2.7.15 showing a triply 
connected region, we obtain 

i 1 * — r Kl —rK, = 2 ^ j v> n do 

*(S) 


whence the circulation over the contour K of the region being consid¬ 
ered is 


r K = r Kl + t K2 



0) n da 


Using this formula when we have n internal contours, we find 


r K = 


2 r Ki-r 2 j j 


da 


Vortex-Induced Velocities 

Appearing vortices produce additional velocities in the fluid- 
filled space surrounding them. This effect is similar to the electro¬ 
magnetic influence of a conductor carrying an electric current. In 
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Fig. 2.7.2 

Influence of a vortex 

accordance with this analogy, the velocities produced by a vortex 
are said to be induced. 

This electromagnetic analogy is expressed in that to determine 
the vortex-induced velocity, a Biot-Savart relation is used similar 
to the one expressing the known law of electromagnelic induction. 

Let us consider a curvilinear vortex of an arbitrary shape (Fig. 
2.7.2). The velocity vector dw induced by the vortex element dL 
at point A whose location is determined by the position vector r 
coincides in direction with the cross product r X dL, i.e. the vector 
dw is perpendicular to the plane containing the vectors r and dL. 
The value of dw is determined with the aid of the Biot-Savart for¬ 
mula, which in the vector form is as follows: 

dw = (I74jx) » X dL r 3 (2.7.9) 

where T is the velocity circulation. The derivation of formula (2.7.9)' 
is given in [ 10 ]. 

Since the magnitude of the cross product ] r X rfL | = /" sin a dL, 
where a is the angle between the direction of a vortex element and 
the position vector r, the magnitude of the velocity induced at 
point A is 

dw = (r/4«) sin a dLir 2 (2.7.10) 

Let us use the Biot-Savart relation to calculate the velocity induced 
by a section of a line vortex (Fig. 2.7.3). Since r — /i/sin a, 
dL — r da/sin a = h cia/sin 2 a, then 

r (* r 

<o— \ sin a da =(cos a 4 — cos a 2 ) (2.7.11) 

“i 

For a vortex both of whose ends extend to infinity (an infinite 
vortex), = 0 , a 2 = it, and, therefore, 

w = T/(2nh) (2.7.12) 
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A 



Fig. 2.7.4 

Interaction of vortices: 
a —vortices with an identical direc¬ 
tion of rotation; b —vortices with 
opposite directions of motion 



For a vortex, one end of which extends to infinity, and the other 
has its origin at point A (a semi-infinite vortex), we have a x — 0 
and a 2 = Jt/2. Consequently 

w = T/(Anh) (2.7.13) 

If a fluid accommodates two or more vortices, they interact with 
one another, and as a result the vortex system is in motion. The veloc¬ 
ity of this motion is determined with the aid of the Biot-Savart 
relation. Let us take as an example two infinite vortices with the 
same strength and direction of rotation (Fig. 2.7.4a). These vortices 
impart to each other the velocities V 2 = —Yl(2nh) and V 1 = 
= r/(2j xh) that are equal in magnitude and opposite in direction. 
As a result, both vortices rotate about an axis passing through the 
middle of the distance between them. If of two vortices one has 
a strength of the opposite sign (Fig. 2.7.46), the induced velocities 
are of the same direction and, consequently, the system of vortices 
moves translationally at the velocity V = T/(2nh) in a direction 
perpendicular to the straight line connecting the vortices. 


2.8. Complex Potential 

The motion of a vortex-free incompressible flow can be determined 
completely if we know the potential function cp or the stream func¬ 
tion if, the relation between which is given by Eqs. (2.5.9), which 
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in the theory of the functions of a complex variable are known as the 
Cauchy-Riemann equations. They express the necessary and sufficient 
conditions needed for a combination of the two functions cp -f- iap 
to be an analytical function of the complex variable a = x + f'i/, 
i.e. to be differentiable at all points of a certain region. 

Let us introduce a symbol for this function: 

W (°) = cp + ity (2.8.1) 

The function W (a) that is determined if the function of two real 
variables 9 = cp (x, y) and i|> = i|) (x, y) satisfies differentia] equa¬ 
tions (2.5.9) is called a complex potential. If we recall that the values 
of the functions cp (x, y) or ij) (x , y) allow one to determine the vel¬ 
ocity field in a moving fluid unambiguously, then, consequently, 
any two-dimensional flow can be set by a complex potential. Hence, 
the problem on calculating such a flow can be reduced to finding 
the function W (a). Let us calculate the derivative of the function 
W (a) with respect to the complex variable cr: 

dW/da = dcp/dx + idty/dx (2.8.2) 

Since dcpldx = V x , dty/dx = — V y , then 

dW/do = V x - iV y (2.8.3) 

This expression is called the complex velocity. Its magnitude 

gives the value of the velocity itself, | dW/da \ = V V% + VI = V . 
It is evident that the real velocity vector V = V x + iV v is the 
mirror image relative to the z-axis of the vector of the complex 
velocity. Let us denote by 9 the angle between the vector dW/do 
and the z-axis and determine the velocities V x — V cos 0 and V y = 
= V sin 9. Using the Euler formula 

cos 9 — i sin 0 = e~ ie 


we obtain 

dW/do = Ve- ie (2.8.4) 


2.9. Kinds of Fluid Flows 

Let us consider the characteristic kinds of flows of an incompres¬ 
sible fluid, their geometric configuration (aerodynamic spectrum), 
expressions for the complex potentials, and also the relevant poten¬ 
tial functions and stream functions. 


7-01715 
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Parallel Flow 

Assume that the flow of a fluid is given by the complex potential 
W (a) = V (cos 9 — i sin 0) a (2.9.1) 

where F and 9 are constants for the given conditions. 

According to (2.8.1) 

cp -f- = F (cos 0 — i sin 0) ( x + iy) 

whence we find the velocity potential and the stream function: 

<p = V (x cos 0 -f- y sin 0) (2.9.2) 

= F (y cos 0 — x sin 0) (2.9.3) 

Examination of the expressions for 9 or a)? reveals that the flow 
being considered is plane and steady because they do not contain 
the time explicitly. In such a flow, the streamlines and pathlines 
coincide. 

From (2.9.2), we can find the components of the flow velocity: 

59 Idx = V x = F cos 0, <?9 Idy = V v = F sin 0, dcpldz — V z = 0 

(2.9.4) 

Here F is the resultant velocity of the flow, and 0 is the angle 
between its direction and the z-axis. Assuming the stream function 
r|: in (2.9.3) to be constant and including F in it, we obtain the equa¬ 
tion 

y cos 9 — x sin 0 = const (2.9.5) 

A glance at this equation shows that the streamlines are parallel 
straight lines inclined to the ar-axis at the angle 0 (Fig. 2.9.1). Since 
the velocity components V x and V y are positive, the flow will be 
directed as shown in Fig. 2.9.1. This flow is called a forward plane- 
parallel one. 

In the particular case when the flow is parallel to the z-axis (0 = 
= 0, V x = F, V y = 0), the complex potential is 

W (or) = Vo (2.9.6) 

Two-Dimensional Point Source 
and Sink 

Let us consider the complex potential 

IF (a) = (ql2n) In a (2.9.7) 

where q is a constant. We can write this equation in the form 
9 + ity = (q/2n) In (re 10 ) == (q/2n) (In r -f- i 0 ) 
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Fig. 2.9.1 

General view of a forward 
plane-parallel flow 


Fig. 2.9.2 

A two-dimensional point source 



where r is the distance to a point with the coordinates x and y (the 
polar radius), and 0 is the polar angle. 

It follows from the obtained equation that 

cp = (q/ 2ji) In r = (q/2n) In ]/" x 2 y 2 (2.9.8) 

ip = (g/2n) 9 (2.9.9) 

We find from (2.9.8) that the radial velocity component (in the 
direction of the radius r) is 

dtp I dr = V T = ql(2nr) (2.9.10) 

and the component along a normal to this radius is V s = 0. 

We thus obtain a flow whose streamlines (pathlines) are a family 
of straight lines passing through the origin of coordinates (this also 
follows from the equation of a streamline ip = const). Such a radial 
flow issuing from the origin of coordinates is called a two-dimen¬ 
sional point source (Fig. 2.9.2). 

The rate of flow of a fluid through a contour of radius r is 2nrV T = 
— Q. Introducing into this equation the value of V T from (2.9.10), 


7 * 
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we find Q = q. The constant q is thus determined by the rate of 
flow of the fluid from the source. This quantity q is known as the 
intensity or strength of the source. 

In addition to a source, there is a kind of motion of a fluid called 
a two-dimensional point sink. The complex potential of a sink is 

W (a) = — (ql 2ji) In a (2.9.11) 

The minus sign indicates that unlike a source, motion occurs 
toward the centre. A sink, like a source, is characterized by its 
intensity, or strength, q (the rate of flow). 


Three-Dimensional Source and Sink 


In addition to two-dimensional ones, there also exist three-dimen¬ 
sional point sources (sinks). The flux from them is set by the fol¬ 
lowing conditions: 


y - q ±x • V = —_ ~ y • V = 

v x ~ in It 3 ' » 4 jt . ft* ’ 2 


in H 3 


(2.9.12) 


where R = Vz 2 + y 2 + z 2 and q is the strength of the source (plus 
sign) or sink (minus sign). The strength of a source (sink) equals 
the quantity q defined as the flow rate (per second) through the surface 
of a sphere of radius R. The resultant velocity is 

V = yv% + Vl + Vl = ± q/(AnR 2 ) (2.9.13) 

and coincides with the direction of the position vector R. Conse¬ 
quently, the velocity potential depends only on R and, therefore, 

dcpIdR = ±q/(inR 2 ) 

Integration yields 

qp = qz qr/(4ui?) (2.9.14) 

where the minus sign relates to a source, and the plus sign to a sink. 


Doublat 

Let us consider a flow whose complex potential is 

W (a) = (Ml 2n) (1/a) (2.9.15) 

where M is a constant. In accordance with this equation, we have 
9 + tap = (Ml 2jx) ( lire ,0 ) 

Let us transform the right-hand side of this equation. Taking 
into account that 

111 

— r a~ = —7 - 5 -:— , Q . = — (cos 0 — i sin 9) 

re t9 r (cos B-j-i sin 0) r v ' 
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(b) 



Fig. 2.9.3 

To the definition of a doublet: 
a —doublet streamlines; b —formation of a doublet 


we obtain 


<p -j- tt() = (M/2nr) (cos 0 — i sin 0) 

Hence 

<p = (M/2n) cos 0/r (2.9.16) 

t|3 = — (M/2n) Sin 0/r (2.9.17) 

Assuming that t|) = const and having in view that r = Y& + l/ 2 
and sin 0 = y/r — ylY x 2 + y 2 , we obtain an equation for a family 
of streamlines of the flow being considered: 


y (x 1 y'~) = const 


(2.9.18) 


The family of streamlines is an infinite set of circles passing through 
the origin of coordinates and having centres on thei/-axis (Fig. 2.9.3a). 

To comprehend the physical essence of this flow, let us consider 
the flow that is obtained by summation of the flows produced by a 
source and a sink of the same strength located on the z-axis at a 
small distance e from the origin of coordinates (Fig. 2.9.3 b). For 
point M (x, y ), the velocity potential due to a source at the distance 
of r 1 is q) s = (q!2n) In r 1 and due to a sink at a distance of r 2 from 
this point is cp sl{ = (— q/2n) In r 2 . 

To determine the resultant flow produced by the source and the 
sink, let us use the method of superposition of incompressible flows. 
According to this method, the velocity potential of the resultant 
flow is cp = 9 S + 9 sk . Indeed, owing to the continuity equation 
(the Laplace equation) obtained from (2.4.8'), we have 

d a< P d a <p _ P 12 (<Ps ~ Tsk) , d a (qp s — <Psk) _n 
dx 2 dy 2 dx 2 dy 2 

Since the functions 9 S and 9 sk satisfy the equations 

d 2 9 Jdx 2 d 2 ifjdy 2 — 0 and d 2 q>sfdx 2 + d 2 ^ & Jdy 2 = 0 
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then d 2 (fIdx 1 + d 2 <p/dy 2 identically equals 'zero. Consequently, the 
resultant function 9 satisfies the continuity equation. The resultant 
potential from the source and the, sink is 

9 = (q/2nj In {rjrj) 


Since rq — ]A(;E-f e) 2 -)-z/ 2 , r 2 =Y(x — E) 2 -\-y 2 , then 



(x + e )*+,, 2 
(x — e ) 2 + !/ 2 


or In — = ~ In f 1 
r 2 *■ L 


4re 


(x — e) 2 + ^ 


r} 


The value of e can be chosen so that the second term in the brackets 
will be small in comparison with unity. Using the formula for expan¬ 
sion of a logarithm into a series and disregarding the small terms of 
the second and higher orders, we obtain 


q xe. 

n. (x — e) 2 -|-i / 2 


(2.9.19) 


Assume that the source and sink approach each other (e -> 0) 
and simultaneously their strengths increase so that the product 
q2e at the limit upon coincidence of the source and sink tends to 
a finite value M. The complicated flow formed is called a doublet, 
the quantity M characterizing this flow is called the moment of the 
doublet and the z-axis—the axis of the doublet. Going over to the 
limit in (2.9.19) for 9 at e -> 0 and 2 qe -*• M, we obtain the follow¬ 
ing expression for a doublet 

_ M x _ M cos 0 

C P 2 n i a + y 2 — 2 ji r 

It coincides with (2.9.16). 

Hence, the flow being considered, characterized by the complex 
potential (2.9.15), is a doublet. This can also be shown if we consider 
the stream function of such a combined flow that will coincide with 
(2.9.17). 

Differentiation of (2.9.16) yields the doublet velocity components: 

dq> T7 M cos9 1 <?<p rr M sin0 /0 „ on . 

— — = I s . — (2.9.2U) 

Let us consider the three-dimensional case. For a flow produced by 
a source and a sink of the identical strength q located along the axis 
Ox at a small distance e from the origin of coordinates, the potential 
function in accordance with (2.9.14) is 


9 

ft 11 

- * 

r 1 1 1 

in 

1*2 *1 

in 

- y (x — e ) 2 + r 2 FU + e) 2 +r 2 J 


(2.9.20') 


where r 2 = y 2j rz 2 . 
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For small values of e, we have 

cp = (qlAn) 2xel(x 2 + r 2 ) 3 / 2 

Hence in a limit process with e -> 0, considering that the product 
q2e tends to the finite limit M, we obtain for the flow produced by 
a doublet with the moment M the velocity potential 

cp = (MlAn) xl(x 2 + r 2 ) 3 ! 2 (2.9.21) 

or 

where R = (x 2 + r 2 ) 1/2 . 

i 

Circulation Flow (Vortex) 

Let us consider a flow set by the complex potential 

W (a) = —ai In a (2.9.2 2) 

where a is a constant. We can write this equation in the form 
cp = — ai In (re ie ) = a (0 — i In r) 

Hence 

cp = aQ (2.9.23) 

tp = — a In r (2.9.24) 

It follows from (2.9.23) that the radial velocity component V T = 
= d<p Idr — 0 , while the component F s normal to the radius equals 
the derivative of 9 with respect to the arc s of a streamline, i.e. 

dtp Ids = (Hr) <?cp/d 0 = F s = air (2.9.25) 

We obtain the equation of streamlines (pathlines) from the condi¬ 
tion op = const, from which in accordance with (2.9.24) we find the 
equation r = const. This equation represents a family of streamlines 
in the form of concentric circles. Flow along them is positive if it 
occurs counterclockwise (from the x-axis to the y- axis); in this case 
the coefficient a in (2.9.25) has the sign plus. 

A flow in which the particles move (circulate) along concentric 
circles is said to be a circulation flow (Fig. 2.9.4). 

The circulation of the velocity in the flow being considered is T = 
= 2 nr dtp Ids. Since dtp Ids = a/r, we have T = 2na, whence a = 
= I7(2ji). Hence, the physical meaning of the constant a is that its 
value is determined by the circulation of the flow which,, as we have 
already established, equals the vorticity in turn. The flow produced 
by a vortex located at the origin of coordinates where F s = air -> 00 
is also called a two-dimensional vortex source or a vortex. 
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Fig. 2.9.4 

A circulation flow (point vor¬ 
tex) 



We have treated the simplest cases of flow for which we have 
exactly determined the velocity potentials and stream functions. 
By combining these flows, we can, in definite conditions, obtain 
more complicated potential flows equivalent to the ones that appear 
over bodies of a given configuration. 

Let us take as an example a flow formed by the superposition of 
a plane-parallel flow moving in the direction of the z-axis onto the 
flow due to a doublet. The complex potential of the resultant two- 
dimensional incompressible flow is obviously 

W (o) = W t (a) + W 2 (a) = Vo + (Ml2n) (1/a) (2.9.26) 

In accordance with this expression 

9 + h|; = V (x + iy) -j- (Ml2n)l(x + iy) (2.9.27) 

whence 

9 = Vx + (Ml2n) x/(x 2 + y 2 ), 

9 = Vy — (Ml2n) yl(x 2 + y 2 ) (2.9.28) 

To find the family of streamlines, we equate the stream function 
to a constant: 

C = Vy — (Ml2n) yl(x 2 + y 2 ) (2.9.29) 

According to this equation, the streamlines are cubic curves. 
A value of the constant of C = 0 corresponds to one of the stream¬ 
lines. ByEq. (2.9.29), we obtain two equations for such a zero stream¬ 
line: 

y = 0, x 2 + y 2 = Ml(2nV) (2.9.30) 

Hence, the obtained streamline is either a horizontal axis or a 
circle of radius r 0 = [MI(2nV)] 1/2 with its centre at the origin of 
coordinates. Assuming that the velocity V = 1, and the doublet 
moment M = 2n, we obtain a streamline in the form of a circle 
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with a unit radius. If we assume that this circle is a solid boundary 
surface, we can consider an incompressible flow near this surface 
as one flowing in a lateral direction over a cylinder of infinite length 
with a unit radius. The velocity potential of such an incompressible 
disturbed flow is determined by the first of Eqs. (2.9.28) having the 
form 

cp = x [1 + l/(^ 2 + y 2 ) 1 (2.9.31) 

Introducing the polar coordinates 0 and r = x/cos 0 = (z 2 -f- Z/ 2 ) 1 / 2 , 
we obtain 

<p = r (1 + 1/r 2 ) cos 0 (2.9.31') 

Differentiation yields the components of the velocity at a point 
on an arbitrary streamline along the directions of the radius r and 
of a normal s to it: 

V T = 3<p Idr — (1 — 1/r' 2 ) cos 0, 

V s = (1/r) d<p/<90 = — (1 + Mr 1 ) sin 0 (2.9.32) 

On a cylindrical surface in a flow (a zero streamline) for which 
r = 1, we find V r = 0 and = —2 sin 0. The above example il¬ 
lustrates the application of the principle of flow superposition and 
the concept of a complex potential to the solution of a very simple- 
problem on the flow of an incompressible fluid over a body. 




Fundamentals 
of Fluid Dynamics 


3.1. Equations o! Motion 
of a Viscous Fluid 

The fundamental equations of aerodynamics include equations of 
motion forming its theoretical foundation. They relate quantities 
determining motion such as the velocity, normal, and shear stresses. 
The solution of the equations of motion allows one to determine these 
unknown quantities. 

Let us consider the various kinds of equations of motion used in 
studying gas flows. 

Cartesian Coordinates 

We shall treat the motion of a fluid particle having the shape of 
an elementary parallelepiped with the dimensions dx, dy, and dz 
constructed near point A with the coordinates x, y, and z. Let 
the velocity components at this point be V x , V y , and V z . A fluid 
particle of mass pr (here t = dx dy dz is the elementary volume) 
moves under the action of the mass (body) and surface forces. We 
shall denote the projections of the mass force by Xpx, l^pt, and Zpx, 
and those of the surface force by P x t, P y x , and P z x. The quantities 
P x , P y , and P z are the projections of the surface force vector related 
to unit volume. 

The equation of particle motion in the projection onto the z-axis 
has the form 

px dVjdt = Xpx + P x x 

whence 

dVjdt = X + (1/p) P x (3.1.1) 

where dVjdt is the total acceleration in the direction of the z-axis. 

We obtain similar equations in projections onto the y- and z-axes: 

dV y ldt = Y + (1/p) Py (3.1.2) 

dVjdt = Z + (1/p) P z (3.1.3) 
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Fig. 3.1.1 

Surface forces acting on a fluid particle 


The surface force can be expressed in terms of the stresses acting 
on the faces of an elementary parallelepiped. The difference in the 
surface forces in comparison with an ideal (inviscid) flow consists 
in that not only normal, but also shear stresses act on the faces of 
a particle. 

Every surface force acting on a face has three projections onto 
the coordinate axes (Fig. 3.1.1). A unit of surface area of the left- 
hand face experiences a surface force whose projections will be desig¬ 
nated by p xx , x xz , and x xy . The quantity p xx is the normal stress, 
while r xz and x xy are the shear stresses. It can be seen that the first 
subscript indicates the axis perpendicular to the face being con¬ 
sidered. and the second one indicates the axis onto which the given 
stress is projected. The rear face perpendicular to the z-axis experi¬ 
ences the stress components p zz , x zx , and x zy ', the bottom face perpen¬ 
dicular to the t/-axis experiences the components p yy , x yx , and 


We shall consider normal stresses to be positive if they are directed 
out of the element being studied and, consequently, subject it to 
omnidirectional tension as shown in Fig. 3.1.1. Positive shear stres¬ 
ses are present if for the three faces intersecting at initial point A 
these stresses are oriented along directions opposite to the positive 
directions of the coordinate axes, and for the other three faces — 


in the positive direction of these axes. With this in view, let us con¬ 
sider the projections of the surface forces onto the x-axis. The left- 
hand face experiences the force due to the normal stress — p xx dy dz , 
and the right-hand one — the force [ p xx + (dp xx ldx) dx] dy dz. The 
resultant of these forces is therefore (dp xx !dx) dx dy dz. The compo¬ 
nents of the forces produced by the shear stresses acting on these 
faces are zero. 
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Account must be taken, however; of the shear stresses x zx and % yx . 
The rear face experiences the force —% zx dx dy, and the front one — 
the force [x zx + ( dx zx ldz) dz] dx dy. The resultant of these forces is 
(dx Zx /dz) dx dy dz. In a similar way, we find the resultant of the 
forces acting on the bottom and top faces. It is ( dx v Jdy) dx dy dz. 

Hence, the projection onto the x-axis of the surface force related 
to unit volume is 

P x = dp xx ldx + dx vx /dy + dx Zx ldz (3.1.4) 

Similarly, the projections onto the other coordinate axes of the 
surface force related to unit volume are 

P v = dx xy /dx + dp yv /dy + dx zu /dz J 
P z = dx xz /dx + dx yz /dy + dp zz /dz I 

According to the property of reciprocity of shear stresses, the 
values of these stresses acting along orthogonal faces equal each 
other, i. e. x zx x xz , x zy x yz , and x yx xz xy . 

Hence, of six shear stresses, three are independent. 

To determine the values of the shear stresses, we shall use the 
hypothesis that stresses are proportional to the strains they produce. 
The application of this hypothesis is illustrated by Newton’s formula 
for the shear stress appearing in the motion of a viscous fluid relative 
to a solid wall. By this formula, x yx = p ( dV y /dx ), i.e. the stress 
is proportional to the half-speed e z = 0.5 (dV y /dx) of angle distor¬ 
tion in the direction of the z-axis, whence x yx = 2pe z (here p is 
the dynamic viscosity). This relation covers the general case of three- 
dimensional motion when the angular deformation in the direction 
of the z-axis is determined by the half-speed of distortion e z = 
= 0.5 (dV y /dx + dVJdy). We shall write the other two values of 
the shear stress in the form x yz = 2P6* and x zx = 2pe y . 

Consequently, 

x yx = 2pe z = p (dVyldx -j- dVJdy) "J 

T yz = 2pe I = p (dV y /dz+dV z /dy) > (3.1.5) 

x zx — 2p& y = \i (dV z /dx-\- dV x /dz) J 

We shall use the above-mentioned proportionality hypothesis to 
establish relations for the normal stresses p xx , p yy , and p zz . Under the 
action of the stress p xx , a fluid particle experiences linear strain or 
deformation in the direction of the x-axis. If the relative linear de¬ 
formation is 0^, then p xx = EQ' X , where £ is a proportionality factor 
or the modulus of longitudinal elasticity of the fluid. The normal 
stresses p yv and p zz cause the particle to deform also in the directions 
of the y- and z-axes, which diminishes the deformation in the direc¬ 
tion of the x-axis. 
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It is known from the course in the strength of materials that the 
decrease in the relative magnitude A0 X of this deformation for 
elastic bodies is proportional to the sum of the relative deformations 
in the directions of y and z under the action of the indicated stresses. 
Accordingly, 

A0 X = — (1 !m) ( Py y /E + pjE) 

where m is a constant known as the coefficient of lateral linear defor¬ 
mation. 

The total relative deformation in the direction of the z-axis is 

9* = 9* + A9 X = p x JE — (1/m) ( p y y/E + pjE) (3.1.6) 

We can calculate the relative deformations 0 y and 9 Z along the y- 
and z-axes in a similar way. The obtained expressions give us the 
normal stresses: 


Pxx EQ X T~ (Pyy T" Pzz)/^ 
Pyy = EQy + (p zz + p xx )/m 
p zz = EQ z + (p xx + p V y)/m 


(3.1.7) 


The relative linear deformations of a particle along the directions 
of the coordinate axes determine its relative volume deformation. 
Designating the magnitude of this deformation by 0, we obtain 


0 — 9x + 0y + 0j 


(3.1.8) 


Summating Eqs. (3.1.7) and taking into account the expression 
for 9, we have 

Pxx + Pyy + Pzz = mEQI (m — 2) (3.1.9) 

Determining the sum p vy + p zz from this expression and introduc¬ 
ing it into (3.1.6), we find 


Pxx '■ 


m+1 


£ 0 , 


m -\-1 


—-s- 0 


(3.1.10) 


For our following transformations, we shall use the known rela¬ 
tion between the shear modulus G, the modulus of longitudinal 
elasticity E , and the coefficient of lateral deformation m that is 
valid for elastic media including a compressible fluid: 


G = mE/[2(m + 1)1 (3.1.11) 

Substituting this relation into (3.1.10), we obtain 


Pxx= 2G0*-) 


m — 2 


0 


(3.1.12) 
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Let us introduce the symbol 

O = (P xx + Pyy + PzzY 3 (3.1.13) 

Adding and subtracting a on the right-hand side of (3.1.12), we 
have 

_ _ O/"' __ 

Pxx = ° + 2G9* + - m _ 2 8 — (Pxx + Pyy + Pzz )/3 

Transformations involving Eqs. (3.1.9) and (3.1.11) yield 

Pxx = o+ G (20* - 20/3) (3.1.14) 

Similarly, 

Pyy = o + G (20 y — 20/3); Pzz = o +G (29 z - 20/3) (3.1.14') 

It has been established for an inviscid fluid that the pressure p 
at any point of the flow is identical for all the areas including this 
point, i.e. with a view to the adopted notation, in the case being 
considered we have p xx — p yy = p zz = —p; consequently, p = 
— iPxx "t - Pyy "1" Pzz)^‘ 

Hence, when studying the motion of a viscous fluid, the pressure 
can be determined as the arithmetical mean, taken with the minus 
sign, of the three normal stresses corresponding to three mutually 
perpendicular areas. Accordingly, a = — p. 

The theory of elasticity establishes the following relations for the 
shear stresses acting in a solid body: 

ty X = tyz ~ Gy vz , x zx = Gy zx (3.1.15) 

where y yx , y yZ , and y zx are the angles of shear in the directions 
of the axes z, x, and y, respectively. 

A comparison of formulas (3.1.15) with the Corresponding rela¬ 
tions (3.1.5) for a viscous fluid reveals that these formulas can be 
obtained from one another if the shear modulus G is replaced by 
the dynamic viscosity p, and the angles of shear y by the relevant 
values of the speeds of distortion e of the angles. In accordance with 
this analogy, when substituting p for G in formulas (3.1.14) and 
(3.1.14'), the strains (relative elongations) 0*, 0 y , and 0 Z have to 
be replaced with the relevant values of the rates of strain 0 * = 
= dVJdx, Q y = dV y ldy, 0 Z = dVJdz , and the volume strain 0 by 
the rate of the volume strain Q=dV x /dx J rdV v /dy + dVJdz =div V. 

The relevant substitutions in (3.1.14) and (3.1.14') yield: 

P.*=-P+l*(2^~ divV ) ] 

Pyy=-P -1 H (2 —-- 3 - div v) 

Pzz=~P + v{2^f— -|- divV ) J 


(3.1.16) 
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The second terms on the right-hand sides of expressions (3.1.16) 
determine the additional stresses due to viscosity. 

By using relations (3.1.4), (3.1.4'), (3.1.5), and (3.1.16), we can 
evaluate the quantities P x , P y , and P z . For example, for P x from 
(3.1.4) we obtain 


P = _ 


+ 


dp 

dx 

d 

dz 




•JH 2 


dV Y 


dx 


•div V 


)+t( 

' dV x 

, dVy 

\ 1 

f dV x 

r 

I CD 

N 

i dy 

dx 

/ 1 dz 1 

l dz 

dx / 


where A is the Laplacian operator: 

A = d 2 !dx 2 + d 2 ldy 2 + d-ldz- 


Particularly, 

AV X = cPVJdx 1 + d 2 V x ldy 2 + d' 2 V x /dz 2 


In a similar way, we can find the expressions for P y and P z . 

The relations for the stresses doe to the surface forces in a fluid 
have been obtained here by generalizing the laws relating stresses 
and strains in solids for a fluid having the property of elasticity 
and viscosity. We shall obtain the same relations proceeding from 
a number of hypothetic notions on the molecular forces acting in 
a fluid (see [9, 11]). 

By compiling projections of the total acceleration in an expanded 
form according to the rule of calculating the derivative of a compos¬ 
ite function / (x, y, z, t) in which, in turn, x, y , and z are functions 
of the time t, and taking into consideration the expressions found 
for P x , P y , and P z , we can obtain the equations of motion (3.1.1)- 
(3.1.3) in the following form: 


dV x 

dt 

vAV x 

4 

dVy 

dt 


dV x 


dV x 


dx 

d 

dx 


V dV - x 


1 v dy ' ’ z dz 

d * v +- H 4-( 2 „ 


_ "P 

p dx 


dV,. 


div V) 


dp t 

dV x 

i dVy ) + 

dp ( 

dV x 

1 VI 

dy \ 

dy 

1 dx ) + 

dz \ 

dz 

1 dx ) J 

. -U V 

dVy 

dVy 

1 T/ U 

i v . 

dVy 

, = Y _ -■ 

~r V x 

dx 

+ V, d dy 

+ v z 

dz 

P 

v^ 3 

d 

div V-j- — 
P 

r dp 

( 2 - 

dVy 

— d 

~ 

L dy 


dy 

3 

dp / 

dVy 


dp / 

dVy 
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dz 

+ dy ) ' 

dx \ 

dx 

1 dy j J 


dp 

dy 


div V) 


} (3.1-17) 
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dV z 

dt 


+ V X 


dV 7 


dV. 


dV 7 


dx 


dy 


dz 


j_ dp_ 
p dz 


+ vAF z + ~ 


a 

dz 


div V 




dV z 


dz 


div V) 


i _£m_ | 

f dV z 

i dV x ^ 


( dV z _ 

I- 

S3 

1 

J 

^ dx 

\ dx 

h dz ) 

1 dy 

\ dy 

dz / J 


where v = jx/p is the kinematic viscosity. 

The differential equations (3.1.17) form the theoretical foundation 
-of the gas dynamics of a viscous compressible fluid and are known 
as the Navier-Stokes equations. It is assumed in the equations that 
the dynamic viscosity p is a function of the coordinates x, y, and 
z, i.e. p = / (x, y, z). Presuming that p = const, the Navier- 
Stokes equations acquire the following form: 


dV x 

dt 

dVy 

dt 

dV z 

dt 



17+^*+T--t divV 


■ 4p- + vAF,, + -div V 

dy 1 u ' 6 dy 

dp 
dz 


+ vAF 2 + — div V ) 


(3.1.18) 


When studying gas flows, the mass forces may be left out of ac- 
•count, and, therefore, we assume that X — Y = Z = 0. In this 
-case, we have 


dV x 

dt 

dVy 

dt 

dV z 

dt 


—T''3F+ vA, '» + T--W ,lh ' V 

d - v 


(3.1.19) 


For two-dimensional plane motion characterized by a varying 
-dynamic viscosity p =£= const, equations are obtained from (3.1.17) 
as a result of simple transformations: 


dV x 
dt 


dVy 

dt 


dp 

dx 


+T‘W (|k - ) 


p 

,2 a . 


dV x 

2 

dx 

3 

dVy 

2 

dy 

3 


div V j J 


livV)] 


} (3.1.20) 




Ch. 3,. Fundamentals of Fluid Dynamics 


113 


When div V = 0, and p = const, these equations are reduced 
to equations of motion of a viscous incompressible fluid. 

Let us consider the equation of motion of an ideal (inviscid) 
compressible fluid. Assuming the coefficients p and v in (3.1.17) 
to be zero, we obtain: 


9V X 

L F v 

dV x 

4-F„ 

dV x 


dV x _ 

= X- 

1 

dp 

dt 

l r X 

dx 

1 r V 

dy 

1 r z 

dz 


- p 

dx 

dv u 

j_ V 

dVy 

i_ v ■ 

dVy 

! V 

dVy _ 

— Y- 

1 

dp 

dt 

1 ^ X 

dx 

r y y 

dy 

I ' z 

dz 


p 

dy 

W z 


dVz 

uv» 

9V Z 

■ + F. 

dV z _ 

= Z- 

1 

dp 

dt 

r r x 

dx 

r y 

dy 

I v z 

dz 


’ p ’ 

dz 


These equations were first obtained by Leonard Euler, which 
is why they are called Euler equations. They are the theoretical 
cornerstone of the science dealing with the motion of an ideal gas 
whose hypothetic properties are determined by the absence or 
negligibly small influence of viscosity. 


Vector Form 

of the Equations of Motion 

By multiplying Eqs. (3.1.18) by the unit vectors i, j, and k, 
respectively, and then summating them, we obtain an equation of 
motion in the vector form: 

dY/dt — G — (1/p) grad p + v AV + (v/3) grad div V (3.1.21) 
where the vector of the mass forces in Cartesian coordinates is 

G = Xi + 7j + Zk 

the pressure gradient is 

grad p = (dp/dx) i + ( dp/dy) j + ( dp/dz) k 

the vectors 

AY = AV x i + AV y i + AV z k 

grad div V = (d div Y/dx) i + (d div Y/dy) j + (d div V/dz)k 
If a fluid is incompressible, div V = 0, and, consequently, 

dY/dt = G — (1/p) grad p + v AV (3.1.21') 

In the absence of mass forces, G = 0, therefore 

dY/dt = — (1/p) grad p + vAV + (v/3) grad div V (3.1.21") 

The vector of the total acceleration can also be expressed as 

dY/dt = dY/dt + grad (V 2 /2) + curl V X V (3.1.22) 


8-01 715 
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With account taken of (3.1.21") and (3.1.22), we can write the 
equation of motion as 

dV V 2 1 v 

-jj- + grad + curl V x V = —— grad />+ vAV + -^- grad div V 

(3.1.22') 

For an inviscid compressible fluid, the equation of motion is 
+grad ~ + curl VxV= —-^-grad p (3.1.22") 


Curvilinear Coordinates 


Let us transform Eq. (3.1.22') using the concept of generalized 
curvilinear coordinates q n . This allows us to go over comparatively 
simply to equations of motion containing a specific form of curvi¬ 
linear orthogonal coordinates, as was done with respect to the con¬ 
tinuity equation. 

Let us consider the transformation of separate terms in (3.1.22'). 
For the second term on the left-hand side, and also for the first and 
third terms on the right-hand sides, with a view to (2.4.18), we 
have the following expressions: 

3 3 



2 1 d (F 2 / 2 ) . 

h n dg n * n 


(3.1.23) 


n—1 


n= 1 


3 3 

grad — 2 (grad/?) n i n = 2 ( 3>1 - 24 ) 

n —1 n=1 

3 3 

grad div V= 2 (grad div V) n i n = 2 (3.1.25) 

71 = 1 71 = 1 


For transformation of the vector product curl V )( V, it is necess¬ 
ary to find the form of the expression of the vector curl V in gener¬ 
alized coordinates. For this purpose, let us calculate the curl of 
both sides of Eq. (2.4.19): 

3 

curl V = 2 (F n curl i n +grad F n X in) (3.1.26) 

71=1 

where 

grad V n X >n = (grad V n )ji m — (grad V n ) m ij (3.1.27) 

Here the projections of the vector grad V n onto the relevant 
coordinate directions are determined from expression (2.4.18) with 
V n substituted for O. Introducing (3.1.27), and also the expressions 
for curl i n from (2.4.22) into (3.1.26), we obtain the following expres- 
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sion for the curl of the velocity: 

curl V --= T i- [ - d ih ^ Vs) - 
^2^3 L 


d (h 2 V 2 ) 


dq 2 


dq 2 


] ll+ h s t h 


r a Ohvj 

d ( h 3 V s ) 1 4 , 

l 

d (h 2 V 2 ) 

\\) 1 

L 


hih% 

L dqi 

dq 2 J 


Consequently, the cross product 


curlVXV=2 (curlVXV) n i„ 

n—1 


(3.1.29) 


where the projection of this vector onto a tangent to the correspond¬ 
ing coordinate curve is 


(curl VXV) n = 


V } 


hjh n 


dJAnVn) 

dq } 


HhjVj) -1 

dq n J 


Vm ajJwF,,,) 

hnhm dq n hq m J 


(3.1.30)' 


Recall that the relation between the subscripts m, /, and n is 
as follows: 

n . . . 1 2 3 

m . . . 2 3 1 

j ... 3 1 2 


The left-hand side of Eq. (3.1.22) is the vector of the total acceler¬ 
ation W = d\/dt that has the form 

W= j] W n i n (3.1.31) 

n= 1 


where W n is the projection of the acceleration vector onto the direc¬ 
tion of a tangent to the coordinate line q n . 

Each quantity W n can be considered as the sum of the relevant 
projections of the vectors dY/dt, and also of the vectors (3.1.23) 
and (3.1.29) onto the indicated directions. Accordingly, 

W —• dh n , Vn _ d\ n . V m . d (h n V n ) 
n dt hji dq n hnhm dQm 


V i d(hnV n ) 


VL 


dh„ 


hjhn 


V ] 


dqj 


hn hn 


dq n 


hjh T 


dhj 

dq n 


(3.1.32> 


Let us apply the Laplacian operator to the vector V, and use 
the expression 


3 


AV=2 

n~t 


AE n i„ = grad div V — curl curl V 


(3.1.33) 


where AE n are the projections of the vector along the coordinate¬ 
lines q n . 


8* 
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The first vector on the right-hand side of (3.1.33) has been deter¬ 
mined in the form of (3.1.25), while for calculating the second one 
Eq. (3.1.28) should be used. Taking the curl of both sides of this 
equation, we obtain 

3 

curl curl V= 2 (curl curl V) n i n 

n=i 
3 

= y 1 f d [hf (curl VX/j _ d [h m (curl V) m ] 

^ h m hj l dq m dqj 

n=l 

where the corresponding projections of the vector curl V are found 
from (3.1.28). 

Having these data at hand, we can consider the transformation 
of the equations of motion as applied to specific forms of curvilinear 
orthogonal coordinates. 


}i„ (3.1.34) 


Cylindrical Coordinates 

In accordance with (2.4.12), (2.4.16), and (2.4.25), we have 
Qi = x, q 2 = r, q 3 = y, K = 1, h 2 = 1, h 3 = r. 


Vi — V x 


V„ v 3 


V v 


Consequently, 

ir.-ifr+.r, 


dV x 


v 

r dr 


dVx 

ay 


(grad p) { — dp/dx 


dt 1 ' r x dx 
Next we find 

(grad div \) 1 = d div Y/dx 

Since div V is determined by formula (2.4.26), we have 


d div V 

dx 


JL ( dV * 

dx \ dx 


dV r | 1 

dr " r r 


dV v 


r f) 


dy 


From (3.1.28), we have 


(curlV), = ^-^ 


Introducing these expressions into (3.1.34), we obtain 


(curl curlV)j 

-tH' 

( dV T 

V dx 


~L( d l£- 

„ r \ dy 



l 

dr 


dy 

J 

d*V r 

d*V x 1 

fdVr_ 

dV x \ 1 / 

t d*V x _ 

Wv \ 

dx dr 

dr 2 r 

V dx 

dr I r* \ 

( dy 2 

dx dy 1 
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Since (grad div V) x d div \ldx, in accordance with (3-1.33) 
we have 

(AV)i = (grad div V) x — (curl curl V) x 
d 2 V x d 2 V x , l a 2 V x , l dV x 

dx 2 dr 2 r 2 dy 2 r dr 

We thus compile an equation of motion in a projection onto the 
z-axis of a cylindrical coordinate system: 


dV x 

dt 


v x 


Wx 

dx 


V 


dVx 

dr 


f v av x 

r dy 


vAF, 


v d div V 
“3 


dx 


1 dp 
p dx 

(3.1.35) 


We obtain the other two equations in projections onto the coor¬ 
dinate lines r and y in a similar way: 


dt r i tv dF r 1_ xr d 1 T 

dt ~ r V x "r r 


Fy dV T Vy 


av. 

dt 


dx 

— —— -£- + v (AF r 

p dr ' \ T 

V ^ 


dr 


dy 

dV v 
"df 




d div V 
dr 


_LTV dhy fy dVy 

* dx "T" r or ^ r ay 


V T Vy 


J_.iL4 -v(af + _l 

pr > +v r 2 Q y r 2 ) + 3r 


) (3.1.35') 


a div V 
dy 


In these equations, we have introduced a symbol for the Laplacian 
operator in cylindrical coordinates'. 


. a 2 a 2 l a 2 l a 

a _ dx 2 + dr 2 + r 2 ' c*y 2 + r ' dr 

We determine the divergence of the velocity by formula (2.4.26). 
For an axisymmetric flow, the equations of motion are simplified: 


dV x 

at 


dVr 

at 


V, 


dV x 

dx 


V ^ 
* dx 


V r 


av. 


dr 


.J-.J^L + vAF* 

p dx x 


+ -T 
■F r ^ = 

T dr 


+ 


d div V 
dx 

1 

P 

d div V 
dr 


^ + vAF r 


\ (3.1.36) 


where div V = dVJdx + dV T ldr + V T /r\ A = d 2 ldx 2 + d 2 ldr 2 -f- 
+ {Mr) dldr. 

For a steady flow, one must assume in the equations that 
dVjdt = dVjdt = dV y !dt = 0 
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Spherical Coordinates 

The spherical coordinates, Lame coefficients, and the projections 
of the velocity vector onto the directions of the coordinate lines 
are related by formulas (2.4.13), (2.4.17), and (2.4.33): 

<h = r, q 2 = 0, q 3 — ij>, h x = 1, h 2 = r, h 3 = r sin 0, 

V 1 = V r , V 2 = V e , V 3 = K«, 

According to these data, from (3.1.32) we find the projection of 
the acceleration onto the direction of the coordinate line r: 


dV 


Wi = ^+V T 


dV r 


V e dV T 


Vli, 


.21 Z_vt±A ( 3_j_ 37) 

di|) r ' 


dt 1 ' T dr r dQ r sin 0 
The projection of the pressure gradient is 

(grad p) 1 = dpi dr (3.1.38) 

With a view to the expression for div V (2.4.34), we find the 


relation 


jl rJ_ 

dr L r* 


(grad div V) 4 
,d(V r r 2 ) 1 


ddiv V 
dr 

d (Ye sin 6) 


W± 1 


(3.1.39) 


dr ' r sin 6 dQ ~ r sin 0 

We shall use this relation for determining the projections (AT) 1 
of the vector AV. To do this, we shall calculate the value of (curl 
curl V)! in (3.1.33). From (3.1.28), we have 


£curlV) 3 = T [ 


1 r d(Ver) dV T 


dr 


dQ 




Introducing these relations into (3.1.34), we obtain 


(curl curl V) t ' 


?^mer a(Fer) 

-* V rl\ 

l L dr 

<?© J; 


dQ 


at 1 

f dV T d (F,jr sin 0)1 

L ) 

Isin 0 

“1 

_1 

0* ) 


(3.1.40) 


With a view to expressions (3.1.39) and (3.1.40), we find 

9V 

(AF)j = (grad div V) 4 — (curl curl V) 4 = AF r - 


where 


2 dV« 

2Vq cot 0 

2 

_dV x[] 


(3.1.41) 

r 2 ‘ <50 

r 2 r 2 

sin 0 

ay 


_L 5 ( r 2 

9V r \ , 1 

■—( 

sin 0 

dV T \ 


r 2 dr \ 

dr / r 2 sill 0 

1 d 2 V r 

dQ \ 

dQ ) 

(3.1.42) 


' r 2 sin 2 0 <5i|) 2 
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Taking into account (3.1.37)-(3.1.39) and (3.1.41), we find the 
equation of motion in a projection onto the coordinate line r: 


<JV r ,,, dl 7 *7 dV T 
' dr 1 r 


r sin 0 


Ve + R 


J_ dp_ 
p dr 


2V a cot 0 


r 2 sin 0 541 


it 0 \ v 

_ / ' “3"' 


d div V 
Tr 


(3.1.43) 


We obtain the other two equations in a similar way: 


dr r 


1~9 dV q 
r ' <90 


V* dV% 

r sin 0 54 


T r V e -ncot 0 1 dp , __ ( , 2 dV r 

-7- = _ 7j7'70' + v \ ~ ’ 7T 

V e 2 cos 0 dt 7 ^, \ , v 1 ddivV 

r 2 sin 2 0 r 2 sin 2 0 < 9 xp ) 3 r <90 

dt 7 n> ] r/ tll'ii- ] t’o dV i|. l'~if . til'ii- 
dt r dr 1 r <90 ^ r sin 0 dv): 

I fhp (k r 4- cot 0) _ 1 dp 

' r p r sin 0 54 ’ 

, v (A V I'll- I 2 dV T , 2 cos 0 dl 7 e 

\ r 2 sin 2 0 ' r 2 sin 0 <94- 1 r 2 sin 2 0 54: 

. v d div V 
1 3 r sin 0 d\b 


1 dp , ( 


1 d tliv V 

7 M 


dt 7 n> ] T/ til'ii- ] I’n dVj, 
dt ~ rVr dr ^ r ' dQ 
I (F r -f- V fl Cpt 0) _ 


j (3.1.43') 


r 2 sin 2 0 <?4> 


where the Laplacian operator in spherical coordinates is 


a 1 d ( 0 d \ 1 d / . a d \ 

~"drV 77/ + r 2 sin 0 ' 70 ( S1 " 9 77 ) 


r 2 sin 2 0 54 


(3.1.44) 


For two-dimensional spatial gas flows characterized by a change 
in the parameters (velocity, pressure, density, etc.) in the direction 
of only two coordinate lines, let us write the equation of motion 
in a simpler form: 

dV T dY,. F e dV r vl 1 dp ) 


- 1 - v ( AV -— ■ -^-2- 

^ \ r r 2 pp 


2V r 2V e cot 0 


) + _ T 


dt dr r 


d div V 
Tr 

1 dp 
rp <90 


| (3.1.45) 


l AV -U— dVr Ve \ I v 
( AF e + r a 50 r 2 sin 2 0/ ' 3r 


d d iv V 
20 ~~ 
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where 


1 d 

(ra _£_) 

- i .4 ( 

r a dr 

\ dr ) 

r 2 sin 0 d8 [ 


di vV = -pr 


1 d (F r r 2 ) 


1 


dr 


r sin 6 


d (Vq sin 0) 


(3.1.46) 

(3.1.47) 


Equations of Two-Dimensional Flow 
of a Gas Near a Curved Surface 

For the case Leing considered, the curvilinear coordinates, Lame 
coefficients, and velocity components are determined by formulas 
(2.4.40), (2.4.42), and (2.4.43), respectively. We shall adopt the 
further condition that motion occurs near a wall, and, consequently, 
y << R. Accordingly, 

<h = x, q 2 = y, q a = Y. K = 1, h 2 = 1, h a = r 
V x = dxldt = V x , V 2 = V y , V 3 = 0 

With a view to these data, the acceleration component is 

W x = dVjdt + V x dVJdx + V v dVjdy (3.1.48) 
and the projection of the pressure gradient is 

(grad p) x = dp/dx (3.1.49) 

In addition, 

(grad div V)i = d div \ldx (3.1.50) 

where the divergence of the velocity has been determined by rela¬ 
tion (2.4.44). 

Consequently, 

ftraddi vV),_4{i-[^> + 44-]} (3.1.51) 

We use (3.1.28) to calculate the projections of the velocity curl 
vector: 

(curl V), = dV v /dx — dVjdy , (curl V) 2 = 0 (3.1.52) 

Introducing these expressions into (3.1.34), we obtain 

(curl c»rlV),..-L.4[ r (ii-44] (3.1.53) 

With a view to relations (3.1.51) and (3.1.53)* we have 
(AF), - (grad div V), - (curl curl V), {-)• [44 

+ 44 ]} 


f-*[' 
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Similarly, when considering the coordinate line q 2 , we have 
IV 2 = dVjdt + V x dVyldx + V y dVy/dy (3.1.55) 
(grad p) 2 = dp/dy (3.1.56) 

(grad div V )2 = d div V/dy (3.1.57) 

(AF) 2 = (grad div V) 2 — (curl curl V) 2 


d ( 1 [d(V x r) , d(V v r) 


= _jU_L r 

dy l r L 


dx 1 dy 
Using the obtained relations, we have: 


]}-h4b 


dV x 


dt 


dV u 


+ v x ~- 

x dx 


dV u 


V 


dV x 

v ~ 

v 

X 


+ 


_1 
P 

d div V 






df 


dx 


-- —^~ + v (AF)., 

dy p dy 


} (3.1.59) 


dd vV 
dy 


where (AF) X and (AF) 2 are determined by formulas (3.1.54) and 
(3.1.58), respectively. 

We have thus obtained various forms of the equations of motion 
for a viscous liquid. Experience shows that this is needed because 
in some cases, when studying the laws of interaction of gas flows 
with bodies in them, it is convenient to use one form of the equa¬ 
tion, and in others, a different form. 


3.2. Equations of Energy 
and Diffusion of a Gas 

Diffusion Equation 

The motion of a dissociating viscous fluid can be investigated 
with account taken of the influence of gas diffusion on this motion. 
This is expressed, particularly, in that diffusion is taken into con¬ 
sideration when deriving the equation of energy—one of the funda¬ 
mental equations of gas dynamics. 

By diffusion is meant the levelling out of the concentration because 
of the molecular transfer of a substance. This is a thermodynami¬ 
cally irreversible process, and it is one of the reasons why a gas 
in motion loses mechanical energy. 

The diffusion equation is an equation of the transfer of the t-th 
component in a gas mixture (it is a continuity equation for the 
same component). 
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To simplify our investigation, we can assume that the intensity 
of thermal and pressure diffusion is negligibly small and determine 
the diffusion flux of the i-th component in a direction n by the 
equation 

Qi.d.n = —pDi dcjdn (3.2.1) 

where c t is the concentration of the i-th component, and D l is the 
diffusivity that determines the diffusion flux when a concentration 
gradient is present. 

For a mixture of gas components, we must take into consider¬ 
ation the binary diffusivities corresponding to each pair of compo¬ 
nents, for example, to oxygen atoms and molecules, or to nitrogen 
atoms and molecules in the air. In approximate calculations, we 
can proceed from a certain value of the binary diffusivity D that 
is the same for all the pairs of components. Taking this into account, 
we have Qi,&, n = —p D dcildn. Considering the directions x, y, 
and z along which diffusion occurs, we have 

Qt.d.x = —pD dcjdx, Qi A , v = —pDdci/dy, Q t , d , z = —p D dcjdz 

(3.2.2) 

or in the vector form 

Qi.d = —P D g ra( l ci (3.2.3) 

The diffusion of a substance is directed into a region with a re¬ 
duced concentration, therefore dci/dn has a negative sign. Since the 
right-hand side of (3.2.3) contains a minus sign, the quantity Q*,d 
is positive. 

Let us consider the derivation of the diffusion equation in a cylin¬ 
drical coordinate system assuming the motion to be steady. We shall 
assume the flow to be three-dimensional and symmetric about the 
2 -axis, i.e. such in which the velocity component V y = 0. Let us 
separate an elementary volume of the gas in the form of a ring 
with dimensions of dr and dx (Fig. 3.2.1) constructed near point P 
whose coordinates are x and r and whose velocity components are 
F* and V r . We shall assume that the substance diffuses only in 
a radial direction. Consequently, the flux of the i-th component 
through the internal surface of the element is m T = 2nrpF r C; dx + 
-f Q Ld 2nr dx, where c t and Q ld are the concentration and the 
diffusion flux of the i-th component, respectively, evaluated per 
unit area. 

The flux of the i-th component through the outer surface is 


m r + 


^i r = IBr + «lM 2ll(fr( fa + iM 

dr T dr 'dr 


2jt dr dx 


Consequently, the flow of the component into the volume being 
■considered is 


[<? (p V T rci)ldr] 2n dr dx +| [5 (Qi, d r)!dr] 2it dr dx 
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Fig. 3.2.1 

An elementary gas particle in 
an axisymmetric three-dimen¬ 
sional flow 



Disregarding the diffusion flux of the substance along the z-axis, 
we find the rate of flow of the gas through the left-hand face of the 
element normal to this axis: 

m x = 2jipV x c ir dr 
and through the right-hand one 

m x -f (dmjdx) dx — m x -f [d ( pV x rc t )ldx\ 2n dr dx 

Hence, the flow of the component into the volume is 
2n [d (p V x rci)ldx\ dr dx 

Since the amount of gas in the volume does not change, the total 
flow of the component into the volume equals its outflow because of 
chemical reactions. If the rate of formation of the i-th component 
in a unit volume caused by chemical reactions is (H / C h)e, the con¬ 
sumption of the component in the elementary volume is 2n (W c ^) t r X 
X r dr dx. Therefore, the balance of mass of the i-th component 
in the volume being considered is 

d (p V x rc t )ldx -r d (p V r rci)ldr = —d ( Qi, A r)/dr + (hF ch ) ; r (3.2.4) 

This equation is known as the diffusion equation in a cylindrical 
coordinate system. In a similar way, we can obtain a diffusion 
equation in the Cartesian coordinates x and y for a plane flow: 

d (p V x c t )Idx + d ( pV y c t )/dij = —dQuJdy + (W^h)! (3.2.5) 

where is found from (3.2.3). 

If we consider a binary mixture of atoms and molecules, then 
2 c ; = ca + cm = 1 and, consequently, <?A,d = — <?M,d • We de¬ 
termine the value of (ITch)! for a given reaction in a dissociating 
gas by the formulas of chemical kinetics. 
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Energy Equation 

Together with the equations of state, motion, and continuity, 
the energy equation belongs to the system of fundamental differen¬ 
tial equations as a result of whose solution we completely determine 
the motion of a gas. 

Let us consider a system of rectangular Cartesian coordinates 
and compile an energy equation for a fluid particle in the form of 
an elementary parallelepiped. This equation expresses the law of 
energy conservation, according to which the change in the total 
energy of a particle, consisting of its kinetic and internal energy, 
during the time dt equals the work of the external forces applied 
to the particle plus the influx of heat from the surroundings. 

The kinetic energy of a particle of volume x = dx dy dz is (pV 2 /2) t, 
and its internal energy is upx ( u is the internal energy of a unit 
mass of the gas). Consequently, the change in the total energy 
during the time dt is 

ir[(- £ r- + H T ] dt= P x ir( J r + u ) dt 

The work of the external mass (volume) forces in the displacement 
of the particle during the time dt can lie represented in the form 
of the dot product G-V multiplied by the mass of the particle px 
and the time dt. The mass force vector is G = Xi + V] + Zk, 
consequently, 

(G-V) px dt = (XV x - YV y + ZV z ) px dt 

Let us calculate the work of the surface forces. First we shall 
consider the work done during the time dt by the forces induced 
by the stresses acting on the right-hand and left-hand faces. The 
work done by the forces acting on the left-hand face equals the dot 
product o x -V multiplied by the area dy dz and the time dt. In the 
dot product, the vector of the surface forces is 

Pxx* T" T’xyi T" 

The work done by the surface forces acting on the right-hand face is 
j^Oj.V + 9 rfftj dy dz dt 

Having in view that the forces for the left-hand and right-hand 
faces are directed oppositely, we must assume that the work done 
by these forces is opposite in sign, for example, positive for the 
right-hand and negative for the left-hand face. Accordingly, the 
work of all the surface forces applied to the left-hand and right-hand 
faces is 

■ d — £ ] T dt = \_-^(p xx V x + x Xy V y + x,,F,] xdt (3.2.6) 
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We obtain expressions for the work done by the surface forces 
acting on the lower and upper, and also on the front and rear faces, 
in a similar way: 

[3 ( a u \)/dy ] t dt and [3 (o z V)/3z] x dt 

Considering that the vectors of the surface forces acting on the 
lower and rear faces are, respectively, 

Gy ^ yx t ""f"~ Pyy\ "T X yz ]i, O z 'Tztfi 4" T zy ] 4" Pzz h 

we obtain the following expressions for the work: 

dJ J^' dt =[-^('<y X V x + Pyy V y + r«zV z )] xdt (3.2.6') 

—g It 1 t dt = [-L {Xxx v x + x zyVy + p zz v z ) ] t dt (3.2.6”) 

In expressions (3.2.6), (3.2.6'), and (3.2.6"), the stresses are deter¬ 
mined by relations (3.1.5) and (3.1.16), respectively. 

The influx of heat to the particle occurs owing to heat conduction, 
diffusion, and radiation. Let q x dy dz (where q x is the specific heat 
flow) be the amount of heat due to heat conduction or diffusion 
transferred to the particle through the left-hand face in unit time. 
During the time dt, the heat flux q x dy dz dt is supplied to the par¬ 
ticle. The heat flux through the right-hand face is — [q x 4- 
+ {dqJdx) dx\ dy dz dt. The amount of heat transferred to the 
particle through both faces is — ( dqjdx) x dt. We obtain similar 
expressions for the faces perpendicular to the y- and z-axes. Hence, 
the total heat flux transferred to the particle is — ( dqjdx + dq v ldy + 
+ dqjdz) x dt. 

If we consider the supply of heat caused by conduction, the speci¬ 
fic heat flows, equal to the heat fluxes along the relevant coordinate 
directions through a unit area, are expressed by the Fourier law 

qx, x = —A dTldx, q T , y =■ —A dTldy, q T z = —A. dT/dz (3.2.7) 

With this taken into account, we have 
— (ddT.x/dx + dq TtlJ ldy dq TtZ ldz) x dt = div (A grad T) x dt (3.2.8) 

where grad T = ( dT!dx)\ + (dTldy)] + (dTldz) k. 

The energy supplied to a gas particle at the expense of diffusion is 

x S Qi. d, f t ltd, y S Qi, (1, Qd, z z-J Qi ^ z ii 

l i i ' ’ 

where i; is the generalized enthalpy component of the gas mixture. 




126_Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


Hence, 

( dq A.x d Qd.y . dq d,z\ d . ( V ; d Qh d,a 

i 

+ S i i —fy' u + S i r- i dz d ' z )tdf=(-21 i/divQf.d) 

i i £ 

Introducing into this equation the value of Q;, d from (3.2.3), 
we obtain 

— (3?d. x/dx + 5g d , y /% + dq di Jdz) t 

= 2 ifdiv(pZ)gradC{)Td« (3.2.9) 

i 

In addition to the energy transferred to a particle by conduction 
and diffusion, it also receives heat owing to radiation, equal to 
ex dt (e is the heat flux due to radiation absorbed by unit volume). 

By equating the change in the energy of a particle during the 
time dt to the sum of the work done by the mass and surface forces 
and the influx of heat because of conduction, diffusion, and radi¬ 
ation, we obtain the energy equation: 

P^ (lT+ u ) = P (XV x + YV y+ ZV z )+-^(p xx V x 

“I” He yVy “b X xz V z ) “b (Xyx^x ~b PyyVy “b Xy-Vz) 

+ -37 (t«F* + XzyVy + p zz v z ) + div (K grad T) 

+ 2 h div (pZ)grad c t ) + e (3.2.10) 

i 

Upon the motion of a chemically reacting mixture of gases, the 
energy equation expresses the condition of the heat balance includ¬ 
ing the heat that may appear as a result of chemical reactions. 
If we take into account, however, that upon the proceeding of reac¬ 
tions the generalized enthalpy of the gas mixture d° es not 

change, then upon introducing the generalized enthalpy into 
Eq. (3.2.10), we can no longer take into account separately the 
release or absorption of heat because of chemical reactions. 

Introducing into (3.2.10) the expressions for the stresses (3.1.5) 
and (3.1.16) and excluding the term taking into account the work 
done by the mass forces, after transformations we obtain an energy 
equation for a gas: 

P 7t{ T'+ u ) ~ — div (pV) -1- div (p.V div V) 
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+ 2 -L [ (l (V y e z +V z e y )}-r2 ± [p (V x e z V V 2 z x )} 
+ 2 tM- (V + F^e.*)] + div (A, grad T) 


+ 2 h div (pD grad c t ) + e (3.2.11)' 

i 


Equation (3.2.11) shows what causes the kinetic energy of a fluid 
to change. In addition to conduction, diffusion, and radiation, this: 
energy changes at the expense of the work of compression div (pV) 
and the work of the friction forces (the terms of the equation con¬ 
taining the dynamic viscosity p). The dissipation of energy is asso¬ 
ciated with the losses of mechanical energy for overcoming the 
friction forces. Energy dissipation consists in that the mechanical 
energy in part transforms irreversibly into heat. Accordingly, the 
friction forces are called dissipative. The terms on the right-hand 
side of (3.2.11) containing p form the dissipative function. 

For two-dimensional plane motion of a viscous fluid, the' 
energy equation is 

P IT (~T + u ) = _ div - If (liv (h v div v ) 




dy / 


+ 2 ± (pF y e z ) v 2 ± (pF^) + div (X grad T) 


+ 2 h div (pDgradc,-) +e (3.2.12)) 

i 

where 

V = V x i -f F y j, div Y = dVJdx + dV y /dij , 
grad T = ( dT/dx) i -f ( dTldy )j, grad c t = (dc;/dx)i + (dc-Jdy) j 


Let us transform the energy equation (3.2.12). To do this, we- 
multiply the first equation (3.1.20) by V x , the second one by V y , 
and sum up the results. We obtain 



+ 2 [F.,-^(pe,) + F, 4(pe 2 )] (3.2.13) 


We can show by simple transformations that 

V x dpldx + V y dpldy = div (pV) — p div V 
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■where we find p div V by using the continuity equation 

p div V = —(p/p) dpldt, or p div V = p ( dldt) (p/p) — dpldt 

We transform the sum of the other two terms on the right-hand 
side of the equation to the form 



For the last term in (3.2.13), we have the expression 

2 [V x ±.(pe z ) + V v ± (ue 2 )] =2 ± (^e 2 ) +2^ (pF*e 2 ) - 4pe= 

Let us make the relevant substitution in (3.2.13) and subtract 
the obtained equation from (3.2.12). Having in view that i = 
= u + pi p, we obtain 

+ + 4 (divV) a + 4e|} 

+ div(A,gradf) + 2 div (pZ)grad c*) + e (3.2.14) 


In the absence of heat transfer by diffusion and radiation, we can 
write the energy equation in the form 


di 
p dt 


dp 

dt 


>{[(^r+(^n-r<^v) a + 4 S i} 


+ div (k grad T) (3.2.15) 

At low gas velocities, when the work of the friction forces is 
not great, we may disregard the dissipative terms. In addition, 
the work done by the pressure forces is also insignificant (dpldt « 
« 0). In the given case, instead of (3.2.15), we have 

dTldt — (K/pcp) div (grad T) (3.2.16) 

The quantity k/(pc p ) — a, called the thermal diffusivity, character¬ 
izes the intensity of molecular heat transfer. 




Ch. 3. Fundamentals of Fluid Dynamics 


129 


3.3. System of Equations 
of Gas Dynamics. 

Initial and Boundary Conditions 

The investigation of the motion of a gas, i.e. the determination 
of the parameters characterizing this motion for each point of space, 
consists in solving the relevant equations that relate these para¬ 
meters to one another. All these equations are independent and 
form a system of equations of gas dynamics. We determine the 
number of independent equations by the number of unknown para¬ 
meters of the gas being sought. 

Let us consider the motion of an ideal compressible gas. If the 
velocities of the flow are not high, we may ignore the change in 
the specific heats with the temperature and take no account of 
radiation. In this case, the gas flow is a thermodynamically iso¬ 
lated system and is adiabatic. The unknown quantities for the flow 
being considered are the three velocity components V x , V y , and 
V z . and also the pressure p, density p, and temperature T. Conse¬ 
quently, the system of equations of gas dynamics must include six 
independent ones. Among them are the equations of motion, conti¬ 
nuity, state, and energy, which are customarily called the funda¬ 
mental equations of gas dynamics. 

Before compiling this system of equations, let us consider separ¬ 
ately the energy equation. In accordance with our assumption on 
the adiabatic nature of the flow, we transform the energy equa¬ 
tion (3.2.14) as follows: 

di = dpi p (3.3.1) 


If we take into consideration the equation di =- c p dT, and also 


the expressions 
find 


= R and p = RpT, from which v r e can 


(Cp/c v ) R 
P Cp/C„ — 1 


R, 



then (3.3.1) is reduced to the form dplp — k dp/p. 

Hence 

P = Ap h (3.3.2) 


where A is a constant characteristic of the given conditions of gas 
flow. 

Equation (3.3.2) is known as the equation of an adiabat (isen- 
trope). Hence, in the case being considered, the energy equation co¬ 
incides with that of an adiabat. Having the energy equation in this 

9-01715 
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form, we shall write all the equations of the system: 


dV x __ i_ 

dt p 

dV z _ _ J_ 
dt p 


RpT, 


dp dVy 1 dy 

dx ’ dt p dy 


dp 

dz 5 


i + pdiyy=0 


Ap A_1 = RT 


V 

I 

J 


(3.3.3) 


Let us consider the system of equations for the more general 
case of the motion of an inviscid gas at high speeds when the speci¬ 
fic heats change with the temperature, and dissociation and ioniza¬ 
tion may occur in the gas. For generality, we shall retain the pos¬ 
sibility of the heated gas radiating energy. Now the thermodynamic 
process in the gas flow will not be adiabatic. Accordingly, the quan¬ 
tity e determining the radiation heat flux remains on the right-hand 
side of energy equation (3.2.14). We shall note that the equation 
of state must be adopted in the form of (1.5.8) taking into account 
the change in the mean molar mass p m with the temperature and 
pressure. In accordance with the above, and also taking into account 
that the equations of motion and continuity do not change in form, 
we shall give the fundamental equations of the system: 


dV x _ 1 dp 

dt p dx ’ 

dV z _ _1 dp 

dt p dz ' 


dV„ _ _1_ dp 

dt ~~ p dy 


-- -Fp div V = 0 


_fln. 

Pm 


p r, 


di 
P It 


dt 


T 


(3.3.4) 


We can see that in the given system in addition to the six unknown 
quantities indicated above (14*, V y , V z , p, p, and T) three more 
have appeared: the enthalpy i, mean molar mass of the gas p m , 
and the heat flux e produced by radiation. Besides these quantities, 
when studying the flow of a gas, we must also determine the entropy 
S and the speed of sound a. Hence, the total number of unknown 
parameters characterizing a gas flow and being additionally sought 
is five. Therefore, we must add this number of independent relations 
for the additional unknowns to the system of fundamental equations. 
These expressions can be written in the form of general relations 
determining the unknown quantities as functions of the pressure 
and temperature: 


i = /1 (/h 

T) 

(3.3.5) 

s = f 2 {p. 

T) 

(3.3.6) 

Pm ~ 1% iPi 

T) 

(3.3.7) 

a = fi(p, 

T) 

(3.3.8) 

e = / 5 (p. 

T) 

(3.3.9) 
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The finding of these functions is the subject of special branches 
of physics and thermodynamics. 

The solution of Eqs. (3.3.4)-(3.3.9) determines the parameters of 
flow of an inviscid dissociating and ionizing gas with account taken 
of the radiation effect. Such flow is studied by the aerodynamics of 
a radiating gas. 

Let us consider a more general case of flow characterized by the 
action of friction forces and heat transfer. We shall assume that 
chemical reactions occur in the gas. Therefore, the fundamental 
equations of the system (for simplification we shall consider two- 
dimensional plane How) will include two differential equations 
(3.1.20) of motion of a viscous compressible fluid with a varying 
dynamic viscosity (p, =4 const), and also continuity equation (2.4.1). 
These equations must be supplemented with equation of state (1.5.8) 
relating to the general case of a dissociated and ionized gas, and 
w'ith expression (3.2.14) that is the energy equation for a two-dimen¬ 
sional compressible gas flow- in which heat transfer by diffusion 
and radiation occur. These equations describe the general case of 
unsteady motion and characterize the unsteady thermal processes 
occurring in a gas flow. Hence, we have 


— ! =-(2 —|- div V) 1 

dt p dx 1 p Ox 1/ \ Ox 3 ) J 


, 2 0 i \ 

H-[xeJ 

P Oy vr z/ 


dt p dy p Oy L r \ Oy 3 / J 


+ - 


d 

dx 


f + pdivV-0,. 


(p<b) 

P = 


V (3.3.10) 


-^2-p T 

Pm 


Pl = 4 f +^{[(%) 5 + ( tn - 4 ^^ + 4 e ;} 

+ div (A grad T) + 2 h div (p# grad c t ) 4 e 


This system must be supplemented with relations (3.3.5)-(3.3.9), 
and} a l so with the general relations for the thermal conductivity 

* = /«(p, n (3.3.H) 

the dynamic viscosity 


P = ft (p, T) 


(3.3.12) 


and the specific heats 


c p = h (P, T), c v = f a (p, T) 


9 * 


(3.3.13) 



132 Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


The last two quantities are not contained explicitly in Eqs. (3.3.10), 
but they are nevertheless used in solving them because when stu¬ 
dying the flow of a gas its thermodynamic characteristics are deter¬ 
mined. Since the energy equation also takes into account heat 
transfer by diffusion, equation (3.2.5) has to be included addition¬ 
ally. It must be taken into account simultaneously that the con¬ 
centration c t in the energy and diffusion equations is a function 
of the pressure and temperature, and it can be written in the form 
of the general relation 


e t = /io (P, T) (3.3.14) 

The above system of equations including the fundamental equa¬ 
tions of gas dynamics and the corresponding number (according 
to the number of unknowns being sought) of additional relations 
is considered in the aerodynamics of a viscous gas and allows one 
to find the distribution of the normal and shear stresses, and also 
the aerodynamic heat fluxes from the heated gas to the wall over 
which it flows. In specific cases, for which a definite schematization 
of the flow process is possible, the above system is simplified, and 
this facilitates the solution of the differential equations. 

When solving the equations, it becomes necessary to involve 
additional relations used for determining the characteristic para¬ 
meters of motion. Among them are, for example, relations for deter¬ 
mining the specific heats and the degree of dissociation depending 
on the pressure and temperature, and formulas for calculating the 
shear stress depending on the velocity. 

The solution of a system of gas-dynamic equations describing 
the flow over a given surface must satisfy definite initial and bound¬ 
ary conditions of this flow. 

The initial conditions are determined by the values of the 
gas parameters for a certain instant and have sense, evidently, for 
unsteady motion. 

The boundary conditions are superposed on the solution of the 
problem both for steady and for unsteady motion and must be 
observed at every instant of this motion. According to one of them, 
the solution must be such that the parameters determined by it 
equal the values of the parameters for the undisturbed flow at the 
boundary separating the disturbed and undisturbed flow regions. 

The second boundary condition is determined by the nature of 
gas flow over the relevant surface. If the gas is inviscid and does 
not penetrate through such a surface, the flow is said to be without 
separation (a free streamline flow). In accordance with this condi¬ 
tion, the normal velocity component at each point of the surface is 
zero, while the vector of the total velocity coincides with the direc¬ 
tion of a tangent to the surface. 
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It is general knowledge that the vector grad F [here F (q t , q 2 , q 3 ) = 
= 0 is the equation of the surface in the flow, and c/ 1 , q 2 , q 3 are 
the generalized curvilinear coordinates] coincides in direction with 
a normal to the surface. Hence, for conditions of flow without sep¬ 
aration, the dot product of this vector and the velocity vector V 
is zero. 

Consequently, the condition of flow without separation can be 
written in a mathematical form as follows: 


V grad F = 0 
Taking into account that 

, r, 1 dF . 1 OF . , 1 

grad- 5 — i t -p—i 2 + —. 


dF 


/ij dq 1 ' h 2 dq 2 * 2 1 h 3 dq, 2 3 

the condition of flow without separation can be written as 


(3.3.15) 


_L .JL Vt . 

hi dqi 1 


i 


dF v 9 + 4..4L Vl , = 0 (3.3.16) 


h 2 dq 3 2 ' h 3 dq 


For Cartesian coordinates, we have 

grad F — (, dF/dx) i, -f- (dFtdy) i 2 


(dF'dz) i 3 


Consequently, for (3.3.16) 

V x dFIdx + V y dFidy + V z dFIdz = 0 

For two-dimensional plane flow 

t* v _ OF I Ox 

V x ~ ~ dF/dy 


(3.3.17) 

(3.3.17') 


If the equation of the surface is given in cylindrical coordinates, 
we have 


grad F -~i i ■ 


dF 


dF 

(hi 


therefore, the condition of flow without separation has the form 

dF 


— V . -i — V T -i_— • — V-, ~ 0 

Ox x dr T 1 r dy ! 


(3.3.18) 


In a particular case, when a surface of revolution is in the flow, 
we obtain the equation 

V x dFIdx V T dFIdr =0 (3.3.18') 

from which we find the condition for the velocity ratio: 

1 r dF/dx ,n o .q. 

V x ~ dF/dr (rf.d.ty) 

Other boundary conditions can also be formulated. They are 
determined for each specific problem, the boundary conditions for 
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a viscous gas differing from the conditions for an ideal fluid. Particu¬ 
larly, when studying the flow of a viscous gas in a boundary layer, 
the solutions of the pertinent equations must satisfy the conditions 
on the surface of the body and at the edge of the boundary layer. 
According to experimental data, the gas particles adhere, as it 
were, to the surface, and therefore the velocity on it is zero. At 
the boundary layer edge, the velocity becomes the same as in free 
(inviscid) flow, and the shear stress equals zero. 

3.4. integrals of Motion 
for an Ideal Fluid 

The differential equations derived for the general case of motion 
of a gas are non-integrable in the finite form. Integrals of these 
equations can be obtained only for the particular case of an ideal 
(inviscid) gas flow. 

The equation of motion of an ideal gas in the vector form is 
dY/dt -f- grad (F 2 /2) 4 - curl V X V = —(1/p) grad p (3.4.1) 

This equation can be obtained from vector relation (3.1.22') in 
which the terms on the right-hand side taking into account the 
influence of the viscosity should be taken equal to zero. 

In its form (3.4.1), the equation of motion was first obtained by 
the Russian scientist prof. I. Gromeka. With a view to the mass 
forces, Gromeka’s equation becomes 

dY/dt 4 - grad (F 2 /2) -f curl V X V = G — (1/p) grad p (3.4.2) 

Let us assume that the unsteady flow will be potential, hence 
curl V = 0 and V = grad 9 . In addition, let us assume that the 
mass forces have the potential U, therefore the vector 

G = —grad U 

where grad U = (dU/dx)\ 4- (dU/dy) 3 + (dU/dz) k. 

If a fluid has the property of barotropy characterized by an unam¬ 
biguous relation between the pressure and density (this occurs, for 
example, in an adiabatic flow, for which p = Ap 7i ), then the ratio 
dpi p equals the differential of a certain function P and, therefore, 

(1/p) grad p = grad P 

With a view to this equation, expression (3.4.2) becomes 
d (grad 9 )/dt 4- grad (4^/2) = —grad U — grad P 

Substituting the quantity grad ( dq/dt ) for the derivative 
d (grad 9 )/dt, we obtain 

grad (<?9 !dt) -j- grad (F 2 /2) = —grad U — grad P 


(3.4.3) 
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Going over from the relation for the gradients to one between 
the corresponding scalar functions, we find 

dcp Idt + W2 + P + U = C (!) (3.4.4) 

where 

P --= f dpi p (3.4.5) 

Expression (3.4.4) is known as the Lagrange equation or integral. 
The right-hand side of (3.4.4) is a function that depends on the time , 
but does not depend on the coordinates, i.e. is identical for any point 
of a potential flow. The terms on the left-hand side of (3.4.4) have 

a simple physical meaning: F 2 /2 is the kinetic energy, P = ^ dpi p 

is the potential energy due to the pressure for a unit mass, and U 
is the potential energy due to the position of the fluid particles and 
related to their mass. 

To reveal the physical meaning of the first term, let us use the 
expression for the potential function dtp Ids = F s , where F s is the 
projection of the velocity vector onto a certain direction s. We can 

S 

determine the function cp from the condition tp = (where 

So 

s 0 and s are the coordinates of a fixed and an arbitrary point, respect- 

S 

ively). The derivative dtp Idt = ( dVJdt) ds. 

The local acceleration dVJdt can be considered as the projection 
of the inertia force due to the presence of local acceleration and 
related to unit mass, and the product (dV s /dt) ds as the work done 
by this force on the section ds. Accordingly, the derivative dtp Idt 
equals the work done by the inertia force on the section between 
points s 0 and s and can be considered as the energy of unit mass 
due to the change in time of the velocity and the pressure associated 
with it at the given point. 

With a view to the above, the expression on the left-hand side 
of (3.4.4) is the total energy of a unit mass of the gas. Hence, the 
Lagrange equation establishes the fact that the total energy of unit 
mass at a given instant is a quantity identical for all points of 
the potential flow. 

For an incompressible fluid whose motion occurs under the action 
of mass and pressure forces, integral (3.4.4) has the form 

dcp/dt + F 2 /2 + p/p + U = C ( t ) (3.4.6) 

If, particularly, the i/-axis is directed vertically upward, then 
U = gy, and 

ftp Idt + V 2 I2 + pip +gy = C (t) (3.4.6') 
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Of major practical significance is the particular case of a steady 
potential flow for which dyldt = 0 and the function C (t) = const, 
i.e. is independent of the time. In this case, Eq. (3.4.4) is reduced 
to the form 

V 2 /2-\- ^ dp/p +U = const (3.4.7) 

This partial form of the Lagrange equation is called the Euler equa¬ 
tion. It expresses the law according to which the total energy of 
a unit mass is a constant quantity for all points of the steady potential 
flow. Hence, the constant in the Euler equation is the same not only 
for the entire region of a flow, but also, unlike the function C ( t) 
of the Lagrange integral, is independent of the time. 

The Euler equation for an incompressible fluid (p = const) has 
the same form as (3.4.7), the only difference being that instead of 

| dpi p it includes the ratio p/p. 

Let us consider the more general case of a non-potential steady 
flow of a gas. The equation of this motion has the form 

grad (F 2 /2) + curl V X V = -grad P — grad U (3.4.8) 

or 

grad (F 2 /2 ^dpl p + U) = —curl V X V (3.4.8') 

The right-hand side of (3.4.8') equals zero if the vectors curl V 
and V are parallel, i.e. provided that a vortex line and streamline 
coincide. In this case, we have 

F 2 /2 + jdp/p + V = C x (3.4.9) 

This equation was first obtained by I. Gromeka. The constant C x 
is the same for the entire region where the condition of the coincidence 
of the vortex lines and streamlines is observed. Such regions, to study 
which the Gromeka equation is used, appear, for example, in a flow 
past a finite-span wing. This flow is characterized by the formation 
of vortices virtually coinciding in direction near the wing with the 
streamlines. A flow does not always contain such regions, however. 

A flow is customarily characterized by the presence of vortex lines 
and streamlines not coinciding with one another. The family of 
vortex lines is given by Eq. (2.6.1), and that of the streamlines 
(pathlines), by Eq. (2.1.6). The flow being considered is described 
by Eq. (3.4.8'). 

Let us take the vector of the arc in the form ds = dx i + dyj + 
4 - dz k belonging to a streamline or vortex line, and determine the 
dot product 

ds-grad (F 2 /2 + ( dp/p + U) — —cfs*(curl V X V) 

J 


Ch. 3. Fundamentals of Fluid Dynamics 


137 


The left-hand side in this equation is the total differential of the 
trinomial in parentheses, consequently, 

d (F 2 /2 + Jdp/p -f U) = — ds- (curl V x V) (3.4.10) 

The product curl V X V is a vector perpendicular to the vectors 
curl V and V. The dot product of this vector and the vector ds is 
zero in two cases: when the vector ds coincides with the direction of 
a streamline (pathline) or when this vector coincides with the direction 
of a vortex. In these two cases, the following solution of the equation 
of motion is valid: 

V 2 !2 + f dp !p + U = C 2 (3.4.11) 

where the value of the constant C z depends on what pathline or 
vortex line is being considered. 

Relation (3.4.11) is known as the Bernoulli equation. It is obvious 
that for various vortex lines passing through points on a given 
streamline, the constant is the same as for the streamline. In exactly 
the same way, the constants are identical for a family of streamlines 
(pathlines) and the vortex through whose points a streamline passes. 

One must clearly understand the distinction between the Gromeka 
and Bernoulli equations considered above. They are both derived 
for a vortex (non-potential) flow, however the first of them reflects 
the fact that the total energy of a unit mass of the gas is constant 
in the entire region where the vortex lines and streamlines coincide, 
while the second equation establishes the law according to which 
this energy is constant along a given streamline or vortex line. Accord¬ 
ingly, in the Gromeka equation, the constant is the same for the 
entire flow region being considered, whereas in the Bernoulli equa¬ 
tion it relates to a given streamline or vortex line. Naturally, in 
the general case, the two constants C x and C 2 are not the same. 
From the above, there also follows a distinction, on the one hand, 
between these equations, and, on the other, between the Lagrange 
and Euler equations relating to an unsteady and steady vortex-free 
(potential) flow , respectively, and also between each of the con¬ 
sidered equations. 

When studying the flow of a fluid, investigators give the greatest 
favour to the Bernoulli equation related to the conditions on the 
streamlines (pathlines). It is known that the constant C 2 in this 
equation (3.4.11) is determined for every streamline being consid¬ 
ered. If, however, a steady flow is also vortex-free (potential), 
the Bernoulli equation coincides with the Enler equation, and, 
therefore, the constant is identical for all the streamlines, i.e. for 
the entire How region. 

Let us consider some specific forms of the Bernoulli equation. 
For an incompressible fluid and provided that the function U = gy. 
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we shall write this equation in the form 

F 2 /2 + p/p + yg = C 2 (3.4.12) 

When studying the motion of a gas, we may disregard the influ¬ 
ence of the mass forces. Consequently, we must assume that U = 0 
in Eq. (3.4.11) and the other integrals. Particularly, instead of 
(3.4.12), we have 

F 2 /2 + p/p = C 2 (3.4.13) 

Let us consider the motion of an ideal compressible gas. In such 
a gas, heat transfer processes due to viscosity (heat conduction, 
diffusion) are absent. Assuming also that the gas does not radiate 
energy, we shall consider its adiabatic (isentropic) motion. Exam¬ 
ination of energy equation (3.2.14) reveals that Eq. (3.3.1) holds 
for such an inviscid gas in the absence of radiation (e = 0). Conse¬ 
quently, the Bernoulli integral is 

F 2 /2 + i = C (3.4.14) 

In this form, the Bernoulli integral is an energy equation for 
an isentropic flow. According to this equation, the sum of the kin¬ 
etic energy and enthalpy of a gas particle is constant. Assuming that 
i = c p T = c v p/(pR), c r — c v i?, and k = c p /c v , we find 

i = [k/(k — 1)] p/p (3.4.15) 

Consequently, 

V°-/2 + {k/(k - 1)] pip = C (3.4.16) 

or 

F 2 /2 -f kRT/(k - 1 ) = C (3.4.16') 

The Bernoulli equation for an ideal compressible gas is the theor¬ 
etical foundation for investigating the laws of isentropic flows of 
a gas. 

3.5. Aerodynamic Similarity 
Concept of Similarity 

The aerodynamic characteristics of craft or their individual 
elements can be determined both theoretically and experimentally. 
The theoretical approaches are based on the use of a system of equa¬ 
tions of gas dynamics that is solved as applied to a body in a flow, 
the body having a given configuration and arbitrary absolute dimen¬ 
sions. 

When running experiments intended for obtaining aerodynamic 
parameters that can be used directly for further ballistic calculations 
or for verifying the results of theoretical investigations, it is not 
always possible to use a full-scale body because of its large size, 
and a smaller-size model of the body has to be used. In this con- 
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nection, the question appears on the possibility of transferring 
the experimental results obtained to full-scale bodies. The answer 
to this question is given by the dimensional analysis and similarity 
method. The latter establishes the conditions that must be observed 
in scale-model experiments and indicates characteristic and conven¬ 
ient parameters determining the basic effects and flow conditions. 

Let us assume that measurements in a wind tunnel yielded a drag 
force which in accordance with (1.3.5) is X mod = c.v.mod'Zmod^mod- 
Now let us see when we can use the result obtained to determine 
the drag force of a full-scale body in accordance with the formula 
X t s = c X} t s q ts S ts in which the drag coefficient c Vifs for this body 
is an unknown quantity, while the velocity head q ts and the refer¬ 
ence or characteristic area S ts are given. From the two formulas 
for X fs and X mod , we obtain 


X fs = 


Xmod (Fr.fs'Li 


od) ( ( h s^fs't/niod^mod) 


(3.5.1) 


A glance at this expression reveals that the experimental value 
X m0 d can be use d to evaluate the full-scale force X[ S only upon the 
equality of the aerodynamic coefficients c r-mod and c r>fs because 
the quantities f/mod^mod and are determined unambiguously 

by the given values of the velocity heads and the reference areas. 

Here both flows—the model and full-scale ones—have the property 
of dynamic similarity. It consists in this case in that the preset force 
characteristic of one flow (the drag X mod ) is used to find the character¬ 
istic of the other flow (the force X (s ) by simple conversion, similar 
to the transition from one system of units of measurement to another. 

The requirements whose satisfaction in the given case ensures 
the equality c T , nKl| j = c A ., ts . and in the general case of other dimen¬ 
sionless aerodynamic coefficients too. are established in the dimen¬ 
sional analysis and similarity method proceeding either from the 
physical nature of the phenomenon being studied or from the cor¬ 
responding differential equations of aerodynamics. 

Considering the expression for the aerodynamic coefficient 

c.v a = j [pcos(nx 3 )-|-c f , T cos (hr a )] (3.5.2) 

(S) 

obtained from (1.3.2). we can see that this coefficient depends on 
dimensionless geometric parameters, and also on dimensionless 
quantities such as the pressure coefficient and local friction factor. 
Hence it follows that the aerodynamic coefficients for a full-scale 
object and an experimental one with different absolute dimensions 
remain constant if these bodies are geometrically similar and an 
identical distribution of the coefficients p and c t x over their surface 
is ensured. 

If we consider a steady uniform flow over a body in the absence 
of heat transfer, the coefficients p and c ttX with a given configuration 
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of the body in the flow and known values of the angle of attack and 
the sideslip angle, as well as of the rudder and elevator angles, will 
be functions of the free stream velocity V the pressure p x , the 
density p*, the dynamic viscosity p^, the specific heats c pao and 
c v oo of the gas, as well as of a certain characteristic (reference) linear 
dimension of the body L. Consequently, the drag coefficient will 
also depend on these parameters, and we can compile a functional 
relation for it in the form c x = / (F*, p oo, Poo, poo, c poo , c„ „, L). 
Since this coefficient is a dimensionless quantity, it must also be 
a function of dimensionless parameters. From the general consider¬ 
ations of the dimensional method, it follows that the seven different 
arguments of the function c x can be reduced to three. The latter are 
dimensionless combinations compiled from Foo, Poo, Pco, p^, c p0 
c r oo, and L because there are four independent units of measurement, 
namely, mass, length, time, and temperature. These dimensionless 
combinations have the following form: F 00 /l/'A; 00 j9 00 /p 00 = Voola-oo = 
= Moo —the Mach number for an undisturbed flow; F^p^A/pco = 
= Re 00 the Reynolds number based on the parameters of an 
undisturbed flow and the characteristic linear dimension L; c p ^/c DOa 
= k oo — the adiabatic exponent. 

In the expression for Moo, it is assumed that 1 f k OcPoolPoo Ct oo 

is the speed of sound in the undisturbed flow. Indeed, in accordance 
with the general expression for the speed of sound a 2 = dp,dp, and 
also with a view to the adiabatic nature of propagation of sonic 
disturbances in a gas, according to which p = Ap h , we have a 2 = 
= d (Rp fe )/dp = kpl p. Accordingly, the square of the speed of 
sound in an undisturbed flow is a 2 = kooPoJpoo. Hence, the ratio 

VoJYkoopoJpoo = Vociaoo. All other dimensionless combinations 
except for Moo, Re oo, and k „ formed from the seven parameters 
indicated above or in general from any quantities that can be deter¬ 
mined by them are functions of the combinations Moo, Re oo, and 
k oo. Consequently, the drag coefficient is 

c x — / (Moo, Re oo, k oo) (3.5.3) 

Similar expressions can be obtained for the other aerodynamic 
coefficients. It follows from these expressions that when the num¬ 
bers Moo, Re oo and the parameter k oo for a model and a full-scale 
flows are equal, the aerodynamic coefficients for geometrically 
similar bodies are the same. Hence, an important conclusion can 
be made in the dimensional analysis and similarity method in 
accordance with which the necessary and sufficient condition for 
aerodynamic similarity is the constancy of the numerical values 
of the dimensionless combinations forming what is called a base, 
i.e. a system of dimensionless quantities determining all the other 
parameters of a flow. These dimensionless combinations are called 
similarity criteria. 
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The similarily criteria given above have a definite physical 
meaning. In accordance with the expression a 1 = dp/dp, the speed 
of sound can be considered as a criterion depending on the property 
of compressibility, i.e. on the ability of a gas to change its density 
with a change in the pressure. Consequently, the Mach number 
is the similarity criterion that is used to characterize the influence 
of compressibility on the flow of a gas. The Reynolds number is a para¬ 
meter used to appraise the influence of viscosity on a gas in motion, 
while the parameter k ^ = c po Jc vao determines the features of 
a flow due to the thermodynamic properties of a gas. 


Similarity Criteria Taking Account of 
the Viscosity and Heat Conduction 

In the more general conditions of flow characterized by the in¬ 
fluence of a number of other physical and thermodynamic parameters 
on the aerodynamic properties of craft, the dynamic similarity 
criteria are more complicated and diverse. To establish these cri¬ 
teria, we can use a different approach of the dimensional analysis 
and similarity method based on the use of the equation of motion 
of a viscous heat-conducting gas. 

Let us write these equations in the dimensionless form, i.e. in 
a form such that the parameters (velocity, pressure, temperature, 
etc.) in the equations are related to reference parameters. The latter 
are constants for a given flow and determine its scale. We shall take 
as references the parameters of the free stream: its velocity Loo, 
pressure p density poo, temperature T x . dynamic viscosity poo 
(or, respectively, the kinematic viscosity Voc), and so on. It must 
be remembered that of the three parameters p oc, poo, and T x , two 
may be set arbitrarily, while the third one is determined from the 
first two with the aid of an equation of state. The quantity t^ is 
the reference time characterizing unsteady flow conditions, while 
a characteristic linear dimension L (for example, the length of the 
body in the flow) is the reference length. The acceleration of free 
fall g can be chosen as the reference acceleration of the mass forces. 
The dimensionless variables for the length and time have the form 

x = x!L, y = y/L, z = z!L , t = t/t x (3.5.4) 

while those for the velocity, pressure, density, viscosity, and mass 
forces have the following form: 

V x = VjV ao , Vy = V B /V oo, V Z = V Z /V oo, p = plp ao , 

p = p/po= 

X = Xlg, Y = Ylg, Z = Z/g 


P — p/j 1 oo , 


v = v/V, 


(3.5.5) 
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Let us introduce dimensionless variables into the equation of 
motion (3.1.17) and the continuity equation (2.4.2). We shall use 
only the first equation of system (3.1.17) for transformation because 
the other two equations are compiled in a similar way. Let us write 
the indicated equations using dimensionless variables: 


Vac dV x , 

T7 2 

V oo 

(v 

too dt 

~L~ 

r ■ 

poo 

1 

Op 

poo L 

P 

dx 


i_i_ r / 9 dv x 

P - dx ' dx 


<> v x _j_y dV x 
die ' J dy 

, Voo V oo f ' a tt 


4 -div \)+X( 
d / dy i 


v 2 

)==gx 

dz 


v _ d 

div V 

3 dx 


/ 9V X 

, 0V v 

\ dy 

dx 


Poo 

too 


(it 


Poc V oo 


+-^( 

dz ' 

[ 


( dVx i 

dV z 

I dz 

dx / J 


<’(pFr) | d(pV v ) 


d (pV z ) 


dx 


dy 


dz 



where div V = dVjdx + dV v ldy + dVjdz. 

From the reference quantities in these equations, we can form 
dimensionless numbers characterizing the similarity of gas flows. 
These numbers, named after the scientists who were the first to 
obtain them, are given in the following form: 

Sh — Vaot«,/L — the Strouhal number; i 

Fr —V%,l(gL) — the Froude number; 

M—Foo/aoo — the Mach number; > (3.5.6) 

Re — FooPooL/poo = VooLh’oa — the Reynolds number j 

(the subscript “oo” on M and Re has been omitted). I 


Flere a OO Y k oo RT o c is the speed of sound in an undisturbed 

flow (k oo and T x are the adiabatic exponent and the temperature of 
a gas in the undisturbed flow, respectively). Introducing these num¬ 
bers into the equation of motion and the continuity equation, we 
obtain: 


Sh-i 


dV , 


dt 

1 1 


■ F. 


dV x 

dx 


^-+v z dV 7 


dz 


lx 

Fr A 


T-^+-^{vAF a + 4.4,divV 


oM p Qx R e l X 1 3 Qx 
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Let us transform the energy equation (3.2.14) in which we shall 
exclude terms taking into account radiation and diffusion. We 
introduce the dimensionless variables 


T = TIT oo, c p l = CpiCpoo, X - T.Toc (3.5.9) 

where c poo and are the specific heat and the heat conductivity 
of a gas in the undisturbed flow, respectively. 

Having in view that di = c p dT and expanding the total deriva¬ 
tive dT/dt , we obtain after the corresponding substitutions: 


Poo C pocT 

oo 


dT 

, poo 

C pooV ooT 

oo 

- A S' 

l V - 

dr 

too 

— U 

c p 

tit 

i- 

L 

p k J) 

[ y x 

dx 

-4- V ■ 

dT 


V 

dT \ 

poo 

dp 

i/ 2 

floe Voo 

r ■ 1 

1 v v 

<>y 

l 

v z 

dz I 

too 

dt ' 

h 2 

r 


x{[(^r+(tn-4M^v)= + vio 

+ XooToc div (£grad F) (3.5.10> 

Let us introduce the dimensionless Prandtl number 

Pr = (XcoCpoo/^oc (3.5.11) 

by means of which we shall compare the relative effect of the viscosity 
and heat conduction , or, in other words, appraise the relation between 
the heat flux due to skin friction and the molecular transfer of heat. 

Hence, taking into account that poJpoo = RT OO Cp OO (1 l.^oo)^* 

X T oo, we have: 



P(div V) 2 +4j.ielj div (^grad T) (3.5.10') 


2 

3 
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Let us convert several additional relations of the system of equa¬ 
tions of gas dynamics (see Sec. 3.3) to the dimensionless form: 


P = PT 

(3.5.12) 

Pin — f 3 iP T sc T) (1/pm °o) 

(3.5.13) 

k = f 6 (p«>p, TooT) (lAoo) 

(3.5.14) 

p = U (p°°p, TooT) (1/p*) 

(3.5.15) 

c p = fa (P°°P . T oof) (1/cp*) 

(3.5.16) 


Assume that we are investigating two flows over geometrically 
similar surfaces. For such surfaces, the dimensionless coordinates 
of analogous points are identical, which is a necessary condition 
for the aerodynamic similarity of flows. To observe the sufficient 
condition for such similarity, we must ensure equality of the dimen¬ 
sionless values of the gas-dynamic parameters (velocity, pressure, 
density, etc.) at analogous points. Since the dimensionless variables 
are simultaneously solutions of the system of equations (3.5.7), 
(3.5.8), (3.5.10'), and (3.5.12)-(3.5.16), the indicated equality is 
evidently observed provided that the systems of dimensionless 
equations, and also the dimensionless boundary and initial condi¬ 
tions for each flow are the same. 

When considering systems of dimensionless equations for two 
flows, we see that both these systems are identical if: 

(1) the similarity criteria are equal: 

Fr L = Fr 2 , Re x — Re 2 , M, = M 2 , Sh x — Sh 2 (3.5.17) 

(2) the equality of the Prandtl numbers Pr x = Pr 2 is observed, i.e. 

(Cp Oo|X Oo/Xr Oo)l (Cp oOp Oo/^ 00)2 (3.5.18) 

and also the equality of the specific heat ratios for the two gas flows 

kooi = koc 2 (3.5.19) 

(3) each of the equations (3.5.13)-(3.5.16) determines the depend¬ 
ences for the dimensionless variables p m , X, p, or c p on the rela¬ 
tive quantities p and T , and also on the variables (3.5.17)-(3.5.19). 
Such relations do not exist for a dissociated gas because similarity 
criteria of the form of (3.5.17)-(3.5.19) or of some other form cannot 
be found. This is why the corresponding dimensionless equations 
(3.5.13)-(3.5.16) are not the same for a full-scale and a model flows, 
and complete dynamic similarity cannot be ensured. 

Two particular cases can be indicated when this similarity is 
ensured. The first is the flow of an undissociated gas for which the 
mean molar mass remains constant (p ml = p m2 ), while the specific 
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heats, heat conductivity, and viscosity vary depending on the tem¬ 
perature according to a power law of the kind y = aT x . In this 
case, Eqs. (3.5.14)-(3.5.16) for the quantities p, and c p are 
replaced by the corresponding dependences only on the dimensionless 
temperature T = TIToo- The second case is the flow of a gas at 
low speeds when the parameters X, p, and c p do not depend on the 
temperature. The corresponding values of these parameters are 
identical for the full-scale and model flows. For this case, the system 
of equations includes the dimensionless equations of Navier-Stokes, 
continuity, energy, and also an equation of state. 

The boundary conditions imposed on the solutions of the dimen¬ 
sionless equations give rise to additional similarity criteria. This 
does not relate to the condition of flow without separation, which 
does not introduce new similarity criteria. Indeed, this condition 
in the dimensionless form is 

V x dF/dx + V y dF/dy -f- V z dFidz = 0 

and is the same both for a full-scale and for a model flow because 
of the geometrical similarity of the surfaces. But the temperature 
boundary condition according to which the solution for the tempera¬ 
ture must satisfy the equality T — TV (here TV is the temperature 
of the wall) introduces an additional similarity criterion. In reality, 
it follows from the boundary conditions for a full-scale and model 
surfaces having the form T 1 - (7\ v )j and T., = (7V) 2 , respectively, 

that the dimensionless temperatures are T } — (T„) 1 and T 2 = 
= ( Tw) 2 • From the condition of similarity, 7\ = T 2 - therefore the 
equality (TV)j = (7V) 2 must he observed. Hence, the boundary 
condition for the wall temperature leads to an additional similarity 
criterion: 

(TJToc) } = (TJT oc) 2 (3.5.20) 

The dimensionless gas-dynamic variables on the surface of a body 
in a flow, as can be seen from the system of dimensionless equations 
[provided that Eqs. (3.5.13)-(3.5.1(5) determine p m , X, p, and c p 
as a function of T] depend on the dimensionless coordinates and the 
time, and also on the similarity criteria (3.5.17)-(3.5.19). Particu¬ 
larly, the dimensionless pressure can he represented as the function 

plpoo = q>i ( Fr , Re, M, Sh, Pr, koo, T w , x s y, z, t) (3.5.21) 

We can use the known pressure distribution to determine the 
dimensionless drag force coefficient for a given instant: 

c.v. = XJ(q x S) = cp 2 (Fr, Re, M, Sh, Pr, k x , 7V) (3.5.22) 


10-01715 
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This expression determines the dependence of the aerodynamic 
drag coefficient on the dimensionless similarity criterion more 
completely than (3.5.3), But relation (3.5.22) does not reflect all 
the features of flow of a dissociated gas because it was obtained from 
the simplified equations (3.5.13)-(3.5.16). Consequently, formula 
(3.5.22) is less accurate for such a flow than for that of an undisso¬ 
ciated gas, and determines only partial similarity. 

The similarity criteria on which a dimensionless aerodynamic 
variable depends have a definite physical meaning and characterize 
the real factors affecting the aerodynamic force. 

The Froude number Fr is a similarity criterion taking into account 
the influence of the mass force (force of gravity) on the drag. It can 
be seen from the equation of motion given in the dimensionless 
form that the number Fr equals the ratio of the quantity VUL 
due to the influence of the inertia forces to the scaling of the mass 
forces g. The equality of the Froude numbers Fr for a full-scale 
body and its geometrically similar model signifies that they have 
identical drag coefficients due to the influence of the force of gravity 
of the fluid. This similarity criterion is of no significance when 
studying gas flows because the influence of the force of gravity of 
a gas on motion is negligibly small. But the importance of this 
criterion may be appreciable in hydrodynamics, particularly in 
the experimental investigation of the wave resistance of various 
navigable vessels. 

When a body moves in a real fluid, the aerodynamic forces depend 
on the viscosity. The viscous force is characterized by the Reynolds 
number Re that can be obtained as the ratio of the quantity VUL 
describing the influence of inertia forces to the parameter VooFoo/£ 2 
determining the influence of the viscosity. If the equality of the 
Reynolds numbers for two geometrically similar flows is observed, 
the condition of partial aerodynamic similarity with account taken 
of the influence of viscosity is satisfied. In this condition, the friction 
factors for a full-scale and a model bodies are equal. 

The similarity with respect to the Mach number is obtained from 
the ratio of the quantity VUL to the parameter 

P 00 /(p oo L ) that 

takes into account the influence of the pressure forces depending on 
the compressibility of the gas. The partial similarity of two flows 
of a compressible gas flowing over geometrically similar bodies is 
observed when the Mach numbers are equal. 

When investigating unsteady flow, similarity with respect to 
the Strouhal number is significant. It is obtained by comparing 
the inertia forces and the forces due to the influence of the unsteadi¬ 
ness, i.e. from the ratio of the quantities VUL and V x ,t x . Two 
unsteady flows around a full-scale body and a model have partial 
aerodynamic similarity with identical values of the Strouhal number. 

The similarity criteria with respect to the Prandtl number Pr 
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and the ratio of the specific heats are due to definite requirements 
to the physical properties of the gases in the full-scale and model 
flows. The gases may differ, but their physical properties must 
observe the equalities Pr x = Pr 2 and k ool — & oc 2 • The Prandtl 
number depends on the dynamic viscosity and the heat conductiv¬ 
ity. The dynamic viscosity reflects the properties of a gas which 
the molecular transfer of the momentum depends on. while the 
heat conductivity characterizes the intensity of the molecular 
transfer of heat. Consequently, the Prandtl number Pr -- pc p0 o Xoo 
is the measure of the transformation of the energy of molecular 
transfer into heat. For a gas, Pr <C 1. 

A dimensionless variable of the aerodynamic force or heat trans¬ 
fer is a composite function of a number of similarity criteria, each 
of which reflects the influence of a definite physical process. Complete 
similarity of a full-scale and a model flows can be ensured only 
when equality of all the similarity criteria is observed. In practice, 
this cannot be done because some of these criteria are contradictory. 

Let us consider, for example, the Reynolds, Fronde, and Mach 
numbers. For the observance of similarity with respect to the skin 
friction forces, it is essential that = V 2 L 2 v 2 . If we assume 

that for a full-scale and model flows the coefficients \\ = v 2 , then 
the speed of the model flow V. 2 = T, i.e. it is greater than 

the speed of the full-scale flow the same number of times that the 
model of the body in the flow is less than the full-scale one. 

To ensure similarity with respect to the forces of gravity, it is 
necessary to ensure equality of the Fronde numbers, i.e. F 1 2 /(L 1 g'j) = 
= V; (L 2 g 2 ), whence it follows that if experiments were run at 
identical values of g, then the speed of the model flow is V 2 — 
= F x 1 f L 2 >L X . We can see that in the given case the speed V 2 for 
the small-size model must be smaller than \\ instead of greater as 
in the previous example. 

Upon equality of the Mach numbers, we have V 1 ia 1 = V 2 ia 2 . 
Assuming for simplification that a 2 = a 1 , we obtain the condition 
for equality of the speeds of the model and full-scale flows. 

It is natural that all these conditions for the speed cannot be 
observed simultaneously, therefore we can consider only incomplete 
similarity. We must note, however, that in practice there is no 
need to satisfy all the similarity criteria because their influence in 
a specific case of motion is not the same. For example, the forces 
of skin friction and pressure have a more significant influence on 
the flow of a gas over a body than the forces of gravity, and accord¬ 
ingly the numbers Re and M are more significant than Fr. In this 
connection, the Froude number is not taken into consideration as 
a similarity criterion in such cases. 
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If at the same time the speeds are not great, then the influence 
of the pressure forces due to compressibility of the gas is negligibly 
small, and, consequently, no account may be taken of the similarity 
criterion with respect to the Mach number, assuming that the aero¬ 
dynamic coefficient depends on the Reynolds number. 

The aerodynamic force, moment, or heat flux from a gas to a sur¬ 
face is the result of the action of a moving gas on a body. Various 
processes occur simultaneously in the gas: skin friction, compression 
(or expansion), heating, a change in the physical properties, etc. 
Therefore, one must try to satisfy the maximum number of simi¬ 
larity criteria. For example, it is expedient that the equality of the 
Reynolds and Mach numbers for a full-scale and model flows be 
retained simultaneously, i.e. Re x = Re 2 and M 1 = M 2 . This is 
especially important when studying aerodynamic forces, which for 
bodies with a large surface may consist of equivalent components 
depending on the friction and pressure due to compressibility. 
This condition can be ensured when running experiments in variable 
density wind tunnels. 

If tests are being performed in a gas flow in which the speed of 
sound is the same as in the full-scale flow (a 2 — a x ), it follows from 
the equality of the Mach numbers that V 2 = V x . Having this in 
view and using the equality Re l = Re 2 or, which is the same, 
V 2 p 2 L 2 /\i 2 = FiPi^i/px, we obtain L 2 p 2 /p 2 = L x Pj/pj. Assuming 
that p 2 = Uj, we find that the density of the gas in the wind tunnel 
flow is p 2 = p 1 (L 1 /L 2 ). Assuming that the temperature of the full- 
scale and model flows is the same (7’ 2 = T x ) and using an equation 
of state, we obtain the condition p 2 = p x (LJL 2 ). Hence, to simul¬ 
taneously ensure similarity with respect to the forces of skin fric¬ 
tion and of pressure with account taken of compressibility, i.e. to 
observe the equalities Re x = Re 2 and M x — M 2 , it is essential 
that the static pressure in the flow of a gas produced by a wind 
tunnel be greater than the pressure in the full-scale flow by the 
same number of times by which the model is smaller than the full- 
scale body. The design of a wind tunnel makes it possible within 
known limits to control the static pressure in the model flow of a gas 
depending on the size of the model. 

With a known approximation, the influence of heat transfer 
may not be taken into account when determining the force interac¬ 
tion. Here the aerodynamic coefficients will depend on the numbers 
Re, M, and Sh. If in addition the tests are conducted in a gas for 
which k ao 2 — A-.I, we have 

c* = / (Re, M, Sh) (3.5.23) 

For a steady flow 

c* = / (Re, M) (3.5.24) 
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3.6. Isenfropic Gas Flows 
Configuration of Gas Jet 


Let us consider the steady motion of an ideal (inviscid) gas in 
a stream or jet with a small expansion and a slight curvature. 
Motion in such a jet can be studied as one-dimensional, character¬ 
ized by the change in the parameters depending on one linear coor¬ 
dinate measured along the axis of the jet. For a steady flow, the 
parameters determining this flow are identical in each cross section 
at any instant. If the width of the jet is small in comparison with 
the radius of curvature of the centre line, the lateral pressure gradi¬ 
ent may be disregarded, and one may consider that the pressure 
at each point of the jet cross section is the same. 

The consideration of such a one-dimensional steady flow of a com¬ 
pressible gas leads to the simplest approximate solution of the equa¬ 
tions of gas dynamics. Condition (2.4.51) of a constant mass flow 
is retained along the jet, i.e. p x l\S l = p 2 V 2 S 2 = psFgSg = . . ., 
or pF5 = const, where the subscripts 1, 2, 3 signify the corre¬ 
sponding parameters of the gas at the control surfaces. Cross sections 
of the channel with an area of S x , S 2 , and S 3 have been chosen as 
these surfaces. Taking logarithms, we obtain In p + In F -f- In S = 
= const. Differentiation of this expression yields 

dp/p + dViV + dS/S = 0 

whence 


dS _ o / 1 . 1 dp \ 

7T ~ ~ 15 \T" / 


(3.6.1) 


Let us use relation (3.4.14), by differentiation of which we have 

F dV = —di (3.6.2) 

Substituting dp p for di, we find 

V dV = -dp/p (3.6.3) 


Taking the speed of sound a — ydp/dp into account and using 
relation (3.6.3), we transform (3.6.1) to the form 


dSIdV = (S/V) (M n - - 1) (3.6.4) 

where M = V/a is the Mach number in the given cross section of 
the jet. 

Let us assume that the velocity along the jet grows (dV > 0), 
but remains subsonic and, consequently, M < 1. A glance at (3.6.4) 
reveals that for this case the derivative dS/dV <; 0. This indicates 
that the jet converges downstream. Conversely, for a subsonic 
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Fig. 3.6.1 

Parameters of a gas flowing over a body 

flow with a diminishing velocity (M < 1, dV < 0), the cross section 
increases, which is indicated by the inequality dS > 0 following 
from (3.6.4). 

Let us consider a supersonic flow (M >1). If the velocity decreases, 
then, as can be seen from (3.6.4), the differential dS < 0, and, 
consequently, the jet converges. Conversely, when the velocity 
grows, the value of dS >> 0, i.e. the jet diverges. 

Let us take a nozzle that first has the shape of a converging, and 
then of a diverging channel. In definite conditions in the converging 
part of the nozzle, a subsonic flow is accelerated, reaching the speed 
of sound in the narrowest cross section [here dS = 0 and, as follows 
from (3.6.4), M — 1], and then becomes supersonic. This is how 
nozzles are designed in rocket engines, gas turbines, and wind 
tunnels intended for obtaining supersonic flows. 


Flow Velocity 

Let us consider a gas jet flowing over a surface (Fig. 3.6.1). We 
shall denote the free-stream parameters by V 00 ? P O O , Poo? T oo , i o o , 
and a x , and the parameters for the part of the jet in the disturbed 
region by the same symbols without subscripts. To find the velocity 
in an arbitrary cross section of the jet, we shall use Eq. (3.4.14) in 
which we shall determine the constant C according to the preset 
parameters of the free stream: 

C = V 2 J2 + i x (3.6.5) 

With this in view, we have 

V 2 /2 + i = Vl/2 + ioe 

whence 

V = y V\o — 2 (i^ — i) (3.6.6) 

At the stagnation point, V = 0, consequently the enthalpy is 

i = t 0 = V 2 J2 + (3.6.7) 
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Hence, the constant C as regards its physical meaning (can be 
considered as the stagnation enthalpy. With a view to this value 
of C, the velocity in the jet is 

F = /2(i 0 ~i) (3.6.8) 


The stagnation pressure p 0 and density p 0 correspond to the 
enthalpy i 0 . They are determined from the condition 


P 0 


k — 1 


Po 


k-l 


(3.6.9) 


We can rewrite Eq. (3.6.9) as follows: 

V- i k P __ k Po 
2 1 k-l ' p k- 1 ‘ p„ 

Since the flow is isentropic, we have 

P/P h = /Wo 


consequently 



Seeing that for conditions of stagnation the speed 
a 0 = Vkp 0 /p 0 , we find 




Po / 


(3.6.10) 


(3.6.11) 

(3.6.12) 
of sound is 

(3.6.13) 


Examination of (3.6.8) reveals that the velocityTalong the jet 
grows with diminishing of the enthalpy, and therefore more and 
more of the heat is converted into kinetic energy. The maximum 
velocity is reached provided that the enthalpy i = 0, i.e. all the 
heat is spent to accelerate the gas. The value of this velocity is 


^mal — 

(3.6.14) 

or with a view to (3.6.9): 


F mai—/ k -i p0 -®o 1 *-l 

(3.6.15) 

Accordingly, the velocity in an arbitrary section is 


V = V max Vl — i!i 0 

(3.6.16) 

or 

v=v mn V\ - ( p/A) ( *- 1,/ * 

(3.6.17) 


In the narrowest, critical, cross section of the jet, the velocity 
equals the local speed of sound. The latter is called critical and is 
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designated by a*. The critical pressure p* and density p* corre¬ 
spond to the critical speed. It follows from the Bernoulli equation 
that for the critical section we have 

a* 2 , * P* k po 


2 1 k— 1 p* k— 1 p 0 


Having in view that kp*l p* = a* 2 , the critical speed is 

a* ~\/~ . Po ~ a 1 /~ 2 

a ~ V ft+1 po 0 V k+l 

(3.6.18) 

or, taking into account (3.6.15), 


a*=F m ax/(*-W + l) 

(3.6.19) 

To determine the local sound speed a , we shall 
Performing the substitutions a 2 = kp/ p and a\ = 
obtain 

use Eq. (3.6.10). 
/cpo/Po in it, we 

a 2 = a* F 2 

(3.6.20) 

or 


a 2 - k + l a * 2 /c ~ 1 F 2 

(3.6.21) 

a 2 = -^(EL*-F 2 ) 

(3.6.22) 


Let us introduce the velocity ratio (relative velocity) X = Via*. 
Dividing Eq. (3.6.21) by F 2 and having in view that the ratio Via = 
= M, we can establish the relation between X and M: 

X 2 = l(k + l)/2] M 2 /{ 1 + [(fc - l)/2] M 2 } (3.6.23) 

Hence it follows that in the cross section of the jet where F maI 
is reached, the number M = oo. We find the corresponding value 
of X = ^max f rom (3.6.23) provided that M oo: 

W = +!)/(*-1) (3.6.24) 

Evidently, in the critical section where M — 1, we also have 
X — 1. In an arbitrary section characterized by the values 1 ^ 
the velocity ratio is 

10</(*+l)/(fc —1) (3.6.25) 

Pressure, Density, and Temperature 

It follows from (3.6.17) that the pressure in an arbitrary cross 
section of the jet is 

P = Po (1 - E 2 /Fm ax ) A/(A_1) 


(3.6.26) 
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By (3.6.22), the difference 


(3.6.27) 


consequently, 


’ = Po (1 


, -*/(*-!) 


= p 0 JI ( M) 


(3.6.28) 


where the function it of the argument M is determined by the press¬ 
ure ratio pip 0 . 

For the conditions of the free-stream flow, formula (3.6.28) yields: 


I a ■ k — * i ,> \ k /(* - 

Po = P°° (l-i-g — M °°) 


Consequently, 


' = /><*> 


i~r[(k- 1), 2] ML \h,(h- 1) 


- [(fr—D/2] yi 2 i 


U i-W) 
= P™ Jl (Moo) 


(3.6.29) 


(3.6.30) 


From the equation of an adiabat p = /VPo’ i n "'hich p is- 
replaced in accordance with formulas (3.6.26) and (3.6.28), we find 
a relation for the density 


P — Po 


(l-yrH 

' tmax' 


V 2 


(l 1/ ' A ” 1) = 1 o 0 e(M ) (3.6.31) 


where the function e of the argument M is determined by the ratio 
of the densities p/p 0 . 

Using the equation of state 

p!p 0 = (P-Po) T’ T o (3.6.32) 

and also Eqs. (3.6.26) and (3.6.28) for the pressure and (3.6.31) 
for the density, we have 


T = T 0 (‘. 


■) = T 0 (l+^jl Jf) _1 = r 0 T(Jf) (3.6.33) 


where the function t of the argument M is determined by the ratio 
of the temperatures TiT 0 . 

Tables of the gas-dynamic functions n (M), e (M), and x (M) for 
values of the exponent k from 1.1 to 1.67 are given in [121. 

We shall determine the corresponding relations for the density p 0 , 
and temperature T 0 by means of expressions (3.6.31) and (3.6.33). 
For the conditions of a free-stream flow, these expressions yield: 

P. = P» (l+-£*i-*i) M »- , ’-Jlfe (3.6.34). 


r„=r,(n-l T L.4ft)= T I|- 


( 3 . 6 . 35 ) 
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Iii tlie critical cross section of the stream, M = 1. Consequently, 
from (3.6.28), (3.6.31), and (3.6.33), we obtain the following for¬ 
mulas for the critical values of the pressure p* , density p*, and 
temperature T*: 

P* = Po (t^t) /( 1)= ^(1) (3.6 36) 

P* = Po (tPt) 1/(A ' 1)== Po^ 1 ) ( 3 - 6 - 37 ) 

T *=-- T o(l^) = T o t (1) (3-6.38) 

where it (1), e (1), and t (1) are the values of the gas-dynamic func¬ 
tions at M = 1. 

The above formulas, suitable for any speeds, can give us approxi¬ 
mate relations for cases when the numbers M are very large. 
A glance at (3.6.30) reveals that when M 1 and Moo 1, we 
have 

pip oc = (M 0 JM) 2k/{k ~ 1) (3.6.39) 

Similar relations for the density and temperature have the form 
p/p „ = (3.6.40) 

TIT 0 0 = ( MJM ) 2 (3.6.41) 

Using relation (3.6.27) for the velocity of the free-stream flow, 

l--^ = (l+-^ 1 M 2 co)" 1 (3.6.27') 

for the conditions Moo 1 and M 1, we obtain the following 
approximate formula for the local velocity: 

Foo' = 1+ A- -1 ( — ~W ) (3.6.42) 


Flow of a Gas from a Reservoir 

Formula (3.6.12) allows us to determine the velocity of a gas 
flowing out through a nozzle from a reservoir (Fig. 3.6.2) in which 
the parameters are determined by the conditions of stagnation 
corresponding to a velocity of the gas in the reservoir of V ~ 0. 
Such conditions are ensured in practice if the critical cross section 
of the nozzle is sufficiently small in comparison with the cross- 
sectional dimension of the reservoir. In the critical section of the 
nozzle, which the value of the derivative dS/dV — 0 corresponds 
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Fig. 3.6.2 

Parameters of a gas flowing from a reservoir 


to, the Mach number, as can be seen from (3.6.4), equals unity, 
i.e. the velocity in this section equals the local speed of sound: 




Pi i 
P o 


= a. 


V 


1 


f 2kRT 0 
k -f-1 


Such a speed is ensured provided that the pressure in the reservoir 
according to (3.6.36) is not lower than the value 


Po 


-r*m 


ft (ft- 1) 


(3.6.43) 


If the nozzle communicates with the atmospheric air whose press¬ 
ure is p a = 10 5 Pa (this pressure is called the backpressure), flow 
through the nozzle is possible when p* ^ 10 5 Pa. Assuming that 
p* = IQ 5 Pa and k = 1.4, we obtain the pressure needed to ensure 
the speed of sound at the outlet of a converging nozzle: 

p 0 = 10 5 4/<1 4_1> ~ 1.9 x 10« Pa 

When the critical parameters are reached in the throat of a nozzle, 
a further reduction of the backpressure (p a •< p*) no longer affects 
the values of a* and p*, which depend on the state of the gas in the 
reservoir. But here conditions are created for the appearance of 
a supersonic speed of the gas in the diverging part of the nozzle. 
In Fig. 3.6.2, these conditions of isentropic motion are character¬ 
ized by curves 1 determining the change in the ratio p/p 0 and in 
the number M along the nozzle. Such conditions are realized when 
the backpressure p a equals the pressure p tf* at the exit of the expand¬ 
ing nozzle or is less than it. A change in the backpressure does 
not affect the parameters of the gas in the outlet cross section. 
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Let us consider another set of possible conditions of isentropic 
flow along a nozzle. Let us assume that the backpressure grows 
to the value p<fl > pty at which the pressure p^ 2 ' a t the exit reaches 
the same value as p<fb The subsonic flow formed in this case is 
characterized by curves 2 shown in Fig. 3.6.2. We find the velocity 
ratio X ( M) of this flow by Eq. (3.6.23), choosing from the two sol¬ 
utions for X the one that is less than unity. 

Upon a further increase in the backpressure to the value p ( p, 
conditions appear in which the pressure p(p at the exit will equal 
the backpressure, i.e. p<|> = p<|', while the pressure in the throat 
will exceed the critical pressure p*; the relevant speed in this cross 
section is subsonic (V < a*). Consequently, in the diverging part 
of the nozzle, the speed lowers, remaining subsonic (curve 3 in 
Fig. 3.6.2). 

At pressures at the exit smaller than p(p and larger then p ( P, 
the isentropic nature of the flow is disturbed. At a certain cross 
section of the nozzle, a jump (discontinuity of the parameters) 
occurs, the transition through which is attended by sharp decelera¬ 
tion of the flow. As a result of this deceleration, having an irreversible 
adiabatic nature, the supersonic flow transforms abruptly into a sub¬ 
sonic one. The change in the pressure and in the number M along 
the nozzle in these flow conditions is characterized by curves 4 
(Fig. 3.6.2). The surface of discontinuity of the parameters (shock) 
must be in a cross section with a Mach number M such that would 
correspond to the pressure p s past this surface ensuring a gas pressure 
of pe 4 ’ (p l P < p ( P < p ( e' ) at the exit as a result of further expansion 
of the gas. Hence, in the given case, the flow of the gas must be 
analysed with the aid of the shock-wave theory whose fundamentals 
are treated in Chap. 4. 

In an arbitrary cross section of the nozzle, including its outlet 
section, we determine the supersonic speed by (3.6.12). At M e — M ^ 
and a pressure of p e = p* in the outlet section, the required pres¬ 
sure p 0 in the reservoir is determined by (3.6.29). 

The mass flow rate equation has the form 

pSF = p *S*a* (3.6.44) 

from which we find that the ratio of the mass velocity (the specific 
mass flow rate) q = pF through the cross section S being considered 
to the mass velocity q* = p*a* through the critical section S* is 

q = q/q* = pF/(p*a*) — S*/S (3.6.45) 


With a view to relations (3.6.19) and (3.6.31), we find 


P “ Po (l 


F 2 \ 1) 


F 2 

max 


— Po 


(‘ 


k— 1 
* + 1 


Po 


f 1 


k— 1 ,,\i/(A-i) 

fc + 1 


F 2 \l/(A-i) 
a * 2 / 
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After now determining the ratio p 0 p* from (3.6.37), we obtain 
relation (3.6.45) in the following form: 


T^r 


(3.6.46) 


The function q (A) is called the reduced mass density. Taking 
formula (3.6.23) into account, we can determine this function of 
the argument M: 




i^i**)]-**'*"**-"’ 



(3.6.46') 


Tabulated values of the function q within the range of values of k 
from 1.1 to 1.67 are given in [12], It follows from these relations 
that the number A (or M) in a certain section 5 of a nozzle is a func¬ 
tion of only the ratio of the areas S*/S and does not depend on the 
parameters of the gas in tlie reservoir. 

The dependence of the mass velocity ratio q (or of the ratio S*,S 
of the areas) on A, is shown in Fig. 3.6.3. At a given critical nozzle 
section in the subsonic region (A < 1), the speed grow? at the expense 
of the reduction in the area S, while in the supersonic region, con¬ 
versely, it grows at the expense of the increase in the area, in accord¬ 
ance with the above, a decrease in the pressure in the reservoir 
does not affect the value of A or M at the nozzle exit. In the case 
being considered, as follows from (3.6.29), a change in (he pressure 
Pn is attended by a proportional change in the pressure at the exit 
Pe “~ P * 

The mass flow rate of a gas from a reservoir can be determined by 
the formula 

Gsec = P *a*s* 

Evaluation of p* and a* by formulas (3.6.37) and (3.6.18), respect- 
ively, yields 

^ c * f 2 \i/<A-D ^/—Zk 

Gsec = ( ~j—fT I V TyT PoPo 

where p 0 is the density of the gas in the reservoir. 


(3.6.47) 
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Upon the motion of an incompressible fluid, the mass flow rate 
equation in accordance with (2.4.51) and provided that p = const 
becomes 

US = const (3.6.48) 

Kinematic equation (3.6.48) completely characterizes the one¬ 
dimensional flow of an incompressible fluid. It shows that the flow 
velocity is inversely proportional to the cross-sectional area of the 
channel. The pressure in steady flow is calculated by the Bernoulli 
equation (3.4.12) or (3.4.13). 



Shock Wave Theory 


4.1. Physical Nature 

of Shock Wave Formation 

A feature of supersonic gas flows is that deceleration is attended 
by the formation of discontinuity surfaces in them. When a gas 
passes through these surfaces, its parameters change abruptly: the 
velocity sharply diminishes, and the pressure, temperature, and 
density grow. Such continuity surfaces moving relative to a gas are 
often referred to as shock waves, while the immovable discontinuity 
surfaces are called stationary shock waves or simply shocks. Below 
we consider the conditions of gas flow after stationary shock waves, 
and we shall use the term “shock”, as a rule. 

In the most general case, a shock has a curved shape. Figure 4.1.1a 
shows schematically an attached curved shock formed in a flow past 
a sharp-nosed body, and Fig. 4.1.16—a detached curved shock appear¬ 
ing in front of a blunt surface in a supersonic flow. Upon the super¬ 
sonic flow past a sharp-nosed body with straight walls, an attached 
straight shock may appear (Fig. 4.4.1c). 

A glance at Fig. 4.1.16 reveals that the surfaces of shocks may be 
oriented along a normal to the free-stream velocity (the shock angle 
0 S = jt/2) or inclined at an angle other than a right one (0 S -< jt/2). 
In the first case, the shock is said to be normal, in the second— 
oblique. An attached curved shock can evidently be considered as 
a set of oblique shocks, and a detached shock as consisting of a nor¬ 
mal shock and a system of oblique shocks. 

The formation of shocks is due to the specific nature of propagation 
of disturbances in a supersonic gas flow. By a disturbance is meant 
a local compression causing a pressure increase. The latter appears 
in a flow passing around an obstacle called a source of disturbances. 

Let us consider a source of infinitely small disturbances at point O 
(Fig. 4.1.2). Such disturbances propagate in a gas at rest (F = 0) 
in all directions at the speed of sound a in the form of spherical 
waves in space or circular waves in a plane (Fig. 4.1.2a). At the 
instant if, the radius of a wave is r = at. If a subsonic gas flow is 
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Fig. 4.1.1 

Shocks: 

a —attached curved shock; b —detached curved shock; e—attached straight shock 





(b) (c) 




Fig. 4.U 

Propagation of disturbances in a gas: 
a —gas at rest; b —subsonic flow; c—supersonic flow 


incident on a source (F < a, Fig. 4.1.26), the waves are carried 
downstream: the centre of a wave travels at a speed of F < a, 
while the wave propagates at the speed of sound. During a certain 
time t, the centre of the wave travels the distance Vt, while the 
radius of the wave r = at , here at > Vt. Hence, in a subsonic flow, 
disturbances also propagate upstream. 

In the particular case of a sonic velocity (V = a), the front of 
spherical or circular disturbance waves is limited by a flat vertical 
surface or straight line tangent to a sphere or circle, respectively, 
and passing through point O because in this case the distance over 
which the centre of the wave travels during the time t equals its 
radius at the same instant t. 

Let us assume that the free-stream velocity is supersonic (F > a). 
During the time t, the centre of the wave travels the distance Vt, 
while a sound wave covers the distance at. Since at < Vt, for all 
the spherical sound waves we can draw an enveloping conical surface 
(Fig. 4.1.2c), i.e. a disturbance cone (or Mach cone). On a plane, 
disturbance lines (or Mach lines) are envelopes of the family of 
circular waves. The disturbances are the densest on the disturbance 
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Fig. 4.1.3 

Origination of a shock 

cone or lines that are boundaries of a disturbed and undisturbed 
region because all the sound waves on this cone are in the same 
phase of oscillation—the compression phase. Such disturbed regions— 
conical or plane waves confined within straight Mach lines, are 
called simple pressure waves or Mach waves. 

The angle p formed by the generatrix of a conical wave or line 
of disturbances is determined from the condition (Fig. 4.1.2c) that 
sin p = at/(Vt), whence 

sin p = 1/M (4.1.1) 

The angle p is called the Mach angle. A supersonic flow carries 
all the sound disturbances downstream, limiting their propagation 
by the Mach cone or lines inclined at the angle p. The front of a press¬ 
ure wave propagates at the same speed of sound as the front of 
a spherical (or circular) wave. This is why the projection of the free- 
stream velocity onto a normal to the wave front equals the speed of 
sound (Fig. 4.1.2c). 

In a simple pressure wave, as in a sound one, the gas parameters 
(pressure, density, etc.) change by an infinitely small magnitude, 
which is indicated, particularly, by the relation for the speed of 
sound a = V dp I dp known from physics. In the disturbed region, 
the velocity remains virtually the same as in the undisturbed flow- 
Therefore, a simple pressure wave can be considered as a shock (or 
shock wave) of an infinitely small strength, and we can assume for 
practical purposes that the parameters do not change when travers¬ 
ing it. This is why such a simple pressure wave is also called a weak 
shock wave, while its front (Mach line) is called a line of weak 
disturbances or a wavelet. 

It is natural to assume that the formation of a shock of a finite 
strength is associated with the superposition of simple pressure 
waves and, as a result, with their mutual amplification. Let us 
consider the process of formation of such a shock taking an oblique 
shock as an example. Let us assume that a supersonic flow initially 
travels along a level and smooth surface (Fig. 4.1.3). We create 
artificially a local pressure increment at point A by turning the flow 
through the infinitely small angle dfi. This produces a simple press- 

u-onia 
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ure wave AB emerging from point A as from the source of disturb¬ 
ance and inclined to the surface at the angle p. If we again turn 
the flow slightly through the angle 8(1, a new simple wave AC is 
formed that emerges from the same point A, but is higher than the 
first wave. But in a supersonic flow, as shown above, waves cannot 
propagate upstream, therefore the wave AC will drift downstream 
until it coincides with the first one. A more intensive wave is formed 
that is considerably amplified upon a further turning of the flow. 
The shock of a finite strength formed in this way has a speed of 
propagation higher than the speed of sound at which the simple 
pressure wave travels. Therefore, the shock of finite strength must 
deviate from the simple wave AB to the left and occupy the new 
position AD. Here it is kept in equilibrium because the speed of its 
propagation equals the component of the free-stream velocity along 
a normal to the shock front V sin 8 S , where 0 S is the angle of incli¬ 
nation of the shock. It follows that the angle of inclination of a shock 
of finite strength is larger than that of the Mach line (cone), i.e. 

0 S > p. 


4.2. General Equations 
for a Shock 

We shall consider the more general case when the gas behind 
a shock, owing to substantial heating, experiences physicochemical 
transformations and changes its specific heat. Of major significance 
when studying shocks behind which oscillations are generated and 
dissociation, ionization, and chemical reactions occur are the rates 
of the physicochemical transformations. 

Processes behind shock waves are characterized by a fraction of 
the kinetic energy of the moving gas virtually instantaneously 
transforming into the internal energy of the gas. In these conditions, 
we cannot ignore the fact that thermodynamic equilibrium is ach¬ 
ieved after a certain time elapses only in conditions of such equi¬ 
librium do all the parameters experiencing discontinuities (the pressure, 
density, temperature) become time-independent. The analysis of 
these phenomena is a more involved problem and is associated 
primarily with studying of the mechanism of non-equilibrium pro¬ 
cesses, and with a knowledge, particularly, of the rates of chemical 
reactions in the air. 

The simplest case is characterized by an infinitely high rate of 
the physicochemical transformations and, consequently, by the 
instantaneous setting in of thermodynamic equilibrium. Such pro¬ 
cesses behind shock waves are possible physically, which is confirmed 
by experimental studies. 

Let us consider the basic theoretical relations allowing one to 
evaluate the equilibrium parameters behind a shock wave. 
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Oblique Shock 

A shock formed in real conditions is characterized by a certain 
thickness. The parameters of the gas in such a shock change not 
instantaneously, but during a certain time interval. As shown by 
theoretical and experimental investigations, however, the thickness 
of a shock is very small and is of the order of the mean free path 
of the molecules. 

For atmospheric conditions, calculations yielded the following 
values of the thickness of a shock measured in the direction of the 
free-stream velocity: 


Mach number M x . 1.5 2 3 10 

Thickness, mm.4.5xl0~ 4 1.2xl0“ 4 O.TxlO -4 O.2X10 -4 


For Moo = 2, the thickness of a shock equals about four molecular 
free paths, and for M x — 3—about three. Therefore, when studying 
a shock in an ideal fluid, this thickness may be disregarded and the 
shock represented in the form of a geometric discontinuity surface 
for the gas parameters, assuming these parameters to change instan¬ 
taneously. 

Our task consists in determining the unknown parameters of a gas 
behind a shock according to the preset parameters characterizing 
the flow of the gas ahead of the shock. 

For an oblique shock formed in a dissociating and ionizing gas, 
there are nine unknown parameters: the pressure p 2 , density p 2 , 
temperature T velocity F 2 , enthalpy f 2 , entropy S 2 , speed of 
sound a 2 , the mean molar mass p m2 , and the shock angle 0 S (or the 
flow deviation angle |3 S ). Consequently, it is necessary to compile 
nine simultaneous equations. The parameters ahead of a shock will 
be the known ones in these equations, namely, the pressure p lr 
density p t , velocity F lt etc. Instead of the velocity V 2 behind a shock,, 
we can determine its components along a normal F n2 and a tangent. 
F X2 to the shock. This will increase the number of equations needed 
to ten. These equations include the fundamental equations of gas 
dynamics (of motion, continuity, energy, and state), a number of 
kinematic relations for the velocities, and also thermodynamic 
relations characterizing the properties of a gas. Let us consider each 
equation of this system. 

Figure 4.2.1 shows triangles of the flow velocities ahead of a shock 
(the parameters with the subscript 1) and behind it (the subscript 2). 
We shall use the figure to determine the following relations for 
these components: 

F x2 = V 2 . cos (9 S - p s ), F n2 = F z sin (0, - ( J » B ) (4.2.1) 

This yields the first equation of the system of simultaneous ones: 

F n2 /F t2 = tan (0 8 - p s ) (4.2.2). 


u* 
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. 4.2.1 

ique shock 


Shock line 



The continuity equation (or the mass flow equation) is the second 
one. It determines the amount of fluid passing through unit surface 
of a shock in unit time: 

Pi Pin = P 2 F n2 (4-2.3) 

here F nl = V x sin 0 S is the normal component of the velocity ahead 
of the shock (Fig. 4.2.1). 

Let us use the equation of motion reduced to the form of an equa¬ 
tion of momentum for the conditions of the passage through a shock. 
This is the third equation of the system. We shall obtain it by assum¬ 
ing that the change in the momentum of the fluid passing in unit 
time through unit surface area of the shock in the direction of a 
normal to this surface equals the impulse of the pressure forces: 

PiFni - p 2 Fk =P»- Pl (4.2.4) 

With a view to Eq. (4.2.3), we can write this equation in the form 
PiFm (F b1 - F nZ ) =Pt-Pi (4.2.4') 

Equation (4.2.4) can also be written as 

Pi + PiFS, = p* + p 2 Fn2 (4.2.4") 

In this form, the equation expresses the law of momentum conser¬ 
vation when passing through a shock. If we consider the change in 
the momentum in a direction tangent to the shock surface, then, 
taking into account that the pressure gradient in this direction is 
zero, we obtain the following relation: 

PlF n iF x i — p 2 F n 2F x2 = 0 
whence, when p x F nl = p 2 F n2 , we have 

Vxi = V x2 (4.2.5) 

Equation (4.2.5) is the fourth one of the system. It indicates that 
the tangential components of the velocity when passing through 
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a shock do not change. A glance at Fig. 4.2.1 reveals that V xl = 
= Vi cos 0 S , therefore we can write (4.2.5) in the form 

V x2 = F x cos 0 S = F nl /tan 0 S (4.2.5') 

We can write the equation of energy conservation in the form 
h + V\!2 = i 2 + FJ/2 

Provided that 

VI = Vni + F? lf VI = VU + F? 2 , and V X1 = V x2 
the equation of energy conservation can be transformed: 

h + F„V2 = i 2 + K 2 /2 (4.2.6) 

By combining the equations of state for the conditions ahead of 
the shock and behind it, we obtain the relation 

Pi — Pi = Vi 2 p 2 T 2 — ^lPl^l 
or, taking into account that R — we have 

Pi Pi — Vi 0 (pzTil\i m i Pi V\! pmi) (4.2.7) 

We can write four equations of the system being considered that 
allow us to determine the enthalpy, entropy, mean molar mass, 
and speed of sound in a dissociating gas in the form of general de¬ 
pendences of these parameters on the pressure and temperature: 


i* = A (P2, T 2 ) (4.2.8) 

Si=fi(p 2 ,T 2 ) (4.2.9) 

Pm2 = fs (P2, T 2 ) (4.2.10) 

a 2 — hk iPi' V 2 ) (4.2.11) 


These functions are not expressed analytically in the explicit 
form and are determined by means of experimental investigations or 
with the aid of rather involved calculations based on the solution 
of the relevant thermodynamic equations. The relations for these 
functions are usually constructed in the form of graphs, and their 
values are tabulated in special tables of thermodynamic functions 
for air at high temperatures (see [6, 7, 13]). 

Let us express the basic parameters behind a shock wave in terms 
of the relative change in the normal components of the velocity, 
i.e. in terms of the quantity 

&V n = AF n /F nl = (F nl - V n2 )/V m (4.2.12) 

From (4.2.3), we find the ratio of the densities: 

p 2 / Pl = 1/(1 — AF n ) 


(4.2.13) 
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and from (4.2.4'), the ratio of the pressures: 

Pzlp i - 1 + (PiKM Af n (4.2.14) 

Introducing the concept of the “normal component” of the number 
M, as the ratio M nl = V nl /a, or M nl = M, sin 0 S , and assuming that 
ahead of a shock the gas is not dissociated and the speed of sound 
for it is a, = Y *i/VPi> we obtain 

Pi/Pi = 1 + 1 AF n (4.2.15) 

instead of (4.2.14). 

We find the ratio of the enthalpies i^ii from (4.2.6): 

Wi = 1 + (1/2 h) (VI, - V* n2 ) 

Let us write the difference of the velocity squares in the form 

V*m ~ F 2 2 = F n 2 ! (1 - F n2 /F nl ) (1 + F n2 /F nl ) 

= F? u AF n (2 - AF n ) 

Hence 

Wi = 1 + (FSi/2) (AF n /ij) (2 - AF n ) (4.2.16) 

To determine the ratio of the temperatures 2V7’ 1 , we shall use 
the equations of state for the conditions ahead of a shock and behind 
it, from which 

— (pdp-i) (hma/hmi) P 1 /P 2 (4.2.17) 

Substituting for the ratio of the densities and pressures in this 
equation their values from Eqs. (4.2.13) and (4.2.15), respectively, 
we obtain 

T Z !T, = (1 + MfJjAF n ) (1 - AF n ) p m2 p ml (4.2.17') 

To determine the velocity behind a shock, we shall use the rela¬ 
tions 

VI = V T 2 + F 2 2 and F 2 = F 2 + F 2 1 
from which we find 

vyv\ = 1 - (F„VF?) Afn (2 - Afn) (4.2.18) 

Since 

Fni/F! = sin 0 S 

then 

V\IV\ = 1 - sin 2 0 s AF n (2 - AF n ) (4.2.18') 

Let us find a relation for the flow deviation angle behind a shock. 
JBy (4.2.2) and (4.2.5'), we have 

AF n = 1 — tan (0„ — f5 s )/tan 0 S 


(4.2.19) 
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Hence, having in view that 

tan (0 S — |l s ) = (tan 0 S — tan |l g )/(l + tan 0 S tan |l s ) 


we obtain 

tan ft s = tan 0 S 1 [ -—b tan 2 0 S ) (4.2.20) 

H l-AF n \ 1-F n 1 y ' 

The relative change in the velocity AF n is determined in accord¬ 
ance with (4.2.13) by the dimensionless density 

AF n = 1 — Pl /p 2 (4.2.21) 


This shows that the ratios of the pressures, temperatures, and 
enthalpies, and also the flow deviation angle |l s can be written as 
functions of the relative density p 2 / P i- In addition, we can introduce 
the values F nl = F t sin 0 S and M nl = M x sin 0 S into the formulas 
instead of the quantities F nl and M nl , respectively. 

Hence, the solution of the problem on an oblique shock when its 
angle of inclination 0 S is known consists in finding the ratio of the 
densities p 2 /pi, or, which is the same, in determining the function 
AF n . This function is determined with the aid of expressions (4.2.16) 
and (4.2.17'), each of which can be written in the form of a quadratic 
equation in AF n . From the first quadratic equation, we have 


AF n = 1— V 1 — 2(i 2 —jj)/Fni 
and from the second 

AF n = A + V A 2 —B 

where 


A = 


i-l 


.. 1 (h L 

*ilW 2 nl \ T x 


Pmi 
Pm a 


0 


(4.2.22) 

(4.2.23) 

(4.2.24) 


The signs of the square roots—minus in (4.2.22) and plus in 
(4.2.23)—were chosen with a view to the fact that the velocity 
behind a shock is always lower than ahead of it, and, consequently, 
AF„ << 1. The plus sign in (4.2.23) also indicates that physically 
the larger of the two values of AV„ < 1 is real. 

Equations (4.2.22) and (4.2.23) are solved by the method of suc¬ 
cessive approximations. The problem of an oblique shock can be 
solved if the angle (1 3 is given. Here the angle 0 S is calculated with 
the aid of relation (4.2.20), in accordance with which 


tan 2 0 S 


tan 9 S 
tan p s 




1 —AF n 


1 


0 


1-AF, 
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The solution of this equation yields 


tan 0* = cot 


p,[T 


AF„ 


AF* 


1 —AF n 


/ i- 

4 (1 — AF n ) 2 


tan 5 


1 —AF n 


h. 1 (4.2.25) 

T/ J 


One of the solutions (the plus sign before the root) determines 
the larger value of the angle 0 S realized in a detached curved shock, 
and the other (the minus sign) determines the smaller value realized 
in an attached shock with a lower strength. 

To facilitate calculations, we can evaluate the angles 0 S beforehand 
from the given values of |5 S , and compile a corresponding table or 
plot a graph. With their aid, for a value of AF n which previously 
calculated values of the ratios p 2 /pu p 2 /pi, etc. correspond to, we 
can find one of the angles 0 S or |5 S from the other known one. 

The velocity F t and the number of the free stream at which 
the parameters are realized in a shock with the given values of the 
angle 0 S (or |3 S ), and also Fm (or M nl ) are calculated by the formulas 

Fj = F nl /sin 0 S , M x = M nl !sin 0 S (4.2.26) 


Normal Shock 


The formulas for calculating a normal shock can be obtained 
from the above relations for an oblique one if we assume that 0 S = 
= ji/ 2 and |5 S = 0. Accordingly, the velocity F nl = F x , and the 
number M nl = M 1 . Now the basic relations acquire the following 


form: 

Pt/Pi = 1 + MfJ AF _ (4.2.27) 

i 2 /h - 1 + (Fj/2) (AF/ij) (2 - AF) (4.2.28) 

r 2 /7’ 1 = (1 + k.MlAV) (1 - AF) p m2 p ml (4.2.29) 

V\!V\ = 1 — AF (2 — AF) (4.2.30) 

where the change in the relative velocity 

AF = AF/Fj = (F a - F 2 )/Fj (4.2.31) 


is determined with the aid of expressions (4.2.22)-(4.2.24): 


AF=l-/l-2 (h-iJ/Vl 
A V--=A + V A 2 -B 

in which 

A _ 1 d _ 1 / T a pmi _ a 

2fcjjf? ’ ' kxM\ \ T 1 ' p m2 


(4.2.32) 

(4.2.33) 

(4.2.34) 


The relation between AF and the relative density is determined 
by the formula 

AF = 1 - Pl /p 2 (4.2.35) 
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We have given the general relations for shocks. Now let us use 
them to analyse the nature of flow and the ways of calculating the 
parameters of a gas behind shocks for constant specific heats and then 
consider in greater detail practical ways of calculating similar 
parameters for a dissociating fluid, i.e. for the more general case of 
varying specific heats. 


4.3. Shock in the Flow of a Gas 
with Constant Specific Heats 

Of major theoretical and practical interest is the problem on the 
flow of a gas behind a shock when the specific heats c v and c„ are 
constant. Although such a flow is considered to be a particular 
(idealized) case of the flow of a gas whose physicochemical properties 
change to a greater or smaller extent when passing through a shock, 
nevertheless the results obtained in solving this problem make it 
possible to comprehend the general qualitative nature of a shock 
transition. The relations characterizing the change in the parameters 
of a gas when passing through a shock are obtained here in the expli¬ 
cit form. They can also be used for an approximate quantitative 
estimation of these parameters when the more general case of varying 
specific heats is being treated. The problem being considered also 
has an independent significance because its solution can be used 
directly for determining the parameters of a gas behind a shock in 
a flow at comparatively low supersonic velocities at which the change 
in the specific heats in the compressed gas is negligibly small. These 
velocities, which are determined for the most intensive (normal) 
shock, correspond approximately to Mach numbers M <*, < 3-4. 


System of Equations 

The method of calculating an oblique shock treated below is based 
on the use of a system of equations that is a particular case of the 
system (4.2.2)-(4.2.11). 

If in a shock transition the specific heats do not change, it should 
also be assumed that the mean molar mass remains constant, and 
the speed of sound and the enthalpy depend only on the temperature. 
Equations (4.2.8), (4.2.10), and (4.2.11) accordingly acquire the 
following form: 

H = c p T 2 (4.3.1) 

Pm 2 = Pmi = Pm = const (4.3.2) 

a\ = kRT 2 (4.3.3) 
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Instead of Eq. (4.2.9), it is necessary to use the thermodynamic 
equation for the entropy of a non-dissociating perfect gas: 

dS = dl/T — dp/(pT) 

Having in view the equations di = c p dT and dp = d (RpT) = 
= Rp dT RT dp, we obtain 

dS = c P d In T = R d In T — R d In p 

But 

c p — R = c v and R/c v = (c p — c D )lc D — k — 1 

Consequently, 

dS — c v [d In T — (k — 1) d In p] 

Integrating this equation at k = const, we find 

S = c B In (Tlp k - 1 ) + const (4.3.4) 

It follows from the equation of state p = RpT that 
27p* J = p/(p h R), and In [p/(p*7?)l = In (p/p*) — In R 

Introducing the quantity In R into the constant on the right- 
hand side of (4.3.4), we obtain a relation for the entropy in the 
form 

S = c v In (p/p*) -\- const (4.3.5) 

By applying this equation to the conditions ahead of a shock 
and behind it, and then determining the difference between the 
entropies, we obtain instead of (4.2.9) the equation for the entropy 
used in the theory of an oblique shock: 

S 2 — S 1 = c v In l(pz/Pi) (pf/p*)1 (4.3.6) 

Equation of state (4.2.7) for the case of constant specific heats 
being considered is simplified: 

P 2 - P 1 = R (P 2 T 2 - P 1 T 1 ) (4.3.7) 

Equations (4.2.2)-(4.2.6) of the system are retained with no alter¬ 
ations. 


Formulas for Calculating the Parameters 
of a Gas Behind a Shock 

To calculate the density, pressure, and enthalpy, the formulas 
needed are (4.2.13), (4.2.15) and (4.2.16), respectively. To deter¬ 
mine the temperature, the formula needed is (4.2.17') with the as¬ 
sumption made that p m 2 = Pmi : 

TzlT 1 = (1 + kMi l AF n ) (1 - AF n ) 


(4.3.8) 
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The unknown quantity in all these expressions is the change in 
the relative velocity AF n . Let us determine it by assuming that 
the shock angle 0 S and the free-stream Mach number M 1 are known. 
We shall use Eq. (4.2.4') for this purpose. After dividing it by 
PiEni = P 2 F n2 , we obtain 

PzKPzVn?.) m) — F nl — V n2 (4.3.9) 

Inserting a\:k and a\!k here instead of pj p 2 and pj/pi, respectively, 
and using Eq. (3.6.21) for the speed of sound, we find 


1 

l a* 2 A —1 F 2 ^ 

1 / 

| 

A'+l *2 k 1 \ 

kV n2 

{ 2 a 2 V *1 

A'I'm l 

2 a 2 * / 


= F„1— V n2 


Introducing the values of V\ = F n l + F 2 and V‘\ — V n \ + V\ 
and multiplying both sides of the equation by F ril F n2 > we obtain 
after simple transformations 

-Tip- <** 2 (V nl - F n2 ) - VI (F nl - F n ,) 

+ ~Yk~ i - V n2 ) = V n ,F Il2 (F n , - F n2 ) 

Excluding the trivial solution F nl = F n2 = 0 corresponding 
to the absence of a shock, we obtain 

Fn,F n2 = ffl«—f F? (4.3.10) 

This equation is used to determine the velocity behind a shock. 
It is called the basic equation of an oblique shock, and allows us 
to find the relative change in the velocity AF n = (F nl — F n2 )/F nl . 
For this purpose, let us write F nl F n2 = Fni (F n2 /F n i) an( i use the 
relations F nl = F x sin 0 S and V x = V 1 cos 0 S . After the relevant 
substitutions in (4.3.10), we obtain 

sin 2 0 S (1 — AF n )= 1 ^---|^-(1—sin 2 0 s ) 
where — \\!a*. 

Substituting Eq. (3.6.23) for and performing transformations, 
we find 

X+T ( 1 — M\ sin 3 0 S ) (4.3.11) 

Let us introduce the symbol 

6 = (k - 1 )/(k + 1) (4.3.12) 

with a view to which formula (4.3.11) becomes 

AF n == (1 — 6) [1 — 1 !{M\ sin 2 0,)] 


(4.3.11') 
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By inserting this quantity into (4.2.13), we can determine the 
density ratio: 

p 2 /pj = M\ sin 2 0 S /(1 — 8 + bM\ sin 2 0 S ) (4.3.13) 

To determine the pressure ratio p 2 /p 1 , we shall use formula (4.2.15). 
We shall assume in it that M nl = M x sin 0 S , substitute expression 
(4.3.11') for AF n , and replace the quantity k in accordance with 
(4.3.12) by the value 

k = (1 + S)/(l - 6) (4.3.14) 

The result is the parameter 

p 2 /pi = (1 + 8) Ml sin 2 0 S — 6 (4.3.15) 

that characterizes the shock strength. We may also use the following 
relation for this purpose: 

(> 2 — Pi)!Pi = Ap/pj = (1 + 8) (Ml sin 2 0 S — 1) (4.3.15') 

Formula (4.3.15') can be used to obtain another parameter char¬ 
acterizing the shock strength, namely, the pressure coefficient p 2 = 
— (P 2 — Pi)/?n where q 1 = [(1 + 6)/(l — 6)] pjM 2 /2. By subtract¬ 
ing unity from both the left-hand and right-hand sides of (4.3.15') 
and relating the expression obtained to q lt we have 

p 2 = [2 (1 - b)IM\] (M\ sin 2 0 S - 1) (4.3.15") 

Eliminating the quantity M\ sin 2 0 S from Eqs. (4.3.15) and (4.3.13), 
we find the relation for the pressure-to-density ratios—the Hugoniot 
equation: 

P 2 /P 1 = (P 2 /P 1 - S)/(l - 6p 8 / Pl ) (4.3.13') 

This relation is also known as the shock adiabat. Unlike the con¬ 
ventional equation of an adiabat (isentrope) of the form p = Ap h , 
it shows how the parameters change in a transition through a shock 
wave. This transition process is attended by a growth in the entropy 
determined from Eq. (4.3.6). 

Hence, the process of the transition through a shock is non-isen- 
tropic. In accordance with the change in the indicated parameters, 
the temperature behind a shock grows. Its value is calculated by the 
equation of state 

Jj_ _P 2 _ _Pi_ _ [(1 + 8) M\ sin 2 8 S — 6] (1—6+6Jff sin^ 6„) ,, „ 

T 1 Pi ’ P 2 “ sin 2 0 S ( 4 . 0 . 10 ; 

The dependences of the ratios of the gas parameters behind a shock 
and ahead of it (p 2 /Pi, /VTn on the quantity M nl — 

= M 00 sin 0 S for k = 1.4 (8 = 1/6) are shown graphically in 
Fig. 4.3.1, and the Hugoniot equation (4.3.13'), in Fig. 4.3.2. 
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rig. i 

Dependences of the ratios of the gas parameters behind a shock and ahead of it 
on the value of M m = Moo sin 0 a for k — 1.4 (6 = 1/6): 

a —density ratio pj/pu b —pressure ratio p 2 /p c—temperature ratio T 2 /T t 


Fig. 4.3.2 

Shock adiabat (1) and 
trope (2) 

(ft = 1.4, 6 = 1/6) 



The special form of the transition through a shock, differing from 
an isentroptc process, manifests itself in the different nature of the 
change in the gas parameters. It follows from (4.3.15) and (4.3.16) 
that at M x -> oo, the pressure and temperature grow without a limit. 
It also follows from (4.3.13) that for the same condition M x -> oo 
the density tends to a certain definite value equal to (p 2 /pi)_i/,-. oo = 
= 1/6. When k = 1.4, this yields the value of 1/6 = 6. It follows 
from the formula p = Ap h or T = Bp k ~ l (A and B are constants) 
that in an iseutropic process an infinite increase in the density and 
temperature corresponds to an infinite pressure increase. A compari¬ 
son allows us to arrive at the conclusion that with an identical change 
in the pressure in both a shock and isentropic processes, the former 
is attended by greater heating of the gas, and this is just what facili¬ 
tates a certain drop in the density. 
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Formula (4.3.16) determines the ratio of the squares of the sound 
speed in accordance with the relation 

a\ta\ = TJT X (4.3.17) 

Using this relation, and also Eq. (4.2.18'), we can determine the 
number M 2 behind a shock. Inserting expression (4.2.21) for AE n 
into (4.2.18'), we find 

vyv\ = cos 2 e s + ( Pl /p 2 ) 2 sin 2 0 S (4.3.18) 

Dividing Eq. (4.3.18) by (4.3.17), we obtain an expression for 
the ratio of the squares of the Mach numbers: 

M\!M\ = (TJT 2 ) [cos 2 6 S + ( Pl /p 2 ) 2 sin 2 0J (4.3.19) 

where TJT 2 and p^pa are found from formulas (4.3.16) and (4.3.13), 
respectively. 

The formula for calculating M 2 can be obtained in a somewhat 
different form with the aid of momentum equation (4.2.4"). Let us 
write it in the form 

( 1 + ^ V* sin 2 0 s ) = 1 + -Ja. E 2 sin 2 (0 S -f p g ) 

P a ' P 2 1 Pa 

Taking into account that kpl p = [(1 + 6)/(l — 6)] pi p, and de¬ 
termining p 2 /Pi by the Hugoniot equation (4.3.13'), we obtain 

( 1 + si " !9 -) = 1 + W 

After substituting for M\ sin 2 0 S its value found from (4.3.13), 
we obtain the relation 

U\ sin 2 (0 S - p 8 ) = (1 - 6) (p,/ Pl - 6)- 1 (4.3.19') 

Let us determine the stagnation pressure for the conditions of 
a flow behind a shock. Considering the flow of a gas behind a shock 
and ahead of it to be isentropic, we can compile the thermodynamic 
relations: 

Pt/ Pa = P'J P'J. Ti/Pi = PJp h o 

where p 0 and p' 0 , p 0 and p 0 ' are the stagnation pressure and density 
in the regions of the flow ahead of the shock and behind it, respective¬ 
ly. These relations yield the pressure recovery ratio across a shock 
wave: 

^0 = Po/Po = (Pt/Pi) (pi/p 2 ) fe (p»/po) fe 

Multiplying both sides of this equation by the ratio (p 0 /p' 0 ) h , we 
obtain 


( Pt> 1 

\ 

II 
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: / Po 
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\ Po 1 

1 Pi 

\ P2 / 
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Let us use the energy equation V 2 1 2 -+- c p T = const and write 
it for the conditions ahead of and behind a shock: 

V\r> + c p 7\ -- Vl/2 + c p T 2 

At points of stagnation, V x = V 2 = 0. It follows from the energy 
equation that the temperatures at these points are identical, i.e. 
T n — T' a or, which is the same, p 0 /p 0 = Po Po- 
Consequently, 

v 0 = P'JP 0 = (p,/p,)*'‘ ft - I > (4.3.20) 

or 

V 0 = p'Jp 0 = (p 1 /p 2 )< 1 -»V26 ( Ps / Pl )(i-a)/M (4.3.20') 

where p l /p 2 and p 2 /pi are found by (4.3.15) and (4.3.13), respectively. 
By (3.6.28), the stagnation pressure is 

Po = Pi (l + " £ (4.3.21) 


Consequently, 


[(1 + 8) 3/jSin 2 0 S — gjts-1) /2 6 
Pi 


(i¥ t sin 0 s y 


(1+6) ''1 


A (1—6) 


-( l + fl)/2fl 




(1 + 6)/26 


sin 2 0 S ) 


Ul~6)/26 (4. -->.22) 


Let us determine the stagnation pressure coefficient behind an 
oblique shock 


/V 


Po Pi 2(1— 8) 

<?i (1A-6) Aif 


[(1 + 6),¥;sin 2 0 s -6]< 6 - l >/ 26 


( M l sin 0 S ) 


(l+«)/6 


X 


( 1+ T~y *?) 


(1 - 6 ) 
(1 +6)/26 


■ (1 +6)/26 


( 1+ T 


M\ sin 2 0 S 


(1 + 6J/26 


(4.3.23) 


An analysis of relation (4.3.20) shows that behind a shock of finite 
strength the pressure ratio p'Jp 0 is always less than unity. The 
stronger the shock, the larger are the stagnation pressure losses and, 
consequently, the smaller is the ratio p'Jp 0 - 

When establishing the physical nature of these losses, we cannot 
consider a shock as a discontinuity surface; we must take into account 
that a real compression process occurs in a layer with a small thick¬ 
ness of the order of the molecular free path. It is exactly such a process 
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of transition through a shock in a layer that is possible because the 
existence of two contacting regions with a finite difference of their 
temperatures, pressures, and densities cannot be visualized. It is 
only a mathematical abstraction. 

The transition through a shock having a small thickness is char¬ 
acterized by so great velocity and temperature gradients that in 
the compression regions the influence of skin friction and heat conduc¬ 
tion becomes quite substantial. It thus follows that the irreversible 
losses of the kinetic energy of gas in a transition through a shock 
are associated with the work done by the friction forces, and also 
with the heat conduction. The action of these dissipative forces and 
also heat transfer within the compression zone cause an increase 
in the entropy and a resulting reduction in the pressure in the flow 
behind the shock in comparison with an isentropic compression 
process. 

Oblique Shock Angle 

The parameters behind an oblique shock are determined by the 
number and the shock angle 0 S . Its magnitude, determined by 
the same number and the flow deflection angle p s , can be calculated 
by using Eq. (4.2.19). Substituting for AF n in it its value from 
(4.2.21), we obtain a working relation: 

tan 0 s /tan (0 a — p s ) = p 2 /p x (4.3.24) 

Determining pj/p 2 from (4.3.13), we find 
tan 0 s /tan (0 S — p s ) = M\ sin 2 0 8 /(l — 6 + bM\ sin 2 0 S ) (4.3.25) 

On the other hand, this relation allows us to find the flow deflection 
angle P s behind a shock according to the known shock angle. Fig¬ 
ure 4.3.3 presents graphically the relation between the angles 0 S 
and p s for various values of the number M x . In the region to the left 
of the dashed line, which corresponds to the maximum values of 
the angle p s (i.e., p s , max ), the value of the angle 0 S diminishes with 
decreasing p s , and to the right, conversely, it grows with decreas¬ 
ing p s . This nature of the relation is due to the different form of 
a shock. In the first case, the change in the angle 0 S corresponds to 
an attached curved shock ahead of a sharp-nosed body. As the body 
becomes blunter (the nose angle increases), the flow deflection angle 
grows, and, consequently, the shock angle increases. The maximum 
flow deflection angle p s = p s , max is determined only by the given 
value of M 1 . This angle is also called the critical flow deflection 
(deviation) angle p cr . The points corresponding to its values are 
connected in Fig. 4.3.3 by a dashed line. Investigations show that 
a flow behind an attached shock is stable as long as in the entire 
region behind it the flow deflection angle is smaller than the critical 
one. This flow is accordingly referred to as a subcritical one. 
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Fig. 4.3.3 

Change in the flow deflection angle ji s depending on the shock angle 0 3 for 
various numbers M 1 

Upon a further growth of the nose angle, the angle |3 S may become 
critical. According to Fig. 4.3.3, its value grows with an increase 
in the number M 1 . From the physical viewpoint, this is explained 
by an increase in the strength of a shock, a greater density behind 
it, and, as a result, by the shock coming close to the surface of the 
body, which leads to deflection of the flow through a larger angle. 

At a still larger nose angle, the flow behind an attached shock 
becomes unstable, as a result of which the shock moves away from 
the nose. Behind such a detached shock, a new stable flow region 
appears. It is characterized by deflection through an angle also less 
than the critical one. But unlike a subcritical flow, this one is called 
supercritical. This definition corresponds to the fact that the nose 
angle of the body in the flow exceeds the value at which a shock is 
still attached. 

A detached shock changes its shape absolutely, which can be seen 
especially clearly in the example of a flow over a sharp-nosed cone or 
wedge (Fig. 4.3.4). As long as the flow is subcritical, the shock is 
attached to the nose and the generatrix of its surface is straight. 
The flow around thick wedges or cones may become supercritical, 
upon which the shock detaches and acquires a curved shape. At the 
point of intersection of the shock surface with the flow axis, the shock 
angle 0 S = jt/2 and, consequently, the parameters change according 
to the law of a normal shock. In practice, there is a section of such 
a normal shock near the axis. 

With an increase in the distance from the axis, the shock angle 0 S 
in accordance with Fig. 4.3.4 diminishes, remaining on a certain 
section larger than the value that a subcritical flow corresponds to. 
The change in the flow deflection angle is of the opposite nature. 

12-H171 5 



178 


Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


Fig. 4.3.4 

Detached shock ahead of a 
sharp-nosed body 



At the apex of the detached wave behind its straight part, p s = 0, 
and then it grows. At a certain point on the surface, the angle (5 S 
becomes critical, and then it again diminishes together with the 
shock angle. As follows from (4.3.25), at the limit when p s ->0, 
the angle 0 S tends to the value p, = sin -1 (1 /M{). Hence, the shock 
angles at a preset number M x vary within the interval Pi ^ 0 S ^ 
^ jr/2. A shock of an infinitely small strength that is a simple press¬ 
ure wave corresponds to the value 0 S = p x . 

On a curved shock (see Fig. 4.3.3), we can find two points cor¬ 
responding to two different angles 0 S that at a given M 1 determine 
the same value of the angle p s . This angle is calculated by formula 
(4.2.20), which after introducing into it the value of AF n from 
(4.3.11) acquires the form 

tanp s = cot0 s (MjSin 2 0 s — 1) | —sin 2 0 s j 1 (4.3.26) 

A strong shock with a subsonic flow behind it corresponds to a 
larger value of the angle 0 S , and a weak shock with a supersonic 
flow behind it (if we exclude the vicinity of the shock with angles p s 
close to the critical ones, where the flow may be subsonic) corresponds 
to a smaller value of the angle 0 S . 

An oblique shock angle can be evaluated by using formula (4.2.25). 
Substituting the relative density from (4.2.21) for AF n , we obtain 

tan0 s = cotp s (-■?-— 1 ) 

± < 4 - 3 - 27 > 

On each curve shown in Fig. 4.3.3, we can indicate a point cor¬ 
responding to the value of M 2 = 1 behind a curved shock. By con¬ 
necting these points with a solid curve, we obtain the boundary of 
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two flow conditions behind such a shock: to the left of the curve the 
flow will be supersonic (M, > 1), and to the right of it—subsonic 
(M,<i). 


4.4. Hodograph 

in addition to an analytical solution of the problem of determin¬ 
ing the flow parameters behind an oblique shock, there is a graphical 
method based on the concept of a hodograph. 

A hodograph is a curve forming the locus of the tips of the velocity 
vectors in the plane behind a shock. Let ns consider the equation 
of a hodograph. Let point A (Fig. 4.4.1) be the tip of the velocity 
vector V 2 and be located, consequently, on a hodograph constructed 
in a coordinate system whose horizontal axis coincides with the 
direction of the velocity ahead of a shock. Hence, the inclination 
of the velocity vector V 2 is determined by the angle (l s . Let us 
designate the vertical and horizontal components of this velocity 
by iv and u, respectively. A glance at Fig. 4.4.1 reveals that u and w 
can be expressed in terms of the normal V n2 and tangential V x 
components of the velocity V 2 to the plane of the shock as follows: 

u = V x cos 0 S 4- V n2 sin 0 S , w = L* sin 0 b — V n2 cos 0 S (4.4.1) 

We determine the component l' n2 from formula (4.3.10) in which 
we assume that F nl — \\ sin 0 3 and F x = V x cos 0 S . Accordingly, 

u = V j cos 2 0 S -r (a* 2 - V\ cos 2 0 8 )/f 4 (4.4.2) 

Let us eliminate the angle 0 S from this equation. For this purpose, 
we shall use Eqs. (4.4.1). Multiplying the first of them by cos 0,, 
the second by sin 0 S and summating them, we obtain 

u cos 0 S + w sin 0 S = V x 

Having in view that V x = V l cos 0 S , we find 

tan 0 S = (Fj — u)/w (4.4.3) 

Substituting for tan 0 S its value from (4.4.3) into the trigonometric 
relation cos 2 0 S = (1 tan 2 0 S ) -1 , we obtain 

cos 2 0, = [1 4- (Fj — u)°-lw 2 Y l 

Introduction of this value into (4.4.2) yields 


_ IJL _ 

i + ia 7 i -u)/wi* 



12* 
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Fig. 4.4.1 

To the derivation of the hodo- 
graph equation 




Fig. 4.4.2 

Strophoid (shock polar) 


This expression, relating the variables w and u, is an equation 
of a hodograph. It is usually written in the form 

7= (“-“* W 1»/ (TTT r .+vr-“) < 4 - 4 ' 4 ) 

Let us introduce the dimensionless quantities k u = u/a*, k w = 
= wla*, = V x la*, and the parameter 8 = (k — l)/(/c + 1)- The 
hodograph equation now becomes 

K/(K - K? = (KK - 1)/[(1 - 8) fc* + 1 - (4.4.4') 

Equation (4.4.4') graphically depicts on the plane k w , X u a curve 
known as a strophoid (Fig. 4.4.2). Let us determine certain character¬ 
istic points of a strophoid. Particularly, let us calculate the coordi¬ 
nates of points A and D of intersection of the strophoid with the 
axis X u . Examination of (4.4.4') reveals that the condition X w is 
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satisfied if 'k u — ^ or a u = 1 X,. The value X u — h, determines the 
coordinate of point A and makes it possible to obtain a solution 
corresponding to a shock of an infinitely small strength behind which 
the velocity does not change. The value = 1/X-, determines the 
coordinate of intersection point D closest to the origin of coordinates 
and is the solution for a normal shock. 

It follows from the construction of a strophoid that its two branches 
to the right of points extend to infinity, asymptotically approach¬ 
ing the straight line passing through point B and parallel to the ver¬ 
tical axis. The coordinate of this point can be obtained from (4.4.4') 
by a limit transition at X u . —> oo. The result is the condition 
(1 — 8) X* + 1 — Aj'a u — 0. from which we find the coordinate of 
point B , i.e. k u — i, (1 — 6) — 1.1,. 

Any point on a strophoid branch extending to infinity formally 
yields a solution for a shock. Considering, for example, point F 
in Fig. 4.2.2, we may assume that for a shock behind which the 
direction of the velocity changes by a preset value of the angle |3 S , 
the velocity increases abruptly to the value X 2 determined by the 
length of segment OF. The pressure and density would also decrease 
abruptly. In other words, in the given case there would be not a 
compression shock, but an expansion one. But the formation of such 
shocks is impossible physically. To prove this, let us use formula 
(4.3.6) for the change in the entropy. Applying the ratios p 2 pit = 
— p 0 ,’(p' a ) k . p,/p* = p 0 / p((, and taking into account that p' 0 ,p 0 = 
= Po'fV from formula (4.3.6) we obtain 

S 2 — S t = R In (p 0 ip' 0 ) (4.4.5) 

When there is a compression shock, p 0 > p'„ and, consequently, 
So — 5, > 0. This conclusion corresponds to the second law of 
thermodynamics, according to which the entropy of an isolated 
system with compression shocks increases. 

Let us now consider the reverse situation when a gas passes from 
a state characterized by the stagnation pressure p' 0 (the parameters 
with the subscript 2) into a state with the stagnation pressure p 0 
(the parameters with the subscript 1) through an expansion shock. 
In this case, by analogy with (4.4.5), the change in the entropy is 

Si — S 2 -= R In (p’Jpo) 

Hence, when the condition p' g <C p 0 is retained, the entropy should 
diminish, but this contradicts the second law of thermodynamics. 
It thus follows that expansion shocks cannot appear. 

In accordance with the above, the passage of a gas through a shock, 
which is adiabatic in its nature because it occurs in a thermally 
insulated system, is an irreversible adiabatic non-isentropic process. 

Equation (4.3.6) can be used to verify that a real process of an 
increase in the entropy ( S 2 — S , > 0) corresponds to a supersonic 
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flow [M l >> 1 (a normal shock), M j sin 0 S > 1 (an oblique shock)], 
while the physically impossible phenomenon of a decrease in the 
entropy (S 2 — S x <C 0), to a subsonic flow (M x <; 1 and M j sin 0 S <C 
< 1). Hence, shocks can appear only in a supersonic flow. We must 
note that the relations obtained for the change in the entropy are 
valid when an irreversible process of transition through a shock is 
attended by an isentropic flow of the gas both ahead of a shock and 
behind it. 

It follows from the above that the branches of a strophoid extend¬ 
ing to infinity have no physical meaning. The part of a strophoid 
(to the left of point A , Fig. 4.4.2) having a physical meaning is called 
a shock polar. Such a curve is constructed for a given number 
(or ilf 1 ). Several curves constructed for various values of ^ form 
a family of shock polars allowing one to calculate graphically the 
velocity of a flow behind a shock and the flow deflection angle. 

Let us consider an attached shock ahead of a wedge-shaped surface 
with the half-angle |i 3 (see Fig. 4.1.1c). To determine the velocity 
behind such a shock, we construct a shock polar corresponding to 
the given! number (or iff x ) and draw a straight line from point O 

(Fig. 4.4.2) at the angle p. Point of intersection N with the shock 

—>- 

polar determines the vector ON whose magnitude shows the value of 
the velocity ratio behind the shock. By formula (4.4.3), which we 
shall write in the form 

tan 0 S = (Xj — X u )/X w (4.4.3') 

the angle ANG on the shock polar equals the shock angle 0 sN . We 
must note that this angle can also be determined as the angle be¬ 
tween the horizontal axis and a normal to the straight line connect¬ 
ing the tips of the velocity vectors ahead of a shock and behind it 
(points A and N, respectively, in Fig. 4.4.2). 

When considering the shock polar, we can arrive at the conclusion 
that a decrease in the angle |3 S (point N moves along the curve toward 
point A) is attended by a decrease in the shock angle 0 sN . At the 
limit, when |3 S 0, point N merges with point A, which physically 

corresponds to the transformation of the shock wave into an infini¬ 
tesimal shock wave, i.e. into a line of weak disturbances. The shock 
angle for such a shock 0 S = p x is determined as the angle between 
the horizontal axis and the straight line perpendicular to a tangent 
to the shock polar at point A (Fig. 4.4.2). 

A growth in the flow deflection angle (in Fig. 4.4.2 this corresponds 
to point N moving away from A) leads to an increase in the shock 
angle and to a higher strength of the shock. A glance at the shock 
polar shows that at a certain angle p s a straight line drawn from 
point O will be tangent to the curve at point C. The angle of inclina¬ 
tion of this tangent determines the maximum flow deflection angle, 
called the critical one above (p s = p cr ). Assume that the wedge 
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angle p s > p cr . In the graph, solid line OH drawn from point 0 
and not intersecting the shock polar corresponds to this angle. 

Therefore, when |3 S > |3 cr , we cannot find a graphical solution for 
a shock with the aid of a shock polar. This is due to the fact that 
the inequality |l s > |5 cr does not correspond to the assumptions 
(on the basis of which we obtained equations for a shock) consisting 
in that a shock is straight and should be attached to a nose. Physi¬ 
cally—in the given case of the wedge angle (I s exceeding the critical 
deflection angle |l cr —the compression shock detaches and becomes 
curved. 

The determination of the shape of such a curved shock and of its 
distance to the body is the task of a special problem of aerodynam¬ 
ics associated, particularly, with the conditions of supercritical 
flow past a wedge. If such a problem is not solved, then with the aid 
of a polar in the field of definition from point D to A we can give 
only a qualitative appraisal of the change in the parameters in a re¬ 
gion ahead of the surface in the flow. If, on the other hand, the shape 
of the shock is determined for preset flow conditions (in addition 
to calculations, this can also be done with the aid of blowing in 
a wind tunnel), it is possible to establish quantitative correspondence 
between the points of a shock polar and the shock surface. 

Assume, for example, that we have set the angle p s and points E 
and N on a shock polar (Fig. 4.4.2). The shock angle 0 sN == Z_ANG 
corresponds to point N, and the angle 0 sE = Z_AEK (EK _]_ OB) 
to point E. If the configuration of the shock wave front is known, 
then by direct measurement we can find on it a point N' with the 
wave angle 0 sN ' and a point E' with the angle 0 sE - (see Fig. 4.3.4). 
In the same way, we can find a point C' on the shock that corresponds 
to the critical (maximum) deflection angle |3 cr . 

On a preset surface of a detached shock, point D on the shock polar 
corresponds to the shock apex (a normal shock), and terminal point A 
of the polar corresponds to the remotest part of the shock that has 
transformed into a line of weak disturbances. 

For an attached shock (j3 s < |3 cr ), we can indicate two solutions, 
as can be seen on the shock polar. One of them (point E) corresponds 
to a lower velocity behind the shock, and the other (point N), to 
a higher one. Observations show that attached shocks with a higher 
velocity behind them, i.e. shocks with a lower strength are possible 
physically. 

If we draw on the graph the arc of a circle whose radius is unity 
(in the dimensional axes w and u this corresponds to a radius equal 
to the critical speed of sound a*), we can determine the regions of 
the flow—subsonic and supersonic—which points on the shock polar 
to the left and right of the arc correspond to. In Fig. 4.3.4, the 
section of the flow corresponding to a subsonic velocity is hatched. 
A close look at the shock polar reveals that the velocity is always 
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subsonic behind a normal shock. On the other hand, behind an ob¬ 
lique (curved) shock, the velocity may be either supersonic (the rel¬ 
evant points on the shock polar are to the right of point S ) or subsonic 
(the points on the polar are to the left of point S). Points on the 
polar between S and C correspond to an attached shock behind 
which the velocities are subsonic. Experimental investigations show 
that for wedge angles |5 S less than the critical one |3 cr or larger 
than /_ SOB , a shock remains attached, but it becomes curved. The 
theoretical values for the angle 9 S and the gas velocity k 2 on the 
entire section behind such a curved shock found on the polar accord¬ 
ing to the wedge angle |l s do not correspond to the actual values. 


4.5. A Normal Shock 
in the Flow of a Gas 
with Constant Specifc Heats 

We shall obtain the corresponding relations for a normal shock 
from the condition that 0 S = ji/2 and, consequently, V m = V, 


and V D2 = V 2 . Basic equation (4.3.10) becomes 

V l V 2 = a * 2 (4.5.1) 

or 

kk = i ;(4.5.n 

where = VJa* and k 2 = F 2 /a*. 

We find the relative change in the velocity from (4.3.11'): 

AF = (F t - FjJ/Fi = (1 - 6) (1 - 1 IM\) (4.5.2) 

We obtain the corresponding relations for the ratios of the den¬ 
sities, pressures, and temperatures from (4.3.13), (4.3.15), and (4.3.16): 

p 2 / Pl = M*l( 1 - 6 + SM\) (4.5.3) 

pjp i = (1 + 6) M\ - 6 (4.5.4) 

T i lT 1 = [(1 + 5) M\ — 6] (1 — 6 + 6 M\)!M\ (4.5.5) 


By eliminating M\ from (4.5.3) and (4.5.4), we obtain an equation 
of a shock adiabat for a normal shock that in its appearance differs 
in no way from the similar equation for an oblique shock 
[see (4.3.13')]. 

Assuming in (4.3.19) that 9 S = Jt/2, we find the relation for the 
Mach number behind a normal shock: 

M\IM\ = (7\/T 2 ) ( Pl /p 2 y (4.5.6) 

Let us consider the parameters of a gas at the point of stagnation 
(at the critical point) of a blunt surface behind a normal shock 
(Fig. 4.5.1). The pressure p' 0 at this point is determined by formula 
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Fig. 4.5.1 

Parameters of a gas at the 
stagnation point behind a nor¬ 
mal shock 



(4.3.20') in which the ratios p 2 ,p, nnd p 2 p x are found from (4.5.3)' 
and (4.5.4), respectively. With this in view, we have 

p'JPo = [(1 + 6) - 6ica-i>/2« [M;/( 1 - 8 -f 6M'()]< 1+ 6)A6 (4.5.7) 

Determining p 0 by (4.3.21), we find 

p'Jp l = [(1 + b)M\ - SlfS-W-s «/« (1 - 6) _ < 1+ 6)/26 (4.5.8). 

Knowing the absolute pressure p', we can determine the dimension¬ 
less quantity p 0 = (p' — Pi)/'?,—the pressure coefficient at the 
stagnation point. Taking into account that the velocity head is 


we obtain 


Po = 7T ~Fm 0(1 + 5 ) 

X (i-5)- (1+6)/26 - 1} (4.5.9) 

It is proved in Sec. 4.3 that the stagnation temperature behind 
a shock does not change, i.e. T' 0 = T 0 . Consequently, at the stagna¬ 
tion point, we have 

+ (4.5.10) 


Let us use the expression i' = c p Ti> and i x = c v r l\ to determine 
the enthalpy. Accordingly, at the stagnation point, we have 


t 1 



( 4 . 5 . 11 ) 
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4.6. A Shock at Hypersonic Velocities 
and Constant Specific Heats 
of a Gas 

At hypersonic (very high) velocities, which values of M j sin 0 S 
1 correspond to, the dimensionless parameters of a gas behind 
a shock are very close to their limiting values obtained at M l sin 0 S 
—*■ oo. It follows from (4.3.11') that for this condition, we have 

AF n = 1 - 6 (4.6.1) 

Consequently, the limiting ratio of the densities by (4.2.13) is 
Pi/p* = 1 - AV n = 6 (4.6.2) 

Introducing this value into (4.3.27), we obtain the following ex¬ 
pression at the limit when M x sin 0 S —>- oo: 

tan 0 S = (cot p s /26) [1 — 6 ± l/"(l — 6) 2 — 46 tan 2 p s ] (4.6.3) 

Let us find the limiting value of the pressure coefficient. For the 
■conditions directly behind a shock, as follows from (4.3.15"), when 
M 1 sin 0 S -> oo and M 1 -> oo, we have 

p 2 — 2 (1 — 6) sin 2 0 S (4.6.4) 

We obtain the corresponding quantity for the point of stagnation 
from (4.3.23): 

p 0 = 2 (1 — fi)^- 1 )/ 28 (1 + 6)-< 1+ «>/ 2 8 sin 2 0 S (4.6.5) 

The ratio of the pressure coefficients is 

~p 0 lp 2 = (1 — 6 2 )-< 1+6 >/ 2 » (4.6.6) 

In the particular case when 6 = 1/6 (k = 1.4), the ratio p 0 /Pi — 
= 1.09. The limiting value of the number M„ can be found from 
(4.3.19), using relation (4.3.16) for T i lT 1 . A passage to the limit 
when M l sin 0 S -► oo and M 1 ->-oo yields 

M\ = (1/ [6 (1 + 6)]} (cot 2 0 S + 8*) (4.6.7) 

To find the limiting parameters behind a normal shock, we must 
assume that 0 S = jt/2 in the above relations. As a result, from (4.6.4) 
and (4.6.5) we have: 

p 2 = 2(1- 6) 

Pq —— 2 (1 — §)( 8 -l )/28 (1 + 6)-(l+6)/26 


(4.6.4') 

(4.6.5') 
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We can see that the ratio p 0 'p 2 is the same as for an oblique shock. 
The limiting Mach number behind a normal shock is 


- 6 ) 


(4.6.7') 


For 6 — 1/6 (k = 1.4), the number M 2 — j/T/7 as 0.38. The 
actual values of the dimensionless parameters behind a shock at 
finite, although very large, Mach numbers depend on M r 

Let us consider the corresponding working relations for the case 
when attached shocks originate ahead of slender wedges, and the 
shock angles are therefore low. Assuming in (4.3.25) that tan 0 S « 
rtf 0 S and tan (0 S — p s ) ^ 0 S — (4s,. we obtain 

(0 S - p s ) 0 S = (1 - 6 -f dM(0:) (d/;0:) 

Introducing the symbol K = MjPs, after transformations, we find 

( 4 - 6 - 8) 

Solving this equation for 0 s /p s and taking into account that the 
condition 0 S /|3 S > 1 is physically possible, we find 


2 ( 1 - 6 ) 


-k ( 4 - 6 - 9 ) 


Inspection of Eq. (4.6.9) reveals that the parameters determining 
the flow in a shock at very high velocities are combined into functional 
groups such that they are a solution of (he problem of a shock for 
a broad range of numbers M <*, and values of the angle |3 S in the form of 
a single curve. Equation (4.6.9) is an example of a similarity rela¬ 
tion. In accordance with this equation for the ratio 0 s /p s , the quan¬ 
tity K = is a similarity criterion. This similarity must be under¬ 
stood in the sense that regardless of the absolute value of the quan¬ 
tities characterizing hypersonic flows, when such flows have identical 
parameters K , the ratios of the angles 0 s /p s are also identical. When 
K oo, the ratio 0 s /p s tends to a limit equal to 


0 s / p s - 1/(1 - 6 ) 


(4.6.10) 


Let us consider the relation for the pressure coefficient. At low 
values of 0 S , formula (4.3.15") acquires the form 

Pt = 2 (1 - 6) (0s - 1/M;) 
or 

Pt = 2 (1 - 6) p| (01,pS - 1 Kr) (4.6.11) 

Introducing the value of 1 IK 2 from (4.6.8). we obtain 

p, = 2p s 0 s 


(4.6.11) 
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Substituting for the angle 0 S the value determined from (4.6.9), 
we find 


p- 

Ps 


- r i 

-6 L 



4 a—6> 2 

K 2 




(4.6.12) 


This formula shows that K is also a similarity criterion for the 
ratio p 2 /|is. At the limit when K —^ oo, this ratio becomes 

yVN = 2/(1 - 6) (4.6.13) 

In accordance with (4.3.13), at small value of 0 S , the density 
ratio is 

p 2 / Pl = K*/( 1 - 6 + SKI) (4.6.14) 

where the parameter K s — Mj0 s is determined with the aid of (4.6.9) 
in the following form: 


We can see from (4.3.18) that at low values of 0 S the second term 
on the right-hand side may be ignored, and we can thus consider 
that V ^ ^ V 1 . W T ith this in view, the ratio of the squares of the 
Mach numbers in accordance with (4.3.19) is M\!M\ = T X !T 2 . 
Substituting for the ratio TJT 2 here its value from formula (4.3.16) 
in which we assume that sin 0 S « 0 S , we obtain 

0*M 2 2 = K*l {[(1 + 5) Kt-8] (1 -8-f 6xi.} (4.6.16) 
When —>- oo, we have 

0IM 2 1/(6 (1 + 6)] (4.6.16') 


4.7. A Shock in a Flow of a Gas 
with Varying Specific Heats 
and with Dissociation and Ionization 

When solving a problem on a shock in a dissociated and ionized 
gas, the parameters of the air at an altitude H (the pressure p x , 
temperature T lt density Pl , speed of sound a u etc.), and also the 
value of the normal velocity component V m (or the number M m — 
= V^la-i) are taken as the initial data. Hence, an oblique shock 
in the given case is treated as a normal one. Assuming in a first 
approximation that the value of AHj, 0.9-0.95, which corresponds 
to setting a relative density for a shock of p 2 /p x = (1 — AF ,,)- 1 ^ 
~ 10-20, from (4.2.15) we find the pressure p 2 , and from (4.2.16), 
the enthalpy i 2 that is evidently close to the stagnation enthalpy i'. 
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By next using an i-S diagram (see [6, 8]), we determine the tempera¬ 
ture T 2 , and then from Fig. 1.5.7, the mean molar mass p,, n2 . Instead 
of the diagram, one may use suitable tables of the thermodynamic 
functions of air (see [7]), which will increase the accuracy of the 
calculations. 

By inserting the found values of /j.>, T 2 , and p m2 into the equa¬ 
tion of state (1.5.8), we can determine the density p 2 and define 
the value of AF n more precisely by (4.2.21). We next use this value 
in a second approximation to find the pressure and enthalpy, respect¬ 
ively, by formulas (4.2.15) and (4.2.16). According to these values 
and with the aid of tables and graphs, we define the temperature 
and mean molar mass more exactly. We use the refined values of 
p 2 , T 2 , and p, m2 to find the density in the second approximation 
by the equation of state. The approximations are terminated when 
the preset accuracy is achieved. 

We can evaluate the shock angle corresponding to a given velocity 
F x by the formula sin 0 s = F nl . F x . By introducing the value of 0 S 
and also the number — V 1 ia 1 into (4.3.26), we determine the 
flow deviation angle |l s behind the shock. 

An oblique shock can also be calculated when the values of the 
free-stream parameters (including the number Mj) and the angle 
are known. In a first approximation, we determine the shock angle 
0 S for an undissociating gas [see (4.3.27)], and *hon find the cor¬ 
responding values of AF n , p 2 , and t, by formulas (4.2.19), (4.2.15), 
and (4.2.16). Using these values, we determine the temperature T 2 
and the mean molar mass u m , from tables [7] or graphs [6, 8], Next 
by formulas (4.2.23) and (4.2.24). we define AF n more precisely, 
and by expression (4.2.25), tan 0 5 and the angle 0 S . We refine the 
other parameters according to the relevant formulas. 

We calculate the parameters of a gas behind a normal shock in 
a similar way with the use of tables or graphs of the thermodynamic 
functions for high temperatures. We assume that 0 S = jt/ 2 and 
P s = 0 and, therefore, use (4.2.27)-(4.2.35). 

When dissociation and ionization occur, the relative values of the 
parameters of a gas behind a shock wave depend not only on the 
temperature, which is characteristic of varying specific heats, but 
also on the pressure. These relations are shown graphically in 
Figs. 4.7.1-4.7.3. The ratios of the temperatures and densities are 
calculated for averaged values of the temperature T x of 220 and 
350 K. These values equal, respectively, the probable minimum 
and maximum that are chosen depending on the change in the air 
temperature with altitude for decreased and increased annual average 
values. Available data show that dissociation and ionization give 
rise to a substantial change in the equilibrium temperature and 
density in comparison with constant specific heats (k = 1.4 = 
= const). The pressure depends to a considerably smaller extent 
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Fig. 4.7.1 

Ratio of the air temperatures 
behind and ahead of a shock 
with account taken of dissocia¬ 
tion and ionization: 
solid lines— T, = 220 K, dashed 
lines— T t = 350 K 
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Fig. 4.7.2 

Ratio of the air densities behind 
and ahead of a shock with ac¬ 
count taken of dissociation and 
ionization: 

solid lines—T, — 220 K, dashed 
lines—T,1 = 350 K 


Fig. 4.7.3 

Ratio of the air pressures 
behind and ahead of a shock 
with account taken of dissocia¬ 
tion and ionization 
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on the physicochemical transformations of the air. The ratio p&Pi 
differs only slightly from the maximum value of p 2 'Ti = 1 + 
f determined only by the conditions of the oncoming flow, 

but not by the change in the structure and physicochemical prop¬ 
erties of the air behind a shock wave. 
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The temperature behind a shock in a dissociated gas is lower than 
that with constant specific heats (Fig. 4.7.1). The explanation is the 
loss of energy on the thermal dissociation of the molecules. 

The lowering of the temperature due to this phenomenon causes 
the density to grow (Fig. 4.7.2). This greater “yielding” of the gas 
to compression reduces the space between a shock and a surface in 
the flow, thus diminishing the shock angle. And conversely, at the 
same angle 0 3 in a real heated gas, the flow deflection (the angle |J £ ) 
is greater than in a perfect gas (k = const). The result is that in 
a heated gas a detached shock forms with a certain delay in compari¬ 
son with a cold gas. Particularly, the wedge angle (critical angle) 
at which detachment of a shock begins is larger in a heated gas than 
in a cold one. 

Account of the influence of dissociation leads to a certain increase 
in the pressure behind a shock in comparison with a gas having 
constant specific heats (Fig. 4.7.3). This is explained by the increase 
in the number of particles in the gas owing to dissociation and by 
the increase in the losses of kinetic energy when they collide. But 
the drop in the temperature in a dissociated gas causes an opposite 
effect, but smaller in magnitude. As a result, the pressure increases, 
although only slightly. 

The theory of a normal shock has an important practical applica¬ 
tion when determining the parameters of a gas at the point of stagna¬ 
tion. The procedure is as follows. According to the found values i 2 . 
and p 2 with account taken of dissociation and ionization, we find 
the entropy S 2 from an i-S diagram or tables of thermodynamic 
functions for air. Considering the flow behind a shock to be isentro- 
pic, we assume that the entropy S' 0 at the stagnation point equals the 
value -S 2 behind the shock wave. In addition, for this point we can 
find the enthalpy i' 0 = i t + 0.5F(. Now knowing S' n and i', we can 
use an i-S diagram or thermodynamic tables to find the other para¬ 
meters, namely, p' 0 , T' 0 , p^, etc. 

The results of the calculations correspond to the preset flight 
altitude. A change in the altitude is attended by a change in the 
conditions of flow past a body and, consequently, in the parameters 
at the point of stagnation. This relation is shown graphically in 
Fig. 4.7.4. The curves allow us to determine the temperature T' n 
and pressure p' 0 as a function of the velocity V l and the flight alti¬ 
tude H. 

The value of p' 0 , in turn, can be used to calculate the pressure 
coefficient at the point of stagnation: p 0 = 0.5 kM 2 x (p'Jpoo — 1). 
Its value grows somewhat in a dissociating flow. For example, at an 
altitude of 10 km at M x = 16.7, its value is p 0 = 2.08, whereas 
without account taken of dissociation p 0 — 1,83 (for k = c p ‘c,. = 
= 1.4). The pressure coefficient can be seen to grow by about 13%. 
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Fig. 4.7.4 

Pressure and temperature at the 
point of stagnation 



Fig. 4.7.5 

Density at the point of stagna¬ 
tion on the surface of ,a sphere 
for nitrogen, oxygen, and air 
( Poo = 103 Pa , Tx = 290 K) 



The results of calculating the density at the point of stagnation 
with account taken of dissociation and ionization for air, and also 
for pure oxygen and nitrogen, are given in Fig. 4.7.5. An analysis 
of these results allows us to arrive at the following conclusion. At 
Moo = 18, when oxygen is already noticeably dissociated, the quan¬ 
tity p'/p so reaches its maximum value. Upon a further increase 
in Moo, the gas completely dissociates, and the density drops. Next 
a growth in Moo is attended by primary ionization of the oxygen. 
This leads to an increase in the specific heat and, consequently, to 
a certain growth in the density. 

The influence of the varying nature of the specific heat on the 
change in the density of nitrogen is observed only at very large 
numbers when dissociation and ionization take place. These 

processes run not consecutively, as in oxygen, but virtually simulta¬ 
neously, which is due to the smaller difference between the energies 
of dissociation and ionization of nitrogen. This is why the curve 
p'/p for nitrogen is more monotonic than for oxygen. 
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At Moo < 13, what mainly occurs in the air is dissociation of 
oxygen, and the density curve for air is closer to the relevant curve 
for oxygen. At M x > 13, when the dissociation of the nitrogen 
becomes appreciable, the dependence of p„/poo on Moo for air reminds 
one of the similar relation for gaseous nitrogen because the latter 
is the predominating component in the air. 

The calculation of the parameters of a gas behind a shock with 
a view to the varying nature of the specific heats is described in 
greater detail in [14]. 


4.8. Relaxation Phenomena 

Section 4.7 deals with ways of calculating the parameters of a gas 
behind a shock with account taken of the physicochemical transform¬ 
ations for conditions of equilibrium of the thermodynamic processes. 
In a more general case, however, these processes are character¬ 
ized by non-equilibrium, which has a definite influence on the gas 
flow behind shocks. 


Non-Equilibrium Flows 

It is known from thermodynamics that the assumption of 
thermodynamic equilibrium consists in agreement between the 
levels of the internal degrees of freedom and the parameters 
characterizing the state of a gas. For example, at comparatively 
low temperatures (low velocities), equilibrium sets in between the 
temperature and the vibrational degree of freedom, which corresponds 
to equilibrium between the temperature and the specific beat. At 
high temperatures (high velocities), when a gas dissociates, the 
equilibrium state is reached as follows. As dissociation develops, 
the probability of triple collisions grows (for a binary mixture of 
diatomic gases) because the number of gas particles increases. This 
leads to the acceleration of recombination and the retardation of the 
rate of dissociation. At a certain instant and temperature, the rates 
of the direct and reverse reactions become equal, and the gas arrives 
at an equilibrium state. The latter is characterized by a constant 
composition and agreement between the degree of dissociation, on 
the one hand, and the temperature and pressure, on the other. At 
still higher temperatures (very high velocities), equilibrium processes 
of excitation of the electron levels and ionization can be considered. 

Upon a sudden change in the temperature in an equilibrium flow 7 , 
the corresponding internal degrees of freedom also set in instan¬ 
taneously; dissociation’and ionization can be considered as the mani¬ 
festation of new degrees of freedom. Consequently, in these cases, 
there is no delay in establishing the degrees of freedom, i.e. the time 
needed for achieving equilibrium is zero. 


13-0171 5 
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In practice, an equilibrium flow is observed under supersonic 
flows past bodies at Mach numbers of M x = 4-5 in conditions cor¬ 
responding to altitudes of 10-15 km and less. The explanation is 
that at the maximum temperatures of the order of 1000-1500 K 
appearing in these conditions, the main part of the internal energy 
falls to the share of the translational and rotational degrees of free¬ 
dom, which upon sudden changes in the temperature are established 
virtually instantaneously because only a few molecular collisions are 
needed to achieve equilibrium. This is why the translational and 
rotational degrees of freedom are usually called “active” degrees. 
With an increase in the velocities and, consequently, in the tempera¬ 
tures, a substantial part of the internal energy is spent on vibrations, 
then on dissociation, excitation of the electron levels, and ioniza¬ 
tion. 

Actual processes are such that these energy levels set in more 
slowly than the translational and rotational ones because a much 
greater number of collisions is needed. For this reason, the vibrational 
and dissociative degrees of freedom are sometimes called “inert” 
degrees. Hence, the inert degrees are featured by a delay in the 
achievement of equilibrium called relaxation. The time in which 
equilibrium sets in, i.e. correspondence between the temperature 
and the energy level is established, is called the relaxation time. 

The relaxation time characterizes the rate of attenuation of departures 
of a gas state from an equilibrium one , which in a general case manifests 
itself in the form of a change in the energy distribution among the 
different degrees of freedom. 

Relaxation processes are determined by what degree of freedom 
is excited. If upon a sudden change in the temperature, vibrations 
appear, the corresponding non-equilibrium process is called vibra¬ 
tional relaxation. It is characterized by a lag in the specific heat when 
the temperature changes. If the temperature rises, the specific heat 
grows because of the appearance of vibrations of the atoms in the 
molecules. The time during which vibrational motion reaches equi¬ 
librium is called the vibrational relaxation time. 

In a non-equilibrium dissociating gas upon a sudden change in the 
temperature, a delay occurs in the change in the degree of dissocia¬ 
tion. This phenomenon is called dissociative relaxation. Owing to 
the difference between the rates of formation of the atoms and 
their vanishing (the rate of dissociation is higher than that of recom¬ 
bination), a gradual increase in the degree of dissociation occurs. 
The equilibrium value of the degree of dissociation is achieved at the 
instant when the rates of the direct and reverse reactions become 
equal. The time needed to obtain an equilibrium degree of dissocia¬ 
tion is called the dissociative relaxation time. 

Experimental data on the relaxation time for oxygen and nitrogen 
are given in Fig. 4.8.1. 
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Fig. 4.8.1 

Experimental ( 1 , 2) curves of 
the vibrational relaxation time 
and calculated (3, 4) curves of 
the relaxation time for the dis¬ 
sociation of oxygen and nitro¬ 
gen, respectively, at atmosp¬ 
heric pressure 



At temperatures approximately up to 10 000 K, the vibrational 
and dissociative relaxation processes are the main ones. The relax¬ 
ation phenomena associated with the excitation of the electron levels 
of the molecules and atoms, and also with ionization, may be disre¬ 
garded because a small fraction of the internal energy falls to the 
share of these degrees of freedom at the indicated tempera¬ 
tures. 

A non-equilibrium state has a substantial influence on the various 
processes attending the flow of a gas at very high velocities. Particu¬ 
larly, vibrational and dissociative relaxations change the parameters 
of a gas in a transition through shock waves and in the flow past 
bodies. This, in turn, affects the processes of friction, heat exchange, 
and also the redistribution of the pressure. 

The studying of non-equilibrium flows consists in the joint in¬ 
vestigation of the motion of the fluid and of the chemical processes 
occurring at finite velocities. This is expressed formally in that an 
equation for the rate of chemical reactions is added to the usual 
system of equations of gas dynamics. 


Equilibrium Processes 

Equilibrium flows have been studied better than non-equilibrium 
ones both from the qualitative and the quantitative standpoints. 
The regions of a flow in which equilibrium sets in are different because 
of the different relaxation times for the excitation levels. The 
duration of the establishment of equilibrium relative to the vibra¬ 
tional degrees of freedom is longer by several orders than relative 
to the translational and rotational ones. Equilibrium sets in even 
more slowly relative to the composition of a gas mixture when dis¬ 
sociation and ionization occur. Accordingly, the scheme of a non- 
equilibrium process is such that the attainment of equilibrium of 
one degree of freedom may be attended by the beginning of a relax- 
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ation phenomenon of another one. In more general case, overlapping 
of the regions of establishing equilibrium is observed. 

An approximate model of the process can be conceived on the basis 
of the “freezing” principle. It is considered that a region of achieve¬ 
ment of equilibrium relates to one or several degrees of freedom, 
while the others are not excited. The sequence of these regions of 
equilibrium can be represented by degrees of freedom with elevation 
of the temperature in the following order: translational, rotational, 
and vibrational degrees, dissociation, excitation of electron levels, 
and ionization. When considering, for example, the process of estab¬ 
lishing equilibrium of vibrations, the first two degrees of freedom 
can be considered to be completely excited. This process occurs in 
conditions of “frozen” dissociation and ionization. 

Such a scheme is not suitable for certain gases, particularly nitro¬ 
gen at high temperatures, because ionization begins before dissocia¬ 
tion is completed. This is explained by the fact that the energies of 
dissociation and ionization of nitrogen differ from each other only 
one-and-a-half times. In this case, the regions of attainment of 
equilibrium overlap. A similar phenomenon is observed in the air 
at comparatively low temperatures. At temperatures exceeding 
3200 K, the relaxation time for the dissociation of oxygen is lower 
than the duration of setting in of nitrogen vibrations. Consequently, 
equilibrium in the dissociation of oxygen is established before the 
vibrations of the nitrogen are in equilibrium. 

Investigation of the flow of a non-equilibrium gas over bodies is 
facilitated if the characteristic time of this process is considerably 
lower than the relaxation time of one of the inert processes and condi¬ 
tions of a frozen flow occurring without the participation of this 
inert process appear. Particularly, if the duration of flow over a 
section of a surface is small in comparison with the time needed for 
chemical equilibrium to set in, but is commensurable with the 
vibrational relaxation time, a process with frozen dissociation and 
ionization may be considered on this section. 


Relaxation Effects In Shock Waves 

In the transition of a gas through a shock wave, a portion of the 
kinetic energy is converted into the energy of active and inert degrees 
of freedom. For the active degrees (superscript “A”)—translational 
and rotational — equilibrium sets in during the relaxation time t d 
commensurable with the time taken by the gas to pass through the 
thickness of the shock. Since this time is very small, we can consider 
in practice that the active degrees are excited instantaneously. 
At the same time, dissociation does not yet begin because during 
a small time interval the number of collisions of the molecules is not 
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Fig. 4.8.2 

Relaxation process in a shock wave: 

(the hatched region determines the thickness of the shock wave): 
l and 2 —front and rear surfaces of the shock wave, respectively 

large. Hence, directly behind a shock wave, the temperature T t 
is the same as in a gas with constant specific heats. 

In accordance with this scheme, no inert degrees of freedom (super¬ 
script “I”) are excited directly after a shock. Since these degrees 
have a finite relaxation time t\, considerably greater than the time 
tft and the duration of transition through the thickness of a real 
shock, then the temperature lowers until the inert degrees of freedom 
(first vibrations, then dissociation, excitation of the electron levels, 
and ionization) reach equilibrium. 

In Fig. 4.8.2, schematically illustrating a relaxation process, the 
relaxation time t& measured from the instant of the beginning of 
motion on the front surface of the shock wave ahead of which the 
temperature of the undisturbed gas is 2"j corresponds to the tem¬ 
perature T' 2 . The figure also shows the density p 2 corresponding to the 
temperature T 2 , while the equilibrium state is established at a tem¬ 
perature of T 2 <C T' 2 . A non-equilibrium process of gas flow behind 
a shock is attended by an increase in the density to the equilibrium 
value p 2 > p'. Here a small growth in the pressure is observed in 
comparison with an ideal gas. Simultaneously the degree of dissocia¬ 
tion (and at very high temperatures, the degree of ionization) grows 
from zero to its equilibrium value. 

The investigation of the non-equilibrium flow behind a shock 
consists in determining the length of the non-equilibrium zone, or 
the relaxation length, anti also in estimating the non-equilibrium 
parameters. The system of equations describing such motion includes 
equations of the momentum, energy, state, and an equation for the 
rate of chemical reactions. 

The initial conditions upon its integration are determined by 
the parameters directly behind the shock wave, which are found 
with the assumption that dissociation is absent. At the end of the 
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Fig. 4.8.3 

Influence of non-equilibrium 
dissociation on the density and 
temperature behind a shock 
wave 

(Jf, = 14 . 2 , r, = 300 K, p, = 
120 Pa) 


PlIPuWO' 3 ,* 



relaxation length, these parameters reach equilibrium values cor¬ 
responding to the equilibrium degree of dissociation. 

The results of such investigations of a non-equilibrium flow of 
a gaseous mixture of oxygen and nitrogen behind a shock wave are 
given in Fig. 4.8.3. The solid curves were obtained on the assump¬ 
tion of instantaneous vibrational excitation, and the dashed ones in 
the absence of excitation. These results reveal that vibrations have 
an appreciable significance in direct proximity to a shock. For example, 
without account of excitations, the temperature behind a shock 
is 12 000 K, while for a completely excited state it is about 9800 K, 
i.e. considerably lower. At the end of the relaxation zone, vibrational 
excitation is of virtually no importance. Therefore in calculations of 
equilibrium dissociation, we can assume that the rates of vibrational 
excitation are infinitely high, thus considering a gas before the 
beginning of dissociation to be completely excited. It is shown in 
Fig. 4.8.3 that the length of the non-equilibrium zone is comparative¬ 
ly small and is approximately 8-10 mm. 

The data of investigations of the relaxation in shock waves can 
be used to determine the nature of non-equilibrium flow in the vicin¬ 
ity of a blunt nose in a hypersonic flow. Here we find the length of 
the relaxation (non-equilibrium) zone and determine whether such 
a zone reaches the vicinity of the point of stagnation. In accordance 
with this, the stagnation parameters are calculated, and with a view 
to their values, similar parameters are evaluated for the peripheral 
sections of the surface in the flow. 

The length of the non-equilibrium zone is found as the relaxation 
length calculated by means of the expression 


2"d — 0.5Fchj 


(4.8.1) 


where F c is the velocity directly behind the normal part of the 
shock wave, and f D is the relaxation time. 
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The relaxation time can be found by the formula 

t D «# 2.8 X 10- 7 (1 - a e ){l/ (H) (Tl- a e (3 ~ a e )}-> (4.8.2) 

in which / ( H) = p^n/p^E is a function of the altitude (pooH au d 
p^oE are the densities of the atmosphere at the altitude H aud at 
the Earth’s surface, respectively), p = p/poo H [the density p 
= 0.5 (pc -i- Pe)i where p c and p e are the densities behind the shock 
in the undissociated gas and for equilibrium dissociation, respective¬ 
ly]. 

If the length zd is smaller than the distance s w between a shock 
wave and the point of stagnation, the non-equilibrium zone is near 
the wave and does not include the body in the flow. Consequently, 
the condition for equilibrium in the vicinity of a blunted surface 
will be ,r D <C s 0 , or 0.5kVo < s 0 . Hence we can also And the inequal¬ 
ity t D < s 0 /(0.5Fc) in which the term on the right-hand side is the 
characteristic time £ So spent by a particle in the compression zone. 
If t Sn > t D , a particle of the gas will have time to reach the state of 
equilibrium before it reaches the surface. 

It is not difficult to see from formula (4.8.2) that the relaxation 
time grows with increasing flight altitude H and, consequently, the 
length of the non-equilibrium zone increases. At the same time, tu 
diminishes with an increase in the intensity of a compression shock 
for very high supersonic velocities of the flow (here the relative 
density behind a shock p = p/becomes larger). 

A non-equilibrium state substantially affects the distance between 
a shock wave and a body. With a completely non-equilibrium flow 
behind a shock (the degree of dissociation a = 0), this distance can 
be appreciably larger than in equilibrium dissociation (a = a e > 0). 
It decreases in the real conditions of a gradual transition from a non¬ 
equilibrium state to an equilibrium flow behind a shock wave, i.e. 
when the degree of dissociation changes from 0 behind the wave 
to the equilibrium value a — a e at the end of the relaxation zone. 
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5.1. Equations tor the Velocity 
Potential and Stream Function 


An important place in aerodynamics is occupied by the method 
of characteristics, which allows one to calculate the disturbed flow 
of an ideal (inviscid) gas. This method makes it possible to design 
correctly the contours of nozzles for supersonic wind tunnels, deter¬ 
mine the parameters of supersonic flow over airfoils and craft bodies. 

The method of characteristics has been developed comprehensively 
for solving the system of equations of steady supersonic two-dimen¬ 
sional (plane or spatial axisymmetric) vortex and vortex-free gas 
flows. Investigations associated with the use of the method of char¬ 
acteristics for calculating the three-dimensional flow over bodies 
are being performed on a broad scale. Below we consider the method 
of characteristics and its application to problems on supersonic two- 
dimensional flows. 

Equations for a two-dimensional plane steady flow of an inviscid 
gas are obtained from (3.1.20) provided that p = 0, dVJdt = 
= dVy/dt = 0 and have the following form: 


V x 

V r 


dv x 


dV r 


dx 
dV ; 


V 


dx 


dy 

dVy 


dy 


1 dp 

p dx 

1 dp_ 

p dy 


(5.1.1) 


For a two-dimensional axisymmetric flow, the 
obtained from (3.1.36) for similar conditions 
= dVJdt = 0) can be written in the form 

v dV x y dV x _ i dp 

x dx ' T dr p dx 


V 


x 



V r 


dV r 

dr 


1 djp_ 
p dr 


equations of motion 
(v = 0, dVJdt = 


(5.1.2) 


The continuity equations for plane and axisymmetric flows having 
respectively the form of (2.4.5) and (2.4.32) can be generalized as 
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follows: 

d (p V x y R ),dx + d (pV y y s )/dy = 0 (5.1.3) 

When e = 0, this equation coincides with the continuity equation 
for a two-dimensional plane flow in the Cartesian coordinates x and y. 
If e = 1, we have a continuity equation for a two-dimensional axi- 
symmetric flow in the cylindrical coordinates y (r), x. Accordingly,, 
for both kinds of flow, we may consider that the equations of motion 
(5.1.1) are written in a generalized form. 

Having determined the partial derivatives in continuity equation. 
(5.1.3), we obtain 


(+ v « -sr) yZ + pyZ ('+ -rr) + pv «* yt “ 1 = 0 (5 ' 1 - 4> 


We can replace the partial derivative dp/dx with the expression 
dp/dx = (dp/dp) dp/dx , in which dp/dp = 1/a 3 , while the derivative 
dp/dx is found from (5.1.1) in the form 

— p (v x -^ + V y ^U~) 

dx ^ \ x dx ' y dy I 


W ith this in view, we have 

-§£-= --T- i v x -^h + v v 
dx a 1 \ - x dx V 


(5.1.5) 


An expression for the derivative dp/dy is found in a similar 


dP _P_ ( y dv y i y ol v \ 

dy a" l x dx ' u dy ) 


( 5 . 1 . 6 ) 


Substitution of the values of these derivatives into (5.1.4) yields 


/ 11 v x 

dV y 

\ dy 

' dx 


( 5 . 1 . 7 ) 

This equation is the fundamental differential equation of gas 
dynamics for a two-dimensional (plane or spatial axisymmetric) 
steady flow which the velocity components V x and V y must satisfy. 
Since this equation relates the velocities, il is also referred to as the 
fundamental kinematic equation. 

If a flow is potential, then 

V x = dcp/dx, V y = dcp /dy, dVJdy = dV y idx = d 2 (p!dx dy 
therefore, Eq. (5.1.7) can be transformed as follows: 


(V% -a?)- 


4- 2V V ■ —4- 1V 2 - 
iixdy ' » 


= 0 ( 5 . 1 . 8 )< 
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where 


T/ 2 

/ \ 2 

( dtp ) 2 ' 

* max 

l dx I 

1 dy 1 J 


Equation (5.1.8) is the fundamental differential equation of gas 
dynamics for a two-dimensional potential steady flow and is called 
an equation for the velocity potential. Hence, unlike (5.1.7), Eq. 

(5.1.8) is used only for studying vortex-free gas flows. 

If a two-dimensional gas flow is a vortex one, the stream function 
ip has to be used for studying it. The velocity components expressed 
in terms of the function have the form of (2.5.5). Replacing p 
in accordance with formula (3.6.31) in which the stagnation density 
p 0 along a given streamline is assumed to be constant, expressions 
(2.5.5) can be written as follows: 

V x = y -e (1 — R2)-i/(*-D dipldy, V v = —y-* (1 — V 2 ) -V<*-i> dy/dx 

(5.1.9) 

where V = V/V mai . 

The calculation of a vortex gas flow consists in solving a differen¬ 
tial equation for the stream function \|). To obtain this equation, let 
us differentiate (5.1.9) with respect to y and to x: 


dV, 


dx 


-TT= -g- + lf- ir = r 

X (1 - vr^ h -^~- + y- s (1 -n-‘/(^-o 


d 2\|> 
dx 2 


Taking into account expression (3.6.22) for the square of the speed 
of sound, and also relations (5.1.9), we can write the expressions 
obtained for the derivatives dVJdy and dV v !dx as follows: 


ov x 


dy 


if. 


•3S"5fc-+»- mi— n 


dV 2 


dy 




d 2 \ j) 
dx 2 


ILl 

dx 


v v 
2 a 2 


dV 2 

dx 


y~H l-F 2 ) 


-!/(*-!) 


d 2 \ j; 
dx 2 


(5.1.10) 

(5.1.11) 


We shall determine the derivatives dV 2 ldy and dV 2 ldx in Eqs. 

(5.1.10) and (5.1.11) with the aid of relations (5.1.9). Combining 
these relations, we obtain 

(dtyldx) 2 + {d^ldyf = Fh/ 2 « (1 — E 2 )2/(*-D 


(5.1.12) 
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By differentiating (5.1.12) with respect to x arid y, we find the 
relevant relations: 


di|; 3 2 i|) 


dx dx 2 


dip 3 2 \J) _ 3F 2 
fnj dx dy 


dx 


2 


V 2 y 2? — - (1 — y2)*/( ft -D-t 


yZe y 2 ) 2 /(ft-l) 

3F 2 


dx 


2 11.1!121L. 1!1 = H „2S H _ ^2/cft-t) 
dx dx dy dy dy 2 dy ^ ' ' 

2eF2y2e-t (1 _p^2^2/(ft-t)- |/2^2E _l_(l_y2)2/(A-l)-l 11 


We transform these relations with a view to Eq. (3.6.22) for the 
square of the speed of sound and to relations (5.1.9): 


— V 


^4 , y 

y Ox 2 * 3x 3y 

3 2 \|) 




F 


_ 1-7 -H 

y dx dy ‘ x dy 2 
l' 2 


44a 


<(‘-4 


,t- £ 


F 2 (l — F 2 ) 1 /< fc-1) 


(5.1.14) 


Determining the derivatives dV 2 /dy and dV 2 /dx from these expres¬ 
sions and inserting them into (5.1.10) and (5.1.11), respectively, we 
obtain 




F 2 \ dV, 


dy 


x(>-4)+*[ 


2 y 

d 2 $ 


brjxi l-F 2 )^-!) 


3 2 4~ 

y dx dy ^ ' x dy 2 


D, 

F 2 


4(l_V.)./(*-o(i_^.) 

n / 

2a 2 \ 


3 2 xp 


^ Err 
3a: 


r„- 3 f-+P» 


y dx 2 


3a - 3y 




3 2 if 

3a- 2 


Subtraction of the first equation from the second one yields a 
relation for a vortex: 


dVy dV x Vy 1 / y 3 2 Ij: 

3a- 3y a 2 — F 2 y 8 ' V dx 2 

+ r - 4f) (1 -4 (1 -FT'**- «L 
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_ Yjl _.. _L / _ y <32 ^' y d ~^ 'l (i _ yz) 

a 2 — V 2 \ V « dxdy 1 x dy* 1 > 

—Y (1 — F 2 ) - V( ft -o -|^+— 

e ' 7 1 y a 2 — F 2 1 




(5.1.15) 


A vortex can also be determined with the aid of Eq. (3.1.22') 
transformed for the conditions of the steady flow of an ideal gas 
and having the form 

grad (1^/2) + curl V X V = — (1/p) grad p (5.1.16) 

By applying the grad operation to the energy equation (3.4.14), 
we have: 

grad (FV2) = —grad i (5.1.17) 


Consequently, Eq. (5.1.16) can be written in the form 
curl V X V = grad i — (1/p) grad p 


(5.1.18) 


Vortex supersonic gas flows can be characterized thermodynami¬ 
cally by the change in the entropy when going over from one streamline 
to another. This is why it is convenient to introduce into the calcula¬ 
tions a parameter that reflects this change in the entropy as a feature 
of vortex flows. 

In accordance with the second law of thermodynamics 


T dS — di — dp/p 


or in the vector form, 

T grad 5 = grad i — (1/p) grad p (5.1.19) 

Combining (5.1.18) and (5.1.19), we obtain 

curl V X V = T grad S (5.1.20) 

Let us calculate the cross product curl VX V, having in view 
that by (2.2.12) the vector 

curl V — (dVy/dx — dVJdy ) i 3 

(here i 3 is a unit vector), and, therefore, the projections (curl V) x =- 
= (curl \) y = 0. Let us use a third-order determinant: 

*1 >2 *3 

curl VXV— 0 0 (curl V) 3 

V x V v 0 

in which the projection 

(curl V) 3 = dVy/dx — dVJdy 
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Calculations yield 


curl \'XV= - V v ( 


j dV U 

dVx \ ; j y 

BVy 

dV x \ 

\ dx 

dy / 1 + Vx 

dx 

dy } 


»2 


(5.1.21) 

Accordingly, for the projection of the vector curl V X V onto 
a normal n to a streamline, we obtain the relation 

(curl V X V) 2 „ = (curl V X V)£ + (curl V X V)J 

= V 2 (OVyldx - dVJdyf (5.1.22) 


Examination of (5.1.20) reveals that this projection can also be 
written in the form 


(curl V X V) n = T dS/dn 

or, with a view to (5.1.22) 

V (dVy/dx — dVJdy) = T dS/dn (5.1.23) 

Since a 3 = kRT, then, taking (3.6.22) into account, we find an 
expression for the temperature: 


Introducing this relation into (5.1.23), we obtain 

dV u av x _ k -1 ^ax .. y, dS 
dx dy[ 2k RV ^ ' dn 


(5.1.24) 


By introducing the vortex according to this expression into 
(5.1.15), we find a differential equation for the stream function: 




. 2V V d 

z VxVl1 dxdy 




HV* v -a 2 ). dyi 


fc — 1 
2k 


hyziaW x (i-vyn h -» 


V 2 

y max 


RV 




(5.1.25) 


5.2. The Cauchy Problem 

Equations (5.1.8) for the velocity potential and (5.1.25) for the 
stream function are inhomogeneous non-linear second-order partial 
differential equations. The solutions of these equations 9 = cp (x, y) 
and ip = ij) (x, y) are depicted geometrically by integral surfaces in 
a space determined by the coordinate systems x , y, cp or x, y, ip. 
In these systems, the plane x, y is considered as the basic one and 
is called the physical plane or the plane of independent variables. 
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Fig. 5.2.1 

Initial curve AB\ the required 
function and its first deriva¬ 
tives with respect to x and y are 
known on it 



The Caucliy problem consists in finding sucli solutions in the 
vicinity of an initial curve y = y (x) satisfying the additional condi¬ 
tions set on this curve. The values of the required function cp ( x , y) 
or ip (x, y) and the first derivatives cp* (ip x ) or cp y are such addi¬ 
tional conditions. They are known as Cauchy’s initial conditions. 

From the geometric viewpoint, the Cauchy problem consists in 
finding an integral surface in the space x, y , ip (or x, y, ip) that 
passes through a preset spatial curve. It is just the projection of this 
curve onto the plane y , x that is the initial curve y — y (x) on this 
plane. The solution of the Cauchy problem as applied to the investi¬ 
gation of supersonic gas flows and the development of the correspond¬ 
ing method of characteristics are the results of work performed by 
the Soviet scientist, prof. F. Frankl. 

To consider the Cauchy problem, let us write Eqs. (5.1.8) and 
(5.1.25) in the general form 

Au + 2Bs + Ct + H = 0 (5.2.1) 


where u = cp xx (or ip xx ), s = cp*,, (or ip xy ), and t = y vy (or ^ yy ) are 
second partial derivatives, the values of A, B, and C equal the 
coefficients of the corresponding second partial derivatives, and 
the quantity H is determined by the free terms in Eqs. (5.1.8) and 
(5.1.25). 

We shall find a solution of Eq. (5.2.1) in the vicinity of the initial 
curve AB (Fig. 5.2.1) in the form of a series. At a point M ( x 0 , y 0 ) t 
the required function is 


00 

9 (*o. Uo) = 9 (*. y) + 2 — [( Aa: ) n 


d n <f 

dx n 


n=\ 


■f 4 « iA;+ ii vr i t 4 *^ ( 4 » ! ) 

(4 y)' •££-] 


X 


dx n ~ 2 dy 2 


(5.2.2) 
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where cp ( x , y) is the value of this function at the given point i\ {x, y} 
on the initial curve, Ax = x 0 — x , and A y = y 0 — y. The function 

may be used in (5.2.2) instead of cp. 

Series (5.2.2) yields the required solution if values of the functions 
cp (or ij)) and also their derivatives of any order exist on a given curve 
and are known. Since the first derivatives on this curve [we shall 
denote them by p — cp* (or cj)*) and q — <p y (or i|) y )] are given, our 
task consists in finding the second derivatives on it, and also deriva¬ 
tives of a higher order. Hence, the solution of the Cauchy problem 
is associated with finding of the conditions in which the higher deriva¬ 
tives on the given curve can be determined. We shall limit ourselves 
to determination of the second derivatives. Since these derivatives 
are three in number ( u , s, and t), we have to compile the same 
number of independent equations to find them. Equation (5.2.2), 
which is satisfied on the initial curve AB, is the first of them. The 
other two are obtained from the following known relations for the 
total differentials of the functions of two independent variables on 
this curve: 

dp — ( dpldx) dx + ( dpidy) dy = u dx — s dy 
dq = ( dqldx) dx + ( dq/dy) dy = s dx + t dy 

Hence, we can write the system of equations for determining the 
second derivatives in the form 

Au-\-2Bs-\ Ct -1 //= 0 'j 
dxu-\ dy s -f O’t — dp— 0 l (5.2.3) 

0 • u -f dx s -fi dy i — dq = 0 I 

This system of equations is solved for the unknowns u, s, and t 
with the aid of determinants. If we introduce the symbols A and 
A, ( , A s , A t for the principal and partial determinants, respectively, 
we have 

u = A u /A, s = A s /A, t = A,/A (5.2.4> 

where 



A 

2 B C 

-H 

2 B 

C ) 

A = 

dx 

dy 0 

; A „ =--- dp 

dy 

0 


0 

dx dy 

dq 

dx 

dy 


A 

-H C I I A 

2 B 

-H 


dx 

dp 1 

0 ; A, == dx 

dy 

dp j 


0 

dq dy | 0 

dx 

dq J 


It follows from these relations that if the principal determinant A 
does not equal zero on the initial curve AB, the second derivatives u, 
s, and t are calculated unambiguously. 
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Let us assume that the curve has been chosen so that the principal 
determinant on it is zero, i.e. A — 0. Hence 

A ( dy/dx) 2 — 2 B (dy/dx) + C = 0 (5.2.5) 

It is known from mathematics that when the principal determin¬ 
ant A of the system of equations (5.2.3) is zero on the curve given 
by Eq. (5.2.5), the second derivatives u , s, and t (5.2.4) are either 
determined ambiguously, or in general cannot be determined in terms 
■of cp, p , and q. 

Let ns consider quadratic equation (5.2.5). Solving it for the 
derivative dyldx, we obtain 

(dy/dx),, 2 = y’ u , = (1 /A) (. B ± V B* -AC) (5.2.6) 

This equation determines the slope of a tangent at each point of 
the initial curve on which the principal determinant A = 0. It is 
not difficult to see that (5.2.6) is a differential equation of two fam¬ 
ilies of real curves if B 2 — AC > 0. Such curves, at each point of 
which the principal determinant of system (5.2.3) is zero, are called 
characteristics, and Eq. (5.2.5) is called a characteristic one. 

From the above, there follows a condition in which the unambigu¬ 
ous determination of the second derivatives on the initial curve 
is possible: no arc element of this curve should coincide with the 
characteristics. The same condition A =^0 holds for the unam¬ 
biguous determination of the higher derivatives in series (5.2.2). 
Consequently, if A ^O, all the coefficients of series (5.2.2) are 
determined unambiguously according to the data on the initial 
curve. 

Consequently, the condition A =f=. 0 is necessary and sufficient to 
solve the Cauchy problem. This problem has a fundamental signi¬ 
ficance in the theory of partial differential equations, and formula 
(5.2.2) can be used to calculate the flow of a gas. But from the view¬ 
point of the physical applications, particularly of the calculation 
of supersonic gas flows, of greater interest is the problem of determin¬ 
ing the solution according to the characteristics, i.e. the method of 
characteristics. This method can be obtained from an analysis of the 
Cauchy problem and consists in the following. Let us assume that 
the initial curve AB coincides with one of the characteristics, and 
not only the principal determinant of the system (5.2.3) equals zero 
along it, but also the partial determinants A u = A s = A t = 0. It 
can be proved here that if, for example, the determinants A and A f 
equal zero, i.e. 

Ay'* - 2By' + C = 0 (5.2.5') 

A (y'q' - p') - 2 Bq' - H = 0 (5.2.7) 

where p' — dp/dx, q' = dq/dx, then the equality to zero of the other 
determinants is satisfied automatically. 
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According to the theory of systems of algebraic equations, the 
equality to zero of the principal and all the partial determinants 
signifies that solutions of system (5.2.3), although they are ambiguous, 
can exist. If one of the solutions, for example, that for u, is finite, 
then the solutions for s and t are also finite. 


5.3. Characteristics 


Compatibility Conditions 

Equations (5.2.5) and (5.2.7) determining the conditions in which 
solutions, although ambiguous, exist for u , s, and t are known as the 
compatibility conditions. Geometrically, the first of these equations 
represents two families of curves that are characteristics in the physi¬ 
cal plane x, y , and the second equation two families of curves that 
are characteristics in the plane p, q. 

Any solution of the problem on the supersonic flow of a gas found 
by solving equations of characteristics (or compatibility conditions) 
is a solution of the fundamental equation of gas dynamics (5.1.8) or 

(5.1.25) . The proof follows from what is known as the equivalence 
theorem, according to which the equations of characteristics (5.2.5) 
and (5.2.7) are equivalent to the fundamental equation (5.1.8) or 

(5.1.25) (a proof of this theorem is given in [15]). 

From the geometric viewpoint, the proved equivalence signifies that 
the solution of the equations of the characteristics also gives the 
image of a plane x, y on the plane p. q when points of the curves de¬ 
termined by differential equation (5.1.8) correspond to points of the 
curves determined by differential equation (5.1.25). 

Hence, a definite point on a characteristic in the plane p , q cor¬ 
responds to each point on a characteristic in the plane x , y. This 
correspondence can evidently be established in different ways depend¬ 
ing on the preset boundary conditions, and, as will be shown below, 
it is just this correspondence that makes it possible to use character¬ 
istics for calculating gas flows. 

Accordingly, a feature of characteristics is that the initial condi¬ 
tions cannot be set arbitrarily along them, while they can along a 
curve that is not a characteristic. 


Determination of Characteristics 

Kind of Characteristics. A close look at (5.2.6) reveals that the 
roots of quadratic characteristic equation (5.2.5) may be real (equal 
or not equal in magnitude) and also complex conjugate. The differ¬ 
ence between the roots is determined by the expression B 2 — AC = 
= 6. When § >-0. Eq. (5.2.5) gives two different families of real 
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characteristics; the value of 8 = 0 determines two identical roots, 
which corresponds to two coinciding families of characteristics, i.e. 
actually to one characteristic; when 6 •< 0, the roots of the equa¬ 
tion are a pair of imaginary characteristics. 

Since the roots of a characteristic equation depend on the coeffi¬ 
cients A, B, and C of differential equation (5.2.1), it is customary 
practice to establish the type of these equations depending on the 
kind of characteristics. When 8 >0, Eq. (5.2.1) is a hyperbolic one, 
when 8 = 0, a parabolic, and when 6 <C 0, an elliptic one. 

The coefficients A, B , and C in Eqs. (5.1.8) for the velocity poten¬ 
tial and (5.1.25) for the stream function are determined identically: 

A =V% — a 2 , B = V x V v , C = F* - a 2 (5.3.1) 

Consequently, 

8 = B 2 — AC = a 2 (V 2 — os) (5.3.2) 

where F = V V% + V* is the total velocity. 

Therefore, for the regions of a gas flow with supersonic velocities 
(F > a), hyperbolic equations are employed, and for regions of a 
flow with subsonic velocities (F < a), elliptic ones. At the boundary 
of these regions, the velocity equals that of sound (F = a), and 
the equations will be parabolic. 

Characteristics in a Physical Plane. Characteristics in the plane 
x, y are determined from the solution of the differential equation 
(5.2.6) in which the plus sign corresponds to the characteristics of 
the first family, and the minus sign to those of the second one. 

The quantity = dyldx directly calculated by expression (5.2.6) 
and the plus sign in this expression determine the angular coefficient 
of the characteristic of the first family, and k 2 = dyldx and the minus 
sign—that of the characteristic of the second family. Both these 
characteristics are customarily referred to as conjugate. With a view 
to expressions (5.3.1) and (5.3.2), we obtain the following expression 
for the characteristics in the plane x, y: 

= dyldx = [1/(F| - a 2 )] (V x V y ± aV F 2 - a 2 ) (5.3.3) 

The characteristics in the planex, y have a definite physical mean¬ 
ing that can be determined if we find the angle p between the veloc¬ 
ity vector V at a point A of the flow (Fig. 5.3.1) and the direction 
of the characteristic at this point. The angle is determined with the 
aid of Eq. (5.3.3) if we use the local system of coordinates x x , y-^ 
with its origin at point A and with the x^axis coinciding with the 
direction of the vector V. With such a choice of the coordinate axes, 
V x = F, V y = 0, and, consequently, 

^ 1,2 = tan p li2 = ± (IH 2 — l)- 1 / 2 
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Fig. 5.3.1 

To the explanation of the 
physical meaning of a character¬ 
istic: 

1 —direction of a characteristic of 
the first family at point A\ 2 —cha¬ 
racteristic of ihe first family with 
the angular coefficient 3 —direc¬ 

tion of a characteristic of the second 
family at point A\ 4 —characteristic 
of the second family with the angu¬ 
lar coefficient >. 2 



It thus follows that [t is the Mach angle. We have therefore estab¬ 
lished an important property of characteristics consisting in that at 
every point belonging to a characteristic, the angle between a tan¬ 
gent to it and the velocity vector at this point equals the Mach angle. 
Consequently, a characteristic is a line of weak disturbances (or a 
Mach line) having the shape of a curve in the general case. 

The definition of a characteristic as a Mach line has a direct 
application to a two-dimensional plane supersonic flow. If we have 
to do with a two-dimensional spatial (axisymmetric) supersonic 
flow, the Mach lines (characteristics) should be considered as the 
generatrices of a surface of revolution enveloping the Mach cones 
issuing from vertices at the points of disturbance (on the character¬ 
istics). A surface confining a certain region of disturbance is called 
a wave surface or three-dimensional Mach wave. 

We already know that pressure waves appear in a gas whose super¬ 
sonic flow is characterized by a growth in the pressure. But such a 
flow may be attended by lowering of the pressure, i.e. there will be 
a supersonic expanding flow, and the Mach lines will characterize 
expansion waves. The relevant characteristics, which in the general 
case are curved lines’ (for a plane flow) or surfaces formed by the ro¬ 
tation of these lines (for a spatial axisymmetric flow) coincide with 
these Mach lines. If a flow contains Mach lines (characteristics) in 
the form of straight lines, then simple expansion waves whose vel¬ 
ocity of propagation has one direction correspond to them. When 
Mach lines correspond to expansion waves, we call them lines of weak 
disturbances, using the terminology adopted for weak pressure waves. 
It must be remembered here that no other expansion waves except 
weak ones appear in an expanding supersonic flow, because other¬ 
wise we would have to assume the possibility of the formation of 
“strong” expansion waves (expansion shocks) which in real flow con¬ 
ditions cannot exist. 

If at a point of a physical plane the flow velocity and speed of sound 
are known, the above property of characteristics makes it possible 
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to determine their directions at this point by calculating the Mach 
angle by the formula p = ±sin _1 (1/M). We determine the angular 
coefficients of the characteristics in the coordinates x, y (Fig. 5.3.1) 
from the equation 

X U2 = dyidx — tan (fl + p) (5.3.4) 

where |3 is the angle of inclination of the velocity vector to the z-axis; 
the plus sign relates to the characteristic of the first family, and the 
minus sign to that of the second family. 

Equation (5.3.4) is a differential equation for the characteristics 
in a physical plane. 

Characteristics in the Plane p,q. If we substitute for y' in Eq. (5.2.7) 
the first root of the characteristic equation (5.2.5) equal to y’ = 7^, 
the equation obtained, namely, 

A (V/ - P) ~ 2 Bq’ - H = 0 (5.3.5) 

is the first family of characteristics in the plane p, q. A similar sub¬ 
stitution for y' of the second root y' = X 2 yields an equation for the 
second family of characteristics in the same plane: 

A (Kq’ ~ P) - 2 Bq’ — H — 0 (5.3.6) 

Equations (5.3.5) and (5.3.6) for the characteristics can be trans¬ 
formed by using the property of the roots of quadratic equation 

(5.2.5) according to which 

A,, + X 2 = 2 B/A (5.3.7) 

By considering the first family of characteristics and by introduc¬ 
ing the relation A h I — 2B = —h 2 A obtained from (5.3.7) into 

(5.3.5) , we compile the equation 

A (h 2 q r + p') + H = 0 (5.3.8) 

Similarly, for a characteristic of the second family, we have 

A (Kq' + P') + H = 0 (5.3.9) 

With a view to expression (5.3.4), Eqs. (5.3.8) and (5.3.9) can be 
written in the form 

■£+tan @ T >.).£- +-2- = 0 (5.3.10) 

where the minus sign relates to characteristics of the first family, 
and the plus sign to those of the second one. Equation (5.3.10) de¬ 
termines the conjugated characteristics in the plane p, q. 




Ch. 5. Method of Characteristics 


213 


Orthogonality of Characteristics 

If we replace the differentials in the equations for the character¬ 
istics with finite differences, the equations obtained will be ones 
of straight lines in the corresponding planes x, y and p , q. 

Let us consider the equations, particularly, for the characteristics 
of the first family in the plane x, y and of the second family in the 
plane p, q. It follows from (5.3.4) that for an element of a character¬ 
istic—a straight line in the plane x, y —the equation has the form 

y — yn = (x — .To) (5.3.4') 

where x n , y 0 are the coordinates of a fixed point, ^ is an angular 
coefficient calculated from the parameters of the gas at this point, 
and x, y are the running coordinates. 

Let us compile an equation for an element of a characteristic of 
the second family in the plane p, q in accordance with (5.3.9): 

(l — ?o) + -A (p — Pn) T~ H (x — x 0 ) — 0 (5.3.9 ) 

where p 0 , q {) are the values of the functions p and q at point x 0 , y o 
of the physical plane, the angular coefficient and also the values 
of A and H are calculated according to the parameters of the gas at 
this point, and p and q are running coordinates. 

Examination of Eqs. (5.3.4') and (5.3.9') reveals that the incli¬ 
nation of a straight line in the plane x, y is determined by the angu¬ 
lar coefficient and in the plane p, q by the angular coefficient 
—1 A, x . It can be proved similarly that an element of a characteristic 
of the second family in the plane x, y has the angular coefficient 
and an element of a characteristic of the first family in the plane p, 
q —the angular coefficient —1A, 2 . It thus follows that the character¬ 
istics of different families in the two planes are perpendicular to each 
other. 

This property makes it possible to determine the direction of the 
characteristics in the plane p , q if the direction of the conjugate 
characteristics in the physical plane is known. Assume that for a 
point P (:r 0 , J/o) °f tli e plane x , y we know the velocity components 
V x0 , V y0 and the values of the functions p 0 , q 0 . We can determine the 
directions of the Mach lines at this point (Fig. 5.3.2) by (5.3.4'). To 
an element of characteristic PN of the first family in the plane x, y 
there corresponds an element of a characteristic of the second fam¬ 
ily—a straight line in the plane p, q set by Eq. (5.3.9'). This line is 
perpendicular to line PN, but does not pass through point P' with 
the coordinates p n , <? 0 > which is indicated by the presence of a free 
term in Eq. (5.3.9'). Consequently, to construct an element of a 
characteristic according to the rules of analytic geometry, we must 
first determine the distance 8 t to it from point P'. A characteristic 
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Fig. 5 . 3.2 

Property of orthogonality of 
characteristics 



of the first family is constructed in a similar way in the plane p , q 
perpendicular to straight line PM and at a distance of 6 2 from point 
P' (Fig. 5.3.2). 

The property of orthogonality of characteristics belonging to 
different families manifests itself in the case of a potential flow for 
the planes x , y and V x , V y (the hodograph plane), and also in the 
case of a vortex flow, for which the plane p , q is replaced with the 
same hodograph plane V x , V y . 

Transformation of the Equations 
for Characteristics in a Hodograph 

Let us transform Eq. (5.3.10) to a form such that it will determine 
the characteristics in a hodograph where the velocity components 
V x , V v are the coordinates or independent variables. For this purpose, 
by differentiating expressions (5.1.9) with respect to x, we calculate 
the derivatives dp/dx and dqldx\ 

-§-=■£(-§?■) = - w 

_ yZ JLl. (1 _y : 2)i/(''-l) 

+ T= T V y (\-V z ) l P k -»- i V (5.3.11) 

X (l — V z )V( h -»—-j^V x (i — V z )VV-i)-iv^L (5.3.12) 

f£ “ 1 



Ch. 5. Method of Characteristics 


215 


A. glance at Eq. (5.1.25) reveals that 

H = et/ E - 1 « 2 F*(l —F 2 ) 1 /^-!) - 

V' 2 — jc 

X — (1 _ F 2 )' 1 /(*-!) ye (a 2 — F 2 )- 




dre 


fc-l 
2 k 

A 


(5.3.13) 


VI-a* 


After introducing (5.3.11)-(5.3.13) into (5.3.10) and replacing the 
quantities dyldx with the angular coefficients ^ 2 of the character¬ 
istics, and the functions tan (p + p) with the corresponding values 
of ^ 2 . 1 , we obtain 

ei/ 8 * ^j.o (1 -F 2 )‘/< ft -*) (V x l, A - V„) + y* (1 — "F 2 )i/( h ~i) 


x 1 “ —;-t 


fj- 

F’nax 


^!_(1 _F 2 )i/( ft -D-‘F -g-(F„- V X K A ) 

k — 1 
2k 


RV 


— [et/ 8-1 a 2 Fa; (1 - F 2 ) 1 /^-!) - 

(1 — v 2 ) h/(h ~ 1 '> y * (a 2 — F 2 ) =0 


After cancelling quantities where possible and introducing the di¬ 
mensionless variables 

Vx = F,/F max , V y = F,/F max , F = F/F max , F/a - M 
we can write this equation in the form 


y ll ' 2 ' 


21 ' 




_ Eg-Fx^.! 

*>•—1 1 —V 2 

A: —1 1 


dV 

dx 


E 

7’f 


dx 

Ft 


V'xia 2 


M z — \ 


--1_. a __ f 2 ) —-i_. — o 

2k fty ' 1 — V% /a 2 dn 


(5.3.14) 


By introducing the polar angle p, we obtain the following expres¬ 
sions for the projections of the velocity vector: 

V x = V cos p, V y = V sin p (5.3.15) 

Let us differentiate these expressions with respect to x : 

dVJdx — ( dV/dx ) cos (3 — V sin |3 df>/dx 


dV u /dx 


(dV/dx) sin (3 -j- F cos |3 dp/dr 


(5.3.16) 


Introducing (5.3.15) and (5.3.16) into (5.3.14) and taking into 
account that tan 2 p = (M 2 — 1) _1 and sin 2 p = M- 2 , we have 

dV I 2f 3 Sin ft — /■!,. cosp 
lx { k—i ' 1 — V 2 


-p l 2il cos p — sin p j 
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— (^ 2.1 s i n P + cos P) + ~ V [^ 1>2 (^ 2ll cos p — sin P) 

cos P "I _ k—l _ 1 ,,_f 7 2 . _ cot 2 p _ dS _^ 

1 —cos 2 P/sin 2 pj 2k py ' 1 — cos 2 P/sin 2 p dn 

Having in view that [(& — l)/2] (1 — F 2 /Fm ax ) = a 2 /F^ ax = 
= F 2 sin 2 p, we find 


rfF ,g (^ 2.1 sin fi + cos P) tan 2 p 
V 1 ^ ^- 2.1 cos P—sin p 



[>.» 


sin 2 p cos 


, cos 6— sin 8i (sin 2 


tan2 1 


dx sin 4 p dS 

kR (sin 2 p — cos 2 p) (A. 2i1 cos p—sin B) dn 


(5.3.17) 


Performing the substitutions ^ 2 ,! — tan (fl + p) and ^ 1?2 = 
= tan (P ± p), we transform the individual expressions contained 
in (5.3.17) to the following form: 


X 2 ,i sin p + cos p _ 1 

it a>1 cos p — sin p =F tan p 

« _ sin 2 p cos P _ _ sin P cos p 

1,2 (A, 8i1 cos P—sin P) (sin 2 p —cos 2 P) cos(P±p) 

_ sin 4 p __ sin 3 p 

(sin 2 p —cos 2 P) (X 2il cos P — sin P) — ^cos (P ± p) 


(5.3.18) 

(5.3.19) 

(5.3.20) 


With a view to (5.3.18)-(5.3.20), Eq. (5.3.17) for the character¬ 
istics of the first and second families, respectively, acquire the form 


dV 

V 


tan p d$ - 



sin p sin P tan p 
cos(P + p) 


dV 

V 


dx sin 3 p 

+ IF ' cos(P + p) 

+ tan p d$ — e • 
‘ " y 

dx sin 3 p 

kR cos (P—p) 


•-SH 0 ( 5 - 3 - 21 > 

sin p sin P tan p 
cos (p — p) 

_._^L = 0 (5.3.22) 


The entropy gradient dS/dn can be calculated according to the 
value of the derivative of the stagnation pressure dp'Jdn. For this pur¬ 
pose, we shall use relations (4.3.6) and (4.3.20) from which we obtain 
the following formula for the difference of the entropies: 

S 2 -S, = -c v (k - 1) In (p'Jp 0 ) (5.3.23) 


Since c v (k — 1) = R, then by calculating the derivative with 
respect to n and designating dS-Jdri by dS/dn, we find 

J_ _dS__ _1_ dp' 0 

Pg dn 


R dn 


(5.3.24) 
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For our further transformations, we shall introduce the new va¬ 
riable yj 

v 

( cot [x(5.3.25) 


(0 


that is an angle. We shall express the ratio dVlV in the form dX/X. 
(X — Via *), and cot p with the aid of (3.6.23) in the form 


cot p = /d/ 2 - 1 = j/(X 2 - 1)/ (1 —^ 2 ) (5.3.26). 


Consequently, 

x _ 

® = j l/V-l)/(' 


k—i 
k + 2 


w- 


? -) 


d}, 

A 


(5.3.27> 


Integration of (5.3.27) yields 


t0 = 


* 1 A:-|-1 


X 2 


— tan 1 


V~ 


>. 2-1 


k— 1 
k+ 1 


l 2 


(5.3.28> 


Having in view that X lliax = Vm as /a* = Y {k + l)/(Ar — 1), we ob¬ 
tain 


0 ) = 


V T=T tairl V 


X 2 -l 

^max 


tan 


/ A -+1 _. 

V k — 1 


A 2 —! 


X 2 —X 2 

71 max 71 


(5.3.29)' 


Substituting M for X in (5.3.28) in accordance with (5.3.26), we have 


<0= l/-5=f tairl V (5.3.30> 

Examination of Eqs. (5.3.29) and (5.3.30) reveals that the angle to 
is a function only of the number X (or M), and, consequently, it can 
be evaluated beforehand, which facilitates calculations of supersonic 
gas flows by the method of characteristics. 

The values of to for various numbers M at k — 1.4 are contained in 
Table 5.3.1, which also gives the angles of inclination of the distur¬ 
bance line calculated by the formula p — sin- 1 (l/M). 
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Table 5.3.1 


M 

to, deg 

n, deg 

D 


H, deg 

M 

co, deg 

|X, deg 

1.00 

0.000 

90.000 

4.00 

65.785 

14.478 

7.00 

90.973 

8.213 

1.10 

1.336 

65.38) 

4.10 

67.082 

14.117 

7.10 

91.491 

8.097 

1.20 

3.558 

56.443 

4.20 

68.333 

13.774 

7.20 

91.997 

7.984 

1.30 

6.170 

50.285 

4.30 

69.541 

13.448 

7.30 

92.490 

7.873 

1.40 

8.987 

45.585 

4.40 

70.706 

13.137 

7.40 

92.970 

7.776 

1.50 

11.9C5 

41.810 

4.50 

71.832 

12.814 

7.50 

93.440 

7.662 

1.60 

14.861 

38.682 

4.60 

72.919 

12.556 

7.60 

93.898 

7.561 

1.70 

17.810 

36.032 

4.70 

73.970 

12.284 

7.70 

94.345 

7.462 

1.80 

20.725 

33.749 

4.80 

74.986 

12.025 

7.80 

94.781 

7.366 

1.90 

23.586 

31.757 

4.90 

75.969 

11.776 

7.90 

95.208 

7.272 

:2.00 

26.380 

30.000 

5.00 

76.920 

11.537 

8.00 

95.625 

7.181 

2.10 

29.097 

28.437 

5.10 

77.841 

11.308 

8.20 

96.430 

7.005 

2.20 

31.732 

27.036 

5.20 

78.732 

11.087 

8.40 

97.200 

6.837 

2.30 

34.283 

25.771 

5.30 

79.596 

10.876 

8.60 

97.936 

6.677 

2.40 

36.746 

24.624 

5.40 

80.433 

10.672 

8.80 

98.642 

6.525 

2.50 

39.124 

23.578 

5.50 

81.245 

10.476 

9.00 

99.318 

6.379 

2.60 

41.415 

22.620 

5.60 

82.032 

10.287 

9.20 

99.967 

6.240 

2.70 

43.621 

21.738 

5.70 

82.796 

10.104 

9.40 

100.589 

6.107 

2.80 

45.746 

20.925 

5.80 

83.537 

9.928 

9.60 

101.188 

5.979 

2.90 

47.790 

20.171 

5.90 

84.256 

9.758 

9.80 

101.763 

5.857 

3.00 

49.757 

19.471 

6.00 

84.955 

9.594 

10.00 

102.316 

5.739 

3.10 

51.650 

18.819 

6.10 

85.635 

9.435 

10.20 

102.849 

5.626 

3.20 

53.470 

18.210 

6.20 

86.296 

9.282 

10.40 

103.362 

5.518 

3.30 

55.222 

17.640 

6.30 

86.937 

9.133 

10.60 

103.857 

5.413 

3.40 

56.907 

17.1C5 

6.40 

87.561 

8.989 

10.80 

104.335 

5.313 

3.50 

58.530 

16.602 

6.50 

88.168 

8.850 

11.00 

104.796 

5.216 

3.60 

60.091 

16.128 

6.60 

88.759 

8.715 

11.20 

105.241 

5.133 

3.70 

61.595 

15.68.) 

6.70 

89.335 

8.584 

11.40 

105.671 

5.032 

3.80 

63.044 

15.258 

6.80 

89.895 

8.457 

11.60 

106.087 

4.945 

3.90 

64.440 

14.857 

6.90 

90.441 

8.333 

11.80 

12.00 

106.489 

106.879 

4.861 

4.780 


Introducing the angle w into (5.3.21) and (5.3.22), we obtain the 
following equation for the characteristics: 


d(w-l-P) — e~ 


sin p sin p 
C'JS (P 4: jx) =t 


dx 

Tit 


sin 2 (x cos fx dS _ q 

cos (P ± fx) dn 

(5.3.31) 


Equation (5.3.31) corresponds to the most general case of super¬ 
sonic two-dimensional (plane or spatial) vortex (non-isentropic) 
flow of a gas. 
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Equations tor Characteristics 
in a Hodograph for Particular 
Cases of Gas Flow 

The form of Eq. (5.2.5) for characteristics in a physical plane is 
the same for all cases of gas flow if the latter is supersonic and two- 
dimensional. But in a hodograph. the equations for the character¬ 
istics differ and depend on the kind of flow. 

If a two-dimensional flow is vortex-free, then according to (5.1.23) 
at all points of space occupied by the gas, the entropy is constant 
(dS/dn — 0), and, therefore, the equation for the characteristics 
acquires a simpler form: 


d (to -t- P) — e- 


sin (5 sin p 
cos (P ± p) 


For a plane non-isentropic flow (e = 0), we have 

, , , dx sin 2 it cos a dS n 

d (0) -t- P) ± -T5-7p , -V • -3— =•- 0 

v 1 ' kR cos (P ± [i) dn 


(5.3.32) 


(5.3.33) 


In the simplest case of a plane vortex-free flow ( dS!dn — 0), we 
have 

d (to =f P) = 0 (5.3.34) 

Integration of (5.3.34) yields p = ± to -j- const. Introducing iixed 
values of the angles p t and p 2 instead of the constant, where pi cor¬ 
responds to the plus sign of to, and p 2 to the minus sign, we find an 
equation for the characteristics in the form 


P = ± to + p lj2 

Introducing instead of to relation (5.3.29), we obtain 


(5.3.35) 


$=±(V w 




/■ k -)— 1 


i'max 


ys )+Pl.2 


(5.3.36) 


Hence, unlike Eq. (5.2.5) for characteristics in a physical plane 
and Eqs. (5.3.31), (5.3.32) or (5.3.33) for characteristics in a hodo¬ 
graph in a differential form, the corresponding equation (5.3.36) 
for the characteristics of a plane isentropic flow has an explicit form. 
Geometrically, this equation defines two families of curves—char¬ 
acteristics in a ring whose inner radius is X = 1 and whose outer 
one is = [(k -+- 1 )/(k — l)! 1 / 2 (Fig. 5.3.3). The integration 

constant (i, and the plus sign in front of the function co (k) corre¬ 
spond to a characteristic of the first family, while the constant p 2 
and the minus sign, to the second one. These curves are epicycloids 
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Fig. 5.3.3 

Epicycloids—characteristics of 
a plane supersonic flow: 

1 — characteristic of the first family; 

2— characteristic of the second fa¬ 
mily 



and can be obtained as the path of a point on a circle of radius 
0.5 (^ max — 1) travelling along the inner (or outer) circle of the 
ring (Fig. 5.3.3). The angle |3 of inclination of the velocity vector 
and the speed ratio k are the polar coordinates of points on an epi¬ 
cycloid. 

By analysing a graph depicting a network of epicycloids, we can 
conclude that angles |J larger in their magnitude, i.e. a more con¬ 
siderable deflection of the flow from its initial direction, correspond to 
an increase in the velocity due to expansion of the flow. A smaller 
deflection of the flow is observed at lower velocities. 

The angle of inclination of the velocity vector is determined di¬ 
rectly by the angle <o whose physical meaning can be established 
from (5.3.35). Assume that the integration constants p 1>2 = 0. This 
signifies that expansion of the flow begins when |5 = 0 and M = 1. 
In accordance with this, the quantity = ±to (M) is the angle of 
deflection of the flow upon its isentropic expansion from the point 
where M — 1 to a state characterized by an arbitrary number M > 1 
equal to the upper limit when evaluating integral (5.3.27). 

Hence, there is a difference between the angle of deflection of a 
flow with the number M >» 1 from a certain initial direction and the 
angle |3 — ±to determining the complete turning of the flow upon 
its expansion from a state characterized by the number M ■■= 1. 

The angle of flow deflection in an arbitrary cross section can be 
determined as follows. Let ns assume that we know the initial num¬ 
ber My > 1 which as a result of expansion of the flow increases and 
reaches the value M 2 > My. The angles icq and co 2 of deflection of the 
flow from its direction at a point with the number M = 1 correspond 
to the numbers My and M 2 . The angles icq and co 2 can be determined 
graphically with the aid of an epicycloid from expression (5.3.30) or 
Table 5.3.1. We use their values to find the angle of inclination of 
the velocity vectors. Considering, particularly, a characteristic of 
the first family, we obtain = ©j (My) and |3 2 •= co 2 (M 2 ). Conse- 
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quently, the angle of deflection from the initial direction is 

A[1 = p 2 - Pi = o) 2 (M 2 ) - o)! (My) (5.3.37) 

The calculations can be performed in the opposite sequence, deter¬ 
mining the local number M 2 according to the known angle Aft of 
deflection of the flow and the initial number My. For this purpose, 
from (5.3.37) (in the given example we also consider a characteristic 
of the first family), we find 


cd 2 (M 2 ) = Ap + o)! (My) (5.3.38) 


We find the corresponding values of k 2 or M 2 from Fig. 5.3.3 or 
Table 5.3.1 according to the value of co 2 . 

Of interest is the calculation of the ultimate flow angle or the 
angle of deflection of the flow needed to obtain the maximum velocity 
F max . Assume that deviation begins from the initial number M = 1. 
In tins case, we find the ultimate flow angle by formula (5.3.30) in 
which we must adopt a value of M corresponding to F mas equal to 
infinity: 

“max = (n/2) [/(*+!)/(*-1)-1] (5.3.39) 


for k = 1.4, the value of co ma;< — 0.726 ji = 130.4(5°. 

Consequently, a supersonic flowcannot turn through an angle larg¬ 
er than co max , and theoretically part of space remains unfilled with 
the gas. 

If the initial number M from which the deflection begins is larger 
than unity, the angle of this deflection measured from the direction 
at M = 1 will be co (M), while the ultimate flow angle corresponding 
to this number is 

Pruax = “max - “ W = («/2) [/(A -F !)/(*-1)-1] - “ (M) (5.3.40) 


for k = 1.4, the angle |J max = 130.46° — co (M). 

For hypersonic velocities, the calculation of the function co and, 
consequently, of the angles of deflection is simplified. Indeed, for 
M 1, the terms in (5.3.30) can be represented in tbe following form 
with an accuracy within quantities of a higher order of infinitesimal: 



fc-j-1 
k — 1 


tan 1 



k — 1 
k-{-1 


(M 2 - 1 )« 



k- j-1 
k —1 




]/±tl 
V k— 1 


) 


Accordingly, 


tan -1 ]/M 2 —l n/2— 1/M. 



V^ir 1 


t 


') 


2 

k— 1 


_ 1 _ 

IF 


(5.3.41) 


The formula corresponding to (5.3.37) acquires the form 

AP«iW, = -F L r(T?7“w) (iT3f > 
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All the above relations have been found for a perfect gas. At very 
low pressures, however, a gas is no longer perfect. This is why the 
calculated ultimate flow angles are not realized and have only a theo¬ 
retical significance. 


5.4. Outline of Solution 

of Gas-Dynamic Problems 
According to the Method 
of Characteristics 

The determination of the parameters of a disturbed supersonic 
flow is associated with the solution of a system of equations for the 
characteristics in a physical plane and in a hodograph if the initial 
conditions in some way or other are set in the form of Cauchy’s con¬ 
ditions. In the general case of a two-dimensional non-isentropic flow, 
this system has the form: 
for characteristics of the first family 

dy — dx tan (P -p p) (5.4.1) 

d (at — p) — e (dx/y) l + ( dx/kR) (dSIdn) c = 0 (5.4.2) 

for characteristics of the second family 

dy = dx tan (P — p) (5.4.3) 

d (co + P) — e (dx/y) m — (dx/kR) (dS/dn) t — 0 (5.4.4) 

where the coefficients are 

l = sin (1 sin p/cos ((1 + p), c = sin 2 u cos p/cos (P + p) 

(5.4.5) 

m = sin p sin p/cos (P — p), t = sin 2 p cos p/cos (P — p) (5.4.6) 
For a two-dimensional isentropic flow, we have 

dS/dn = 0 (5.4.7) 

therefore the system of equations is simplified: 
for characteristics of the first family 

dy = dx tan (P + p); d (« — P) — e (dx/y) l = 0 (5.4.8) 

for characteristics of the second family 

dy = dx tan (P — p); d (to -f- P) — e (dx/y) m = 0 (5.4.9) 

For a plane flow, we assume that e = 0 in the equations, for a 
spatial axisymmetric flow, 8 = 1, and we introduce r instead oiy. 

A solution according to the method of characteristics of any prob¬ 
lem on the flow over a body consists of the solution of three partic¬ 
ular problems. 
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{*) (t) 



Fig. S.4.1 

Calculation of the velocity at the intersection point of two characteristics of 
different families: 

o—physical plane: b —plane of hodograph 


The first problem is associated with the determination of the 
velocity and other parameters at the point of intersection of charac¬ 
teristics of different families issuing from two close points. 

Assume that we are determining the parameters at point C (veloc¬ 
ity V c , number M c , flow deflection angle p c , entropy S c , etc.) at 
the intersection of elements of characteristics of the first and second 
families drawn from points A and B (Fig. 5.4.1a). At these points,, 
which are on different streamlines, we know the velocities V A , V B , 
and other parameters, including the entropies S A and S B . 

All the calculations are based on the use of Eqs. (5.4.1)-(5.4.4) for 
the characteristics, which in finite differences have the form: 
for the first family 

A y B — Ax b tan (P B + Pb) (5.4.10) 

A(o b — A|f B — e (A.r B /!/ B ) l B + (A x B !kR) (AA7A«) c B — 0 (5.4.11). 
for the second family 

Ai/ a = A.r A tan (P A — u A ) (5.4.12) 


Aco a -f- A(4 a — e (Aj a /i/ a ) m A — (A.r \!kR) (A»S7An)Z A — 
wh ere 

Az/b — He — y~Bi Aa' B = Xq — d'u, Aco b = ®c — co B , 

A(1 b = Pc — Pb 

Az/ a •= ijc — //Ai Aa: A = x c — x A . Ao> a = co c — w A , 

A( 1 a = Pc — Pa 


0 (5.4.13) 


A 


f (5.4.14) 
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l B :: sin p B sin p B /cos (p B + Pb) 
c B — sin 2 p B cos p B /cos (|1 B + p B ) 
m A = sin p A sin p A /cos (P A — p A ) 
t A — sin 2 p A cos p A /cos (p A — p A ) 


I (5.4.15) 


Equations (5.4.10)-(5.4.13) were derived assuming that the coeffi¬ 
cients Z, m , c, and t remain constant upon motion along characteristic 
elements BC and AC and equal their values at the initial points B 
and A. 

The change in the entropy per unit length of a normal A»S7A« is 
calculated as follows. It is shown in Fig. 5.4.1a that the distance 
between points B and A is 

A n ^ (AC) sin p A + (BC) sin p B 


where 

AC — (x c — x A )/cos (p A — p A ), BC = (:r c — .r B )/cos (p B — Pb) 


Introducing the notation 

e = (x c — x A ) sin p A cos (P B + Pb), / = (^c — ^b) sin p B cos X 

X (P A — p A ) 

we obtain 

AS/An = (S A — S B ) cos (p B + p B ) cos (P A — p A )/(/ + e) (5.4.16) 
The entropy at point C is determined from the relation 


S c = AS B + S B = -g-(5C)sin Pb + S B = + S B (5.4.17) 

The entropy gradient may be replaced with the stagnation pressure 
gradient in accordance with (5.3.24): 

1 AS _ _i_ Ap' 0 _ _ (Pq,a-Po,b) cos (Pb + Pb) cos (Pa —pa) 

R ' An ~ p' 0 ' An ~~ (/ + e )Po,B 

(5.4.18) 

The stagnation pressure at point C is 

Po, C — (p'o, A — Po, b) //(/ + e ) + p'o, B (5.4.19) 

To find the coordinates x c and y c of point C, we have to solve the 
simultaneous equations (5.4.10) and (5.4.12) for the elements of the 
characteristics in a physical plane: 

Pc — Pb = (x c ~ x B ) tan (p B -f p B ); 

Pc — Pa = (x c ~ x A ) tan (P A — p A ) 

A graphical solution of these equations is shown in Fig. 5.4.1a. 

We use the found value of x c to determine the differences Az B — 
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= x c — and A,r A = x c — x A in Eqs. (5.4.11) and (5.4.13). 
The increments Ato B , A<o a , A(A b , and A|A a are the unknowns in these 
equations, but the latter are only two in number. The number of 
unknowns can be reduced to two in accordance with the number of 
equations in the system. For this purpose, we compile the obvious 
relations 

Aco a = (o c — co A = Aco b + co B — (o A 1 
AfU = p B - p A = Ap B + p B - p A J (O - 4 ' 20) 

With account taken of these relations, Eq. (5.4.13) is transformed 
as follows: 

Aco b -p o) B — to A -f Ap B + p B — Pa — e m A — • ~ t A = 0 

(5.4.21) 

By solving this equation simultaneously with (5.4.11) for the 
variable A[i B , we obtain 

A Pb =T [tr ■ IJT < a * a * a + AxbCb ) + e (■7T mA 

_ ^ ZB ) _((0B_ “ A)_(fe ~ PA) ] (5 - 4 - 22) 

We use the found value of A(3 B to evaluate the increment of the 
function « by (5.4.11): 

A» B = A|) B + e^a.;B-4a.^. CB <5.4.23) 

Now we can calculate the angles for point C: 

Pc = A|A b -j- p B ; o) c = Ato B to B (5.4.24) 

According to the found value of ® c , we determine the number M c 
and the Mach angle p c at point C from Table 5.3.1. 

A graphical solution of the system of equations for characteristics 
in a holograph as a result of which the angle |3 C and the number 

(M c ) are determined is shown in Fig. 5.4.16, where B'C' and A'C' 
are elements of the characteristics of the first and second families 
corresponding to elements of the conjugate characteristics BC and 
AC in a physical plane. The found number M c (or X c ) when neces¬ 
sary can be used to determine parameters such as the pressure, den¬ 
sity, and temperature. 

The calculated parameters can he determined more precisely if 
we substitute for l B , m A , c B , and t A in Eqs. (5.4.10)-(5.4.13) the 
quantities obtained from the values of the angles |3 and p that are 
the average between the ones set at points A and B, and those found 

1 5-01715 
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Fig. 5.4.2 

Calculation of the velocity at the intersection point of a characteristic with 
a surface in a flow: 

a —physical plane; b —plane of hodograph 


at point C in the first approximation, i.e. from the values: 
Pa' = (Pa + PcV 2 , Pb’ = (Pb + Pc)/2 

Pk 2) = (Pa + Pc)/2> PS 2) = (Pb + Pc)/2 


(5.4.25) 


We find the more precise coordinates x c and yc of point C from 
the equations 

Ay B =Ax B tan ([3b 2 ' + pb 2 ’); 4 

Ay a = Ax a tan (pjf* - pk 2> ) ( ’ 

The second problem consists in calculating the velocity at the 
point of intersection of a characteristic with a surface in a flow. 
Assume that point B is located at the intersection with linear ele¬ 
ment DB of a characteristic of the second family drawn from point D 
near a surface (Fig. 5.4.2). The velocity at this point (both its mag¬ 
nitude and direction), the entropy, and the coordinates of the point 
are known. 

The velocity at point B is determined directly with the aid of 
Eq. (5.4.4) for a characteristic of the second family. If we relate this 
equation to the conditions along characteristic element DB and 
express it in finite differences, we have 


Aco d 

where 


-A|3 D + e (A x B /y D ) m D — (A x D /kR) (AS/An) t 0 (5.4.27) 


Awd = oib oiq, A|3 d = (3 b — Pd’ ^ x t> 
m D = sin |3 d sin p D /cos (|3 D — p D ) 
t D = sin 2 p D cos p D /cos (f3 D — ^ D ) 


= ^B 


(5.4.28) 
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AS/An = (5b — 5p) cos ((Jp — PdV^d — Ub) sin ( 1 d 
or 

AS _ R A Po __ R (Pq, b~Pq, d) cos (Pd—M 

An p' Q D An p'o D ( x D — x b) sin po 

(5.4.29) 

The coordinates and y B of point B are determined by the si¬ 
multaneous solution of the equation for a characteristic of the second 
family and the equation of the wall contour: 

Ub — IJD = (*b — *d) tan (0 D — p D ); y B = / (x D ) (5.4.30) 

A graphical solution of these equations is shown in Fig. 5.4.2a. 
We use the found coordinates x B and y B to evaluate the angle 
p B from the equation 

tan (i B = ( dy/dx) B (5.4.31) 

The entropy 5 B (or the stagnation pressure p' n<B ) at point B is 
considered to be a known quantity and equal to its value on the 
streamline coinciding with a tangent to the surface. The entropy is 
considered to be constant along an element of the tangent. 

Upon calculating the increment Aco D by (5.4.27), we can find 
the angle co B = Acd d + co D , and then determine the number M B 
from Table 5.3.1. How the velocity at point B is determined is shown 
graphically in Fig. 5.4.26, where element D’B’ of a characteristic 
of the second family in a hodograph corresponds to an element of a 
characteristic of the same family in a physical plane. 

The third problem consists in calculating the velocity at the 
intersection of the characteristics with a shock and in determining 
the change in the inclination of the shock at this point. Since a char¬ 
acteristic in its nature is a line of weak disturbances, this intersec¬ 
tion physically corresponds to the interaction of a weak wave with 
a compression shock. Assume that closely arranged expansion waves, 
which characteristics of the first family correspond to, fall at 
points J and H on compression shock TV of a preset shape y = / (,r) 
(Fig. 5.4.3a). As a result, the strength diminishes, as does the incli¬ 
nation angle of the shock. Since points J and H are sources of distur¬ 
bances, expansion waves appear, and characteristics of the second 
family can be drawn through these points. One of such character¬ 
istics, passing through point /, intersects the neighbouring conju¬ 
gate characteristic at point F called the nodal point of the charac¬ 
teristics. 

To determine the change in the inclination of the shock and in 
the velocity behind it, one must use the properties of the character¬ 
istics JF and FH passing through nodal point F , and also the rela¬ 
tions for calculating a compression shock. Since length JH of the 
shock is small, this section may be assumed to be linear. The angle 
of inclination of the shock on this section and the corresponding pa¬ 


is* 
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Fig. 5.4.3 

Calculation of the velocity at the intersection of characteristics with a shock: 
a —physical plane; b —plane of hodograph; l —characteristics oi the first family; 2 — 
characteristics of the second family 


rameters of the gas are approximately equal to their values at inter¬ 
section point H of element FH of a first family characteristic with 
the shock. 

One of the unknown parameters is the angle of inclination Ph of 
the velocity vector at this point, which can be written as Ph = 
= Ap F + |j F , where Ap F = [in — p F , and |i F is the known angle 
of inclination of the velocity vector at point F. To evaluate the 
second unknown (the number M H at the same point) we shall use 
the formula 

M h = Mj + (dflf/dp)jAp JH (5.4.32) 

in which (dM/dfi )j is a derivative calculated with the aid of the rele¬ 
vant expressions for a compression shock according to the known 
parameters at point /, and the quantity A|i JH determined by the 
change in the angle (i along a shock element equals the difference 
Ph — Pj- We may assume that this quantity approximately equals 
the change in the angle p along the element FH of a characteristic 
of the first family Ap FH = Ap F = p H — P F - 

The derivative dM/dfi is evaluated as a result of differentiation 

of (4.3.19'): 

J W= J W= -^[cue.-p.) 1) 

< 5A33 > 

We shall calculate the derivative d (p 2 /pi)/^Ps on the right-hand 
side by differentiating (4.3.13): 



2 cot 6, (1 — 6 -£ 2 - 
v Pi 


Pi d\i s 


(5.4.34) 
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We determine the derivative dQjd$ s as follows. We differentiate 
(4.3.24): 


d 

f Jk.) 

i —. _Ea_, 

f d0 s 

f 1 

1 

dps 

\ Pi / 

Pi 

l dps 

_ sin 0 S cos 0 S 

sin (0 5 —p s ) cos (0 S —Ps) 


sin (0 P — P s ) cos (0c —P s ) 


This relation can be transformed somewhat by using (4.3.24): 


d /_P2_ \ _ _P2_1_ 

dps ' Pi / Pi tanO s cos 2 (0 S —p s ) 

, f dd„ r cos 2 (0s Ps) _Pal , p 2 1 

\ dps L cos 2 0 s pi J ' pi / 


(5.4.35) 


Equating the right-hand sides of (5.4.34) and (5.4.35) and solving 
the equation obtained for the derivative dQ s /d^, we obtain: 


lr=yr[ 2cM!<e *-w( 1 - 6 w) 

_ cos 2 (0 s -p s ) _P2_-1-1 
COS' 2 0 s ^ Pi J 


(5.4.36) 


Let us derive an expression for the change in the number M when 
travelling along the characteristics from point F to point H , i.e. 
for the quantity A M F = M a — M F . To do this, we shall substitute 
expression (5.4.32) here for M H : 

AM f = M 3 + (dM/d\i)j AfJ F - M F (5.4.37) 


We can go over from the number M to the function to determined 
by relation (5.3.30): 

Atop = coj -|- (tfto/cf|3)j A[Pp — cop (5.4.o8) 

where 

(do)/d{ J >)j = (dM/d $)j ( da/dM)j (5.4.39) 

The derivative dw/dM is determined as a result of differentiating 
(5.3.30): 

-%g- = VW=i[M + (5.4.40) 

Equation (5.4.11) for a characteristic of the first family applied 
along element FH yields 

Atop — A|ip — e (Azp/t/p) l F -f (A x F /kR) (A5/Ara) c F = 0 (5.4.41) 


where 


A(o f = o)h —o)p, A(3 f = |3 H — |3 P , S.x F = x li — x F 
l F — sin (Ip sin pp/cos ((Ip -[- pp) 
c F — sin 2 pp cos pf/cos ((5p -f Pf) 


(5.4.42) 
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The distance along a normal to a streamline between points F 
and H is 

An = (FH) sin p F = sin p F (5.4.43) 

Consequently, the entropy gradient in (5.4.41) is 

AS/Are = (S H — S F ) cos (p F -j- p F )/(^H — xf) sin p F (5.4.44) 
or 

AS _ _ R ' (P'o, H — Po, F )c°s(fa+PF) / / 

Are Po, F (in — ^F)sinpF 

where p^ t H is found according to the number M H from the shock 
theory. 

The entropy S F or the stagnation pressure p' Qi f at point F can be 
adopted approximately equal to the corresponding values at point 
J on the shock, i.e. S F « S j and p' iK F p'o,j- 

Solving Eqs. (5.4.38) and (5.4.41) for Ap F , we obtain 

^=[( J w),- i T < 5A46 > 

Inserting the value of A(1 F into (5.4.38), we can find Acd f , calcu¬ 
late the angle co H = Aco F + co F , and determine more precisely the 
number M a . By calculating the angle p H = Ap F + p F , we use 
the values of this angle, and also of the preset number M x to find 
the shock angle 0 Si h at point H and, consequently, to determine 
the shape of the shock more accurately on section JH. If necessary, 
the calculations can be performed in a second approximation, adopt¬ 
ing instead of the parameters at point J their average values between 
points / and H. Particularly, instead of the angles Wj and |lj, we 
take the relevant average values of 0.5 (toj o) H ) and 0.5 (ffj + pn)- 

Figure 5.4.35 shows how the problem is solved graphically. Point 
H' on a hodograph, corresponding to point H on a physical plane, is 
determined as a result of the intersection of element F'H' of a first 
family characteristic with a shock polar constructed for the given 
free-stream number M x . The vector O'H' determines the velocity 
A-h at point H. 


5.5. Applications of the Method 
of Characteristics 
to the Solution of the Problem 
on Shaping the Nozzles 
of Supersonic Wind Tunnels 

The method of characteristics allows us to solve one of the most 
important problems of gas dynamics associated with the determina¬ 
tion of the shape of a wind tunnel nozzle intended for producing a 
two-dimensional plane parallel supersonic flow at a preset velocity. 
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Fig. 5.5.1 

Nozzle of supersonic tunnel: 

J —top wall; 2 and 5— side walls; 3— exit section; 4— bottom wall: fi— critical section; 7 — 
receiver 


Fig. 5.5.2 

Unshaped two-dimensional 
supersonic nozzle with a radial 
flow 


0 



A 


The nozzle ensuring such a flow is a mouthpiece whose side walls are 
flat, while its top and bottom walls have a specially shaped contour 
(Fig. 5.5.1). 

In addition to determining the shape of its curved contour, the 
design of a nozzle includes calculation of the parameters of the gas 
in the receiver (the parameters of stagnation) and in the critical sec¬ 
tion, and also its area S*. The parameters of the gas at the nozzle 
exit are usually preset, namely, the number M x , the pressure p 
the area of the exit section S — lb, and the temperature of the gas 
in the receiver T 0 . The area of the critical nozzle section is found 
from flow rate equation (3.G.44) which we shall write in the form 
Paolos = p*a*N*. Hence S* ----- (p coFoo/p*a*) S = qS. 

It follows from (3.6.46') that the parameter q is determined by 
the preset number M x at the nozzle exit. According to this value of 
M x and the pressure p x at the exit, and by using formula (3.6.29), 
we can hnd the pressure p 0 in the receiver needed to ensure the preset 
number M x at the exit. 

Next the angle 2y of an unshaped nozzle is set (Fig. 5.5.2). Expe¬ 
rimental investigations show that this angle is generally chosen 
equal to 30-35°. 

If the section of the inlet part of a nozzle changes sufficiently 
gradually, the flow downstream of the critical section can be consid¬ 
ered as an expanding radial flow from a source at point 0. Such a 
flow has the property that its direction coincides with that of radial 
lines emerging from point 0. The change in the parameters of the 
gas in magnitude along each of these lines is of the same nature. 
The length of the subsonic portion of the nozzle of unit width is de- 
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Fig. 5.5.3 

Construction of a^shaped supersonic two-dimensional nozzle 

termined by the quantity r* = S* [360/(2jt-2y' 1)], while the 
distance to the exit section r A — S [360/(2jt-2y-1)]. 

In the region of the nozzle confined by two circles of radii r* and 
r A , i.e. beyond the limits of the critical section, the gas flow is su¬ 
personic. Shaping of the nozzle consists in replacing straight wall BC 
in this region with a curved contour ensuring the gradual transition 
of the radial flow into a plane parallel flow at the exit at a preset 
velocity. For this purpose, let us draw through point 0 a number of 
closely arranged lines and determine the velocities (the numbers M) 
on these lines at their intersection points A x , . . ,, A n with a char¬ 
acteristic of one of the families AA n (let us consider it to be a char¬ 
acteristic of the second family) emerging from point A on an arc of 
radius r A (Fig. 5.5.3). Point A 2 is at the intersection of ray r 1 — 
= OA x with the element of characteristic AA l drawn at an angle of 
poo = —sin -1 (1/Moo). 

We find the number M 1 at point A j with the aid of the expression 
q l = S*/S 1 . Since S 1 = 2nr 1 -\ (2y/360), and S* — 2nr*-l (2y/360), 
we have q 1 — r*!r 1 . Employing (3.6.46), we can find and the cor¬ 
responding number M 1 . 

We determine in a similar way the coordinates of intersection 
point A 2 of the adjacent ray r 2 = OA 2 with the element of character¬ 
istic zM 2 inclined to straight line OA 1 at the angle p x = 
= —sin -1 (1 /Mi), the number M 2 at point A 2 , and so on. As a 
result, we can construct a characteristic of the second family in the 
form of broken line AA X . . . An-^An intersecting straight wall 
BA n of the nozzle at point A n . For this point, as for the other points 
2 , A n _!, and A n of intersection of the characteristic with the 
straight lines emerging from source 0, we can calculate the relevant 
Mach numbers and the angles p = —sin -1 (1/M). 

The flow region OAA n with a known velocity field confined by the 
characteristic AA n and the straight walls of the nozzle is called a 
triangle of definiteness. The shape of this flow is preserved if we 
change the wall behind point A n so that the radial flow on the Mach 
line gradually transforms into a plane parallel flow at the exit. 
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With a view to this condition, we can construct a characteristic 
of the first family emerging from point A and having the form of a 
straight line. If we now determine the field of velocities between 
the characteristics AA n and AD m , we can find the relevant stream¬ 
lines. It is exactly the streamline passing through point A n that coin¬ 
cides with the shaped contour of the nozzle. 

To determine the velocity field, we shall assume that in the two- 
dimensional flow being considered all the characteristics of the 
first family emerging from points A„_ 2 , A n _ t , as well as the char¬ 
acteristic AD m are straight lines (Fig. 5.5.3). The inclination of 
each characteristic to a radial line is determined by the correspond¬ 
ing Mach angle p, x = sin -1 (1/Mj), p 2 = sin 1 (1 /M 2 ), etc., while 
the velocity along a characteristic is determined by its relevant value 
at the initial points A lt A 2 , ... 

Let us consider the streamline emerging from point A n . The ini¬ 
tial part of this line coincides with the direction of the velocity at 
point A n and is a straight line that is an extension of contour BA n 
up to its intersection point D , with the characteristic of the first 
family A^^Aj,. Behind point D x , the streamline element coincides 
with the direction of the velocity at point D x equal to the velocity 
at point A n _ x . Drawing through point D x a straight line parallel to 
ray OA r ,_ x up to its intersection point D 2 with the characteristic 
An-zDi, we obtain the next part of the streamline. Behind point Z) 2 , 
part D 2 D m _ 2 of the streamline (point D m ~ z is on the characteristic 
of the first family A 2 D m _o) is parallel to straight line OA n _ 2 . The 
remaining parts of the streamline are constructed similarly. Behind 
point D m , which is on the characteristic -4D m , the part of the stream¬ 
line is parallel to the axis of the nozzle. The contour of the nozzle 
coinciding with the streamline A n D m+x and constructed in the form 
of a smooth curve ensures a parallel supersonic flow with the preset 
number M x at the nozzle exit. 
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Airfoil 

and Finite-Span Wing 
in an incompressible Flow 


Let us consider the problems associated with the application of 
the aerodynamic theory to calculating the flow past an airfoil. A fea¬ 
ture of this flow is the formation of a two-dimensional disturbed 
flow over the airfoil. We shall use simpler equations of aerodynamics 
than for three-dimensional flows to investigate it. 

The flow over an airfoil treated as a two-dimensional one is idea¬ 
lized. Actually, the flow past an airfoil belonging to a real finite- 
span wing is three-dimensional. This is why the aerodynamic char¬ 
acteristics of an airfoil cannot be transferred directly to a wing. 
But these characteristics can be among the basic parameters used 
in calculating similar characteristics of real wings. At the same 
time, the solution of the problem on an airfoil has an independent 
significance because cases are possible when on individual parts of 
wings the flow past airfoils is practically of a two-dimensional 
nature. 

We shall investigate the flow' of an incompressible fluid past an 
airfoil. We shall simultaneously consider the problem of a finite- 
span wing in a similar flow. The results obtained, which have an 
independent significance in low-speed aerodynamics, can be used 
for aerodynamic investigations at high speeds. 


6.1. Thin Airfoil 

in an Incompressible Flow 

Let us consider the method of calculating the steady flow of an in¬ 
compressible fluid past a thin slightly bent airfoil at a small angle 
of attack (Fig. 6.1.1). The aerodynamic characteristics of the air¬ 
foil obtained as a result of these calculations can be used directly 
for flight at low subsonic speeds (M x <C 0.3-0.4) when the air may 
be considered as an incompressible fluid. They can also be used as 
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Fig. 6.1.1 

Thin airfoil in an incompressible flow 


the initial data when performing aerodynamic calculations of air¬ 
foils having a given configuration in a subsonic compressible flow. 

Since the airfoil is thin, and the angle of attack is not large, the 
velocity of the flow near it differs only slightly from that of the 
undisturbed flow. Such a flow is called nearly uniform. 

We can write the following condition for the velocity of a nearly 
uniform How: 

V x = V x + u («< Foe), V v = v (t’< Foe) (6.1.1) 

where u and v are the components of the velocity of small distur¬ 
bances. 

In accordance with this condition, 

F 2 = V'i + V 2 y = (Foe + «)* -r v~ « VI +2Fo 0 u (6.1.2) 

Let us now determine the pressure in a nearly uniform flow. From 
the Bernoulli equation (3.4.13), in which we assume that the con¬ 
stant C 2 equals p x !p x + F«/2 and p — const, we obtain the excess 
pressure 

p - /Joe = Pec (VJ2 - F 2 /2) = —PocFocti (6.1.3) 

We define u in terms of the velocity potential, u — 3cp/3x: 

p — Poo ~ —pooV x d(f/dx (6.1.4) 

The corresponding pressure coefficient is 

p = (p — p oo)/(?oc — —2ulV x = —(2/Foc) d(fldx (6.1.5) 
By (6.1.4), the excess pressure on the bottom surface of the airfoil is 

Pb — Poe = —(d<f b /dx) FooPoo 

and on its upper surface is 

Pu — Poe = — (dq>Jdx) Foopoo 
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where cp b and cp u are the velocity potentials on the bottom and upper 
surfaces, respectively. Consequently, the lift force produced by the 
pressure acting on an element of area is 


dY a , lc = (p b — p u ) dx = —Foopco (dqjdx — 5cp Jdx) dx 
while the lift force for the entire airfoil with the chord b is 


b' 



0 


Assuming the upper limit b' of the integral to be approximately 
equal to the chord b (because of the smallness of the angle of attack), 
we find the corresponding lift coefficient: 


C y„,ic 



b 



o 


( 6 . 1 . 6 ) 


Let us consider the circulation of the velocity over a contour that 
is a rectangle with the dimensions dx and dy and encloses an element 
of the airfoil. In accordance with Fig. 6.1.1, the circulation is 

dr ^ ( y. + J^ )dx - (v . + ^) dx+ (^-^) dy 

where cp t and cp r are the velocity potentials on the left and right 
surfaces, respectively. 

Let us introduce the concept of the intensity of circulation (of a vor¬ 
tex) determined by the derivative dT/dx = y ( x ). The magnitude of 
this intensity is 

v ' dx dx dx \ dy dy I 


Since for a thin airfoil, the angular coefficient dy/dx is small, the 
product of this coefficient and the difference of the vertical component 
of the velocities is a second-order infinitesimal and, consequently. 


y (x) — d(f u /dx — d(f b /dx 

Hence, (6.1.6) can be written in the form 

6 

= J y(x) dx 
0 

We calculate the moment coefficient in a similar way: 


b 



0 


(6.1.7) 

( 6 . 1 . 8 ) 


(6.1.9) 
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In accordance with formulas (6.1.8) and (6.1.9), the coefficients 
of the lift force and the moment produced by the pressure depend on 
the distribution of the intensity of the circulation along the airfoil. 
This signifies that the flow over an airfoil can be calculated byreplac¬ 
ing it with a system of continuously distributed vortices. 

According to the Biot-Savart formula (2.7.12), an element of a 
distributed vortex with the circulation dT = y ( x ) dx induces the 
vertical velocity at a point with the abscissa | (Fig. 6.1.1) 


du = dI7[2n ( x — |)1 = y (x) dx/[ 2jt (x — |)] 
The velocity induced at this point by all the vortices is 

L 

„ 1 f y(x)dx 

2ji J x-l 
0 


( 6 . 1 . 10 ) 


According to the boundary condition, u/(V oo + dy/dx) = dy/dx. 
Taking into account that the airfoil is thin, we can assume that 
Vao + dq/dx « Too, and calculate the derivative dyldx from the 
equation of the mean camber line 

y = y (*) = 0-5 (iju -r y b ) (6.1.11) 

where y u == y u (x) and y b = y b (x) are the equations of the upper 
and bottom contours of the airfoil, respectively. 

Hence, the intensity of vortex circulation y ( x ) is determined by 
the integral equation 


b 


1 

y (x ) dx 


2jiV oo , 

x — l 

\ dx ) 


Let us introduce instead of £ a new independent variable 0 deter¬ 
mined by the equation 

x = (b/2) (1 — cos 0) (6.1.13) 

We find the solution of Eq. (6.1.12) in the form of a trigonometric 
Fourier series: 

oc 

Y (0 O ) = 2Foc [A 0 cot-^-+ 2 sin’(n0 o ) J (6.1.14) 

)i=i 

in which the variable 0 O in accordance with (6.1.13) is related to 
the coordinate x = | by the equation 

S = (6/2) (1 — cos 0 O ) (6.1.15) 

We change the variables in (6.1.12). By differentiation of (6.1.13), 
we find 

dx — (b/2) sin 0 dd (6.1.16) 
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Substitutions yield 


A 0 P cot (0/2) sin 0 d& 

ji J cos 0 O — cos 0 
0 


i2aJ 


n=l 


sin (re0) sin 0 dQ 
cos 0 O — cos 0 


m) 


(6.1.17) 


where |J (0 O ) = ( dy/dx ) E . 

After introducing the values of the integrals in (6.1.17) calculated 
in [16], we find 


— A+ S A„cos(n6 0 ) = P (0 O ). (6.1.18) 

71 = 1 

By integrating both sides of Eq. (6.1.18) from 0 to it, we obtain 
a relation for the coefficient A 0 of the Fourier series: 

Jt 

d o =-|jp( 0 )<i0 (6.1.19) 

o 

By multiplying (6.1.19) in turn by cos 0, cos 20, . . ., cos (n0), 
we find expressions for the coefficients A x , A 2 , ■ ■ ., A n , respec¬ 
tively. Hence, 

Jt 

A n = -J- j p (0) cos (n0) d0 (6.1.20) 

o 

Let us consider relation (6.1.8) for the lift coefficient. Going over 
to the variable 0 and introducing (6.1.16), we obtain 

Jt 

Cy a ,ic j T( 0 ) sin0d0 (6- 1 - 21 ) 

b 

With a view to (6.1.14) 

Jt oo Jt 

Cy jc = 2A 0 ( cot -4j- sin 0 dd + 2 2 A n \ sin (?iQ) sin 0 dd 

a ’ J ^ J 

0 71=1 0 

Integration yields 

c Va . ic = 2n (A 0 + A,/ 2) (6.1.22) 

Hence, the lift coefficient depends on the first two coefficients of 
the series. Introducing into (6.1.22) expression (6.1.19) and for¬ 
mula (6.1.20) in which n = 1, we have 

Jt 

C y atic =—2 ( P(0)(1 — cos0) dd 
o 


(6.1.23) 
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Fig. 6.1.2 

Mean camber line of an airfoil 

We change the variables in (6.1.9) for the moment coefficient: 

n 

ic = [ Y (0) (1 — cos 0) sin 6 dQ (6.1.24> 

0 

With a view to expression (6.1.14) for y (0), we have 

31 oo Jt 

m z a , tc= — A 0 f (1 — cos 0) 2 <70 — 2 A n f sin (nO) \1 — cos 0) sin 0 <i6> 

I) n—i 0 

Integration yields 

m z& , le = - (jt/2) (A 0 + A, - A J2) (6.1.25). 

With a view to (6.1.22), we have 

m z. d ,ic — — (jx/4) (Ai — A. 2 ) — (1/4) Cy a ic (6.1.26)- 

By determining A 1 and A 2 from (6.1.20) and introducing their 
values into (6.1.26), we obtain 

n 

m z a , =- J- j P (0) (cos 0 — cos 20) dd -c„ a> ic (6.1.27) 

o 

Let us consider the body axis coordinates x x and y x in which the 
equation of the mean camber line is y 1 = y x (x y ), and the slope of a 
tangent is determined by the derivative dy 1 jdx l . This angle (Fig. 6.1.2) 
is Pi = P + oc, where p » dy/dx. Hence we determine the angle 
P = p x — a and introduce its value into (6.1.23) and (6.1.27): 

c v d ,ic = 2ot (a + e 0 ) (6.1.28) 

m z a , ic — 2 e 0 p 0 | -j- c v ic (6.1.29)' 
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where 

It It'' 

e„ = 4- J Pi (1 —cos 0) d9; p 0 = -i- J p* (1-cos 20) c/0 (6.1.30) 

0 -■• •• 0 


A glance at (6.1.28) reveals that when a = —e 0 , the lift coeffi¬ 
cient equals zero. The angle a — —e 0 is called the angle of zero 
lift. The coefficients e 0 and p 0 are evaluated according to the given 
equation of the mean camber line of the airfoil provided that in the 
expression for the function p x (x x ) the variable x x = xjb is replaced 
according to (6.1.13) with the relation x x = (1/2) (1 —cos 0). 

We can use the found values of m z& and to approximately deter¬ 
mine the coefficient of the centre of pressure c p = x p lb and the re¬ 
lative coordinate of the aerodynamic centre x A c = x A c/b: 


Cp 


n \ _ 1 | (n/4) e 0 — po 

c 4 ' n(a + e 0 ) ’ 

“a 


dm .. 


x AC — 


dc„ 


1_ 

4 


(6.1.31) 


It follows from these relations that the coordinate of the centre 
•of pressure depends on the angle of attack and the shape of the air¬ 
foil, whereas the aerodynamic centre is at a fixed point at a distance 
of one-fourth of the chord length from the leading edge. For a sym¬ 
metric airfoil e 0 = p 0 = 0 [which follows from formulas (6.1.30) in 
which p! = dyjdxy — 0], therefore the value of c p , like that of the 
relative coordinate of the aerodynamic centre, is 1/4. 


6.2. Transverse Flow over 
a Thin Plate 

Let us consider the flow of an incompressible fluid over a very 
simple airfoil in the form of a thin plate arranged at right angles 
to the direction of the free-stream velocity. We can solve this prob¬ 
lem by means of the conformal transformation (or mapping) method. 
We shall use the results of the solution in real cases to determine 
the aerodynamic characteristics of finite-span wings. 

Let us arrange the plate in the plane of the complex variable 
a = x + iy along the real axis x (Fig. 6.2.1 b). Now the free-stream 
velocity vector V will coincide with the direction of the imaginary 
axis y. In this case, the flow over such a plate can be obtained by 
conformal transformation of the flow over a circular cylinder on the 
plane £ = E + rr) (Fig. 6.2.1a). If we know the function W = / (Q 
that is a complex potential for the flow over a circular cylinder and 
the analytical function £ = F (o) of the complex variable a = x + 
+ iy (known as the conformal function) that transforms the contour 
of T a circle on the plane Z, into a segment of a straight line placed across 
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Fig. 6.2.1 

Conformal transformation of the flow past a round cylinder (a) into a flow past 
a flat plate arranged (b) at right angles to the direction of the free-stream velo¬ 
city, or ( c ) along the flow 


the How on the plane a, then the function W = / [F (a)] is the com¬ 
plex potential for the flow over the plate. 

Let us see how we can determine the complex potential for the 
flow over a circular cylinder. For this purpose, we shall again revert 
to the method of conformal transformation, using the known func¬ 
tion of the complex potential for the flow over a plate arranged 
along it. This function has the form 


W = cp + h|) = — iV (x + iy) — iVo (6.2.1) 

We shall show that the conformal function 

a = £ - R 2 H (6.2.2) 

transforms a segment of a straight line arranged along the flow on 
the plane a into a circle on the plane £ (Fig. 6.2.1c, a). Indeed, exam¬ 
ination of (6.2.2) reveals that since for points satisfying the condi¬ 
tions — a ^ y ^ a, x = 0, and a = 2 R, we have a — iy , then from 
the solution of the quadratic equation £ 2 — at, — R 2 = 0, we obtain 

Z = iyl2 ± /i? 2 -y 2 /4 = £ + iri (6.2.3) 

Separating the real and imaginary parts, we obtain 
r\ = y/2, ! = ± V R 2 — y 2 /A 

whence E 2 + p 3 = R 2 . 

Consequently, points on the circle in the plane £ correspond to 
points in the plane a on the vertical segment. Substituting for o in 
(6.2.1) its value from (6.2.2), we obtain the complex potential of 
the flow over a circular cylinder of radius R in a plane parallel flow 


16-01715 
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at the velocity V : 

W = iV (l- i? 2 /£) (6.2.4) 

To obtain the complex potential for the flow over a plate arranged 
across the flow (Fig. 6.2.1i>), let us substitute for £ in (6.2.4) the 
following value obtained from the conformal formula a = £ + 
+ i? 2 /£ transforming a circle of radius R (plane £) into a segment of 
a straight line across the flow (plane a): 


£ = or/2±]Ar 2 /4-i? 2 

Therefore, 

W=—iV (-J- ± ]/ — — R 2 


(6.2.5) 


~ = ) ( 6 . 2 . 6 ) 
V a 2 li — R 2 / 


a/2 ± Y o 2 /4 

Since for points on the plate we have a = x, where —a ^ x ^ a 
and a = 2 R, then 


W = <t + ty=-lv(-%-±t\/ r R 2 -^- 

whence the potential function is 

cp = ± V /4 R 2 -x 2 =±V Va 2 -x 2 


R 2 


x/2 ± i Y —x 2 /4 / 

(6.2.7) 


where the plus sign corresponds to the upper surface, and the minus 
sign to the bottom one. 

By evaluating the derivatives d(p/dx, we can find the velocity on 
the plate and calculate the pressure. It follows from the data ob¬ 
tained that the pressure on the upper and bottom sides of the plate is 
the same. Consequently, in the case being considered of the trans¬ 
verse free streamline flow of an ideal (inviscid) fluid over a plate, 
drag of the plate is absent. This interesting aerodynamic effect is 
considered below in Sec. 6.3 using the example of flow over a flat 
plate arranged at a certain finite angle of attack. 

A flow characterized by the potential function (6.2.7) is shown in 
Fig. 6.2.1 . It is a non-circulatory flow past the plate obtained upon 
the superposition onto an undisturbed flow with the potential 

Wcc = —iVt, (6.2.8) 

of the flow from a doublet with the potential 

W d = iVR 2 /t, 


where £ is determined by the conformal function (6.2.5). 


(6.2.9) 
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6.3. Thin Plate 

at an Angle of Attack 

Let us calculate the potential function for the disturbed flow of 
an incompressible fluid over a thin plate at the angle of attack a 
using, as in the preceding problem, the method of conformal trans¬ 
formation. We arrange the plate in the plane of the complex variable 
a = x + iy along the real axis x. 

If we assume that the flow being considered is a non-circulatory 
one, the complex potential of such a flow can be written as the sum 
of the potentials of the longitudinal Wi = Food and transverse W 2 
flows at the velocity of the undisturbed flow F = aVoo (Fig. 6.3.1). 
The total complex potential is 

IF = 1L, + W 2 = Food — iaFoo [-J- ± ]/ ^~R 2 
-R 2 (-Y±y r R 2 )~ 1 ] = V^o±iaV oa Yo 2 -4R 2 (6.3.1) 

With account taken of formula (6.2.7), the total velocity poten¬ 
tial on the plate is 

(p = Foo^ ± aFoo — x 2 (6.3.2) 

We use this value of the potential to find the velocity component 
V x = V x =p aVocxlYcR — x 2 (6.3.3) 

The second velocity component on the thin plate V y = 0. 

A close look at (6.3.3) reveals that at the leading ( x = — a) and 
trailing ( x = a) edges, the velocity V x is infinite. Physically, such a 
flow is impossible. The velocity at one of the edges, for example, the 
trailing one, can be restricted by superposition of a circulatory flow 
onto the flow being considered. In the plane £, the potential of the 
circulatory flow is determined in accordance with (2.9.22) by the 
expression 

W 3 = - (iT/2n) In £ (6.3.4) 

Let us substitute for £ its value from (6.2.5): 

w '»--!r l "(Tr ± /X--B 1 ) (6.3.5) 

Summation of (6.3.1) and (6.3.5) yields the complex potential of 
a circulatory-forward flow over an inclined plate: 

W = Wj + W 2 + W 3 = Foe a ± iaVooVa 2 — 4 R 2 

-S- |n (T ± /-T~«’) < 6 - 3 - 6 > 

16* 
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Fig. 6.3.1 

Flow over a flat plate at an angle of attack 


y 

6=x+ 






0 








t a 

a i 




We determine the circulation T on the basis of the Zhukovsky- 
Chaplygin hypothesis, according to which the velocity at the trailing 
edge of the plate is finite. This value of the velocity can be obtained, 
as we already know from the theory of conformal transformation, 
in the form of the derivative dW/da of the complex potential W 
for a cylinder. This potential, in turn, makes it possible to find the 
complex velocity at the relevant point on the cylinder as the deri¬ 
vative dWIdt,, which according to the rules of differentiation of a 
complex function is 

dWIdt, = ( dW/do) doldl (6.3.7) 

where Wand Ware the complex potentials for the cylinder and 
plate, respectively. 

According to the Zhukovsky-Chaplygin hypothesis, the quantity 
dW/do is limited in magnitude. Since the derivative da/dt, calcu¬ 
lated by the formula 

doldt, = 1 - i? 2 /£ 2 


equals zero on the cylinder at the point £ = R corresponding to a 
point on the trailing edge of the plate, the derivative dWIdt, = 0. 
The complex potential for a cylinder is 

W = W 1 + wl + W 3 


The potential W 1 characterizes the flow in an axial direction cor¬ 
responding to the flow over the plate in the same direction at the 
velocity V «=• It is obtained by substituting the value o — t, + 
+ R 2 /t, for a in the formula W t = V x o: 

Wr = Foe (£ + R 2 H) 
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The complex potentials W 2 and IF 3 are determined by Eqs. (6.2.4) 
and (6.3.4), respectively. We shall substitute aV x for F in the first 
of them and find the total complex potential: 

W= Vac a + (£ - i? 2 /Q - (iIV2n) In £ (6.3.8) 

We calculate the derivative: 

dWIdl = F. (1 — i? 2 /?) - iaV, „ (1 +J7W) - tT/(2jtQ (6.3.8') 
For the coordinate £ = R corresponding to a point on the trailing 
edge of the plate, the derivative dW/dt, is zero, i.e. 

2iaV oc — iT/{2nR) — 0 

Hence 

T = — 4jtai?Foo (6.3.9) 

or, since 2 R = a, 

T = —2jxaaFoo (6.3.9') 


After inserting this result into (6.3.6) and differentiating with 
respect to a, we find the complex velocity: 


2niaaVc 

2 jt 


■iVy=Voo±- 

. 2 - .. (± ± _ - _ ) 

Fo 2 — 4/? 2 \ 2 Fa 2 —4/f 2 / 


2,1 a ± Fo 2 — 4fl 2 V2 Fa 2 — 4/f 2 / 

Simple transformations and the substitution 2/? = a yield 

dW/da=V x -iV y = Foe (1 + id t V (o-a)/(o+a) (6.3.10) 
On the surface of the plate ( o—x) 

dW/do— V x — iVy= F4(l + iaV {x — a)l(x + a)) (6.3.11) 
Since | x \ ^ a, we have 


dW/da = F, 


iVy = Foe (1 ± a Y(a - x/(a + x)) (6.3.11') 


whence it follows that the total velocity on the plate is 


F = V x = Foe (1 ± aV(a — x)/(a + *)) (6.3.12) 


The plus sign relates to the upper surface, and the minus sign to the 
bottom one. 

The velocity on the trailing edge (x = a = 2 R) is Foo, and on the 
leading edge (x = — a) it is found to be infinite. In real conditions, 
the thickness of the leading edge is not zero; particularly, the nose 
may have a finite , although small, radius of curvature. Therefore 
the velocities on such an edge have high, but finite values. 
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Fig. 6.3.2 

Contour in the flow of an in¬ 
compressible fluid 



To determine the force acting on the plate, we shall use the general 
expression for the principal vector of the hydrodynamic pressure 
forces applied to a stationary cylindrical body of an arbitrary shape 
in the steady flow of an incompressible fluid. By analogy with the 
complex velocity, let us introduce the concept of the complex force 
R a = X — iY, determining this force as the mirror reflection of 
the principal vector R a of the pressure forces with respect to the real 
axis. 

The vector R a being considered is determined by formulas (1.3.2) 
and (1.3.3) in which the friction coefficient c f . x is taken equal to zero: 

_ » 

R a — X-iY— —[cos ( n , x) — i cos ( n , y)] ds 
c 

= — -^) p (sin 9 -(- i cos 9) ds = — i <£ pe~ id ds (6.3.13) 
c c 

where n is the direction of an outward normal to contour C of the 

body in the flow, and 9 is the angle between the element ds of the 

contour and the z-axis (Fig. 6.3.2). 

Since 

da = dx + i dy = ds (cos 9 + i sin 9) = e w ds 

da = dx — i dy = ds (cos 9 — i sin 9) = e~ iQ ds 

and the pressure is determined by the Bernoulli equation 

p = p„ + pVl/2 - P V*/2 = C 2 - pVV2 (6.3.15) 

then 

fi a =_tC 2 |)£fCT + -|-|F 2 do=^$V 2 da 

c c c 

Taking into account that by (6.3.14) we have da = e~ 2i6 da, and 
also that in accordance with the condition of flow without separa- 


(6.3.14) 



Ch. 6. Airfoil and Finife-Span Wing in Incompressible Flow 247 

tion the complex velocity at the point of the contour being consid¬ 
ered is 

V = V x — iV v = V cos 0 — iV sin 0 = Ve~^ (6.3.16) 

we find 

R a = X-iY = -f- $ V 2 da (6.3.17) 

c 

Since for a potential flow, the complex velocity is V = dWIda, we 
have 

R a = X-iY =-j^§ (-^) 2 ^ (6.3.18) 

c 

Expression (6.3.18) is called the Zhukovsky-Chaplygin formula. 
Integration in (6.3.18) can be performed over another contour en¬ 
veloping the given contour C of the body in the flow, for example, 
over a circle K whose complex velocity in the plane a is written as 
follows: 

dW/do = Foe - iI7(2jxo) + A/a 2 (6.3.19) 

where V x — V xoc — iV y oo = Fooe -ie °o, and A is a coefficient deter¬ 
mined with the aid of an equation similar to (6.3.8). 

The square of the complex velocity is 

l dW \ 2 _ — iTVoc , 2AV cc-r 2 /(4it2) , 

[do / 00 no ‘ o' 2 + • ■ ' 

Introducing this value into (6.3.18), we find 

R a = X - i Y = [F*, § do - iIZ2L § 

+ ( 2a7 ---&) $■§-+■••] 

K 

Here the first and third integrals equal zero. The integral <^do/o 

K 

is evaluated with a view to the formula a = x + iy = ^ iq> (Fig- 
6.3.2) and equals 

§ ~ = In or | K = In (re'f) | K = 2m 

K 

Hence, 

R a = X-iY= ipFocT or X - iY = ipVooTe'^ (6.3.20) 
where Foo is the magnitude of the free-stream velocity. 
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Fig. 6.3.3 

Diagram of the forces acting on 
a plate (X is the suction force) 



If its direction coincides with the horizontal axis (Boo = jx), we 
have 

R a = X — iY = — tpFooF (6.3.21) 

whence it follows that 

| R a | = Y = Y a = pFcor (6.3.22) 

Expression (6.3.22) is known as the Zhukovsky formula. 

It follows from (6.3.21) that the force is a vector perpendicular 
to the free-stream velocity vector, and, therefore, is a lift force. Its 
direction coincides with that of the vector obtained by turning the 
velocity vector Voo through the angle jx/2 against the circulation. 

A glance at (6.3.21) reveals that X = X a = 0. Hence, when an 
inviscid incompressible fluid flows over a surface without separation, 
the resistance associated with the distribution of the pressure is zero. 
This aerodynamic effect is known as the Euler-D’Alembert paradox. 
This name corresponds to the fact that actually resistance is present 
because there always occurs a relevant redistribution of the pressure 
caused by separation of the flow and the action of skin friction (vis¬ 
cosity). 

Let us use formula (6.3.22) to evaluate the lift force of a flat plate. 
Taking into account the value of the circulation (6.3.9'), we obtain 
(Fig. 6.3.3) 

Y a = 2naapVl > (6.3.23) 


Let us determine the normal Y and longitudinal X 
of the force Y a : 

Y = Y a cos a « Y a = 2jxaapF£, 

X = — Y a sin a « — Y a a = —2jxa 2 apF£, 


components 

(6.3.24) 

(6.3.25) 


The arising of the force X acting along the plate opposite to the 
flow seems to be paradoxical because all the elementary forces pro¬ 
duced by the pressure are directed along a normal to the surface. 




Ch. 6. Airfoil and Finite-Span Wing in Incompressible Flow_245 


This component is called the suction force. The physical nature of 
its appearance consists in the following. Assume that the leading 
edge is slightly rounded. Now the velocities near it will be consider¬ 
able, but not infinitely high as at the leading edge of a plate. In 
accordance with the Bernoulli equation, the difference between the 
pressure at the edge and that at infinity will be negative. The result¬ 
ing rarefaction is exactly what causes the suction force. Its limiting 
value is given by expression (6.3.25) relating to the case of flow over 
a plate when the velocity near its leading edge is determined by for¬ 
mula (6.3.12). In accordance with this formula, the longitudinal 
component of the disturbed velocity at the indicated point of the 
plate is 

V' x = rhccFoo Y\ a — x)/(a + x) (6.3.26) 

The expression for the suction force can be generalized for an 
arbitrary velocity near the leading edge. For this purpose, we shall 
transform (6.3.25) to the form 

T = -X = up c 2 (6.3.27) 

where 

c 2 = 2aaWl (6.3.28) 

We shall write the quantity c 2 in the form of the limit 

c 2 = lim [V'x(x — X]^) (6.3.28') 

*-**l.e 

where ^ 1-e is the abscissa of the leading edge (o"i. e = —a), x is the 
running abscissa of points of the plate, and V' x is the longitudinal 
component of the disturbed velocity on the upper surface of a wing. 

Formula (6.3.28') can be shown to be correct. For this purpose,, 
we shall insert expression (6.3.26) into (6.3.28'): 

c 2 = lim [V^a 2 ( a Y~y x ) (#+«)] = 2 aa z V'lo 

By introducing this value into (6.3.27), we obtain formula (6.3.25),. 

The conclusions on an incompressible circulatory-forward flow 
over an airfoil in the form of a thin plate are used in studying the 
aerodynamic characteristics of airfoils encountered in practice, and 
also of finite-span wings in flows of an incompressible fluid or of a 
compressible gas. 


6.4. Finite-Span Wing 

in an Incompressible Flow 

Up to now, we considered an airfoil in an incompressible flow. We 
can presume that such an airfoil relates to an elementary part of a 
lifting surface belonging to an infinite-span wing in a plane parallel 
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Fig. 6.4.1 

System of equivalent vortices 
for a rectangular wing 


(b) 



flow. Hence, the theory of this flow is also a foundation of the aero¬ 
dynamics of an infinite-span wing. 

By formula (6.3.22), the lift force of a unit-span wing part is 
YW = pooler (Fig. 6.4.1a). Consequently, there is a circulation 
flow around the airfoil with the velocity circulation T. If the circu¬ 
lation is clockwise, the velocities on the upper surface of the airfoil 
are higher (a circulation flow having the same direction as the on¬ 
coming one is superposed on it), while on the bottom surface they 
are lower (the circulation flow does not coincide with the direction 
-of the oncoming flow). Therefore, in accordance with the Bernoulli 
equation, the pressure from above is lower than from below, and the 
lift force is directed upward as shown in Fig. 6.4.16. 

Since by (2.7.8) and (2.7.8'), the circulation equals the vorticity 
(vortex strength) x, the part of the wing can be replaced with an 
■equivalent vortex of the indicated strength passing along its span. 
N. Zhukovsky used the term bound to designate this vortex. Hence, 
in the hydrodynamic sense, an infinite-span wing is equivalent to 
a bound vortex. 

Let us now consider an approximate scheme of the flow past a finite- 
span wing with a rectangular planform. As established by S. Chap¬ 
lygin, a bound vortex near the side edges turns and is cast off the 
wing in the form of a pair of vortex cores approximately coinciding 
with the direction of the free-stream velocity. The distance e 
-(Fig. 6.4.1c) from a vortex core to the relevant side edge depends on 
the geometry of the wing. Consequently, the hydrodynamic effect 
■of a finite-span wing can be obtained by replacing it with a bound 
vortex and a pair of free horseshoe vortices. This wing pattern is 
■called Chaplygin’s horseshoe one. 

A vortex system equivalent to a finite-span wing induces addition¬ 
al velocities in the flow and thus causes downwash, which is a fea- 
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Fig. 6.4.2 

Vortex sheet and rolled-up vortices behind a wing 

ture of flow past a finite-span wing. The calculations of the induced 
velocities and the downwash angle caused by the free vortices are 
based on the following theorems formulated by H. Helmholtz: 

(1) the strength along a vortex does not change in magnitude, 
and as a result, a vortex cannot end somewhere in a fluid. It must 
either be closed or reach the boundary of the fluid; 

(2) the strength of a vortex does not depend on the time; 

(3) a vortex is not disrupted in an ideal fluid. 

In the considered scheme of a rectangular wing, the circulation 
along the span was presumed to be constant in accordance with the 
assumption that the lift force of each elementary part of the wing is 
identical. Actually, the lift force along the span of a wing having 
such a rectangular planform varies. This change is not great in the 
middle part of the wing and is more noticeable at the side edges. 
For a wing with an arbitrary planform, the change in the circulation 
is clearly expressed and is due to the different dimensions of the 
elementary parts and, consequently, to different values of the lift 
force. We can obtain the vortex pattern of How over a wing with a 
system of horseshoe vortices forming a vortex sheet (Fig. 6.4.2). 
The circulation along each vortex will be constant, but changes 
when going over from one vortex to another. For the section at the 
middle of the wing, the lift force is maximum, therefore the strength 
of the relevant vortex and the circulation will be maximum. 

Now let us see what changes the downwash introduces into the 
flow over a wing arranged at the geometric angle of attack a (the 
angle between the chord of a wing section and the vector V,*, is also 




252 


Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


Fig. 6.4.3 

Flow downwash at a wing and 
the appearance of induced drag 

called the setting angle). 1 
behind the wing at the angle e leads to the fact that the flow over 
the wing in the section being considered is characterized by values 
of the velocity and the angle of attack a t differing from the cor¬ 
responding values of \ao and a that determine the flow over an in¬ 
finite-span wing. The true angle of attack a t of a section of a finite- 
span wing is smaller than the setting angle by the magnitude of the 
downwash angle e (Fig. 6.4.3), i.e. a t = a — e. The downwash angle 
e = — w/V oo varies along the span of the wing, increasing toward 
its tips. For convenience, the concept of the span-averaged downwash 

1/2 

angle is introduced, determined by the formula e m = — ^ zdz. 

- 1/2 

Accordingly, the true angle of attack of the wing is 

a t = a — e m (6.4.1) 

The existence of a downwash angle leads to a change in the forces 
acting on a body in the flow. If flow downwash is absent, the vector 
of the aerodynamic force by (6.3.21) is normal to the direction of 
the velocity of the undisturbed flow V*,. If downwash is present, 
the vector of the resultant aerodynamic force is oriented along a 
normal to the direction of the true velocity Vi (Fig. 6.4.3). Such 
deviation of the resultant force through the angle e m causes the 
component X f to appear in the direction of the undisturbed flow. 
This additional force X t appearing as a result of flow downwash is 
called the induced resistance or induced drag. From the physical 
viewpoint, an induced drag is due to losses of a portion of the kinetic 
energy of a moving wing spent on the formation of vortices cast off 
its trailing edge. The magnitude of this drag is determined in accor¬ 
dance with Fig. 6.4.3 from the expression 

Xi = r a e m (6.4.2) 

The lift force Y a , owing to the smallness of the downwash, is de¬ 
termined in the same way as for an infinite-span wing. If we divide 
Aj by the quantity (pooF^/2) <S W , we obtain the induced drag co¬ 
efficient 



appearance of downwash of the flow 


c x,l — 2Aj/(p ooVZoS-w) — C 2 / a Sm 


(6.4.3) 



Ch. 6. Airfoil and Finife-Span Wing in Incompressible Flow 253 



Fig. 6.4.4 

Replacement of a finite-span wing with a loaded line: 

1 —distribution of circulation; 2 —loaded line; 3 —distribution of induced velocities or down- 
wash angles 


We shall determine this coefficient on the basis of the theory of a 
■“loaded line”. According to this theory, a finite-span wing is replaced 
with a single bound vortex (a loaded line). The circulation T (z) 
for the loaded line is the same as for the corresponding sections of the 
wing itself (Fig. 6.4.4). Upon such a replacement, a plane vortex 
sheet begins directly on the loaded line and has a strength dr (z)ldz 
that varies along the span. The flow' downwash in a given section is 
determined for a semi-infinite vortex core having the strength 
IdT ( z)!dz] dz. Accordingly, the total downwash angle for a section, 
as can be seen from Fig. 6.4.4, is 


1/2 

w _ 1 I” </r (z ) dz 

Voo 4 jxFoo J dz' z '—z 

- 1/2 


(6.4.4) 


Here the improper integral must be considered in the sense of its 
principal value. 

By (6.4.4), the mean downwash angle over a span is 


8 m — 


1/2 1/2 

_J _ f r f dT(z') 

4,-xPcci J L J dz' 

-i/2 -i/2 



(6.4.5) 


The lift force coefficient c IJa can be determined according to the 
known law of circulation distribution along the span. With such a 
determination, we can proceed from the hypothesis of plane sections 
according to which the flow over a wing element being considered is 
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the same as over the corresponding airfoil belonging to a cylindrical 
infinite-span wing. Calculations on the basis of this hypothesis give 
a satisfactory accuracy for wings with a low sweep and an aspect 
ratio of A. w > 3-4. 

According to the Zhukovsky formula, the lift force of an airfoil is 


dY a = poo Too r (z) dz 

(6.4.6) 

its total value for a wing is 


i/2 


Y a = Poo Too j r (z) dz 

(6.4.6') 

-i/2 


and the corresponding aerodynamic coefficient is 

7 /•> 


2 

Cy a gooSw Vco S w J r ( z ) dz 

-1/2 

(6.4.6") 


To find the law of circulation distribution T (z), let us consider an 
airfoil in an arbitrary section of a wing for which the lift force can 
be written in the form 


dY a = c y (z) q x b(z) dz (6.4.7) 

where b(z) is the chord of the airfoil in the section being considered. 

With a view to the Zhukovsky formula (6.4.6), we find a coupling 
equation determining the relation for the velocity circulation in 
a given section: 

T(z) = 0.5Cj, a (z) b(z) Vo, (6.4.8) 

According to the hypothesis of plane sections, the lift coefficient 
c lJa (z) of a section being considered is the same as for the corre¬ 
sponding infinite-span cylindrical wing. Its magnitude can be deter¬ 
mined with account taken of the downwash angle by the formula 

c v a ( z ) = c v a ( z ) ( a — e ) (6.4.9) 

where the derivative c“ g (z) = dc Va (z)/da is determined for an in¬ 
finite-span wing and a range of angles of attack corresponding to the 
linear section of the curve Cy a (a). After inserting into (6.4.8) the 
values from (6.4.4) and (6.4.9), we obtain 

a 2 

r(') = (i«> <?,<=*>Mz>M“+-4 ikr 5 

- 1/2 

This equation is called the fundamental integro-differential equation 
of a finite-span wing. It allows one to find the law of circulation 
distribution T (z) for a given wing shape according to the known 
conditions of its flight. The angle of attack a in (6.4.10) may be fixed 
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(i.e. the same for all sections) or may vary along the span if geo¬ 
metric warp of the wing is present. 

One of the most favoured ways of solving Eq. (6.4.10) is based on 
expanding the required function T ( z) into a trigonometric series 
(the Glanert-Trefftz method) 

OC 

r(z)=2ZF„o2 A n sin (n6) (6.4.11) 

71=1 

where the new variable 0 is related to the variable z by the expression 
z — — (1/2) cos 0 (see Fig. 6.5.1), and A n are constant coefficients 
determined with the aid of Eq. (6.4.10). 

Since the series (6.4.11) is a rapidly descending one, a small num¬ 
ber m of terms is usually sufficient. To determine the unknown coeffi¬ 
cients A m , we compile m algebraic equations (according to the num¬ 
ber of selected sections). Each of these equations is obtained by 
introducing into (6.4.10) the value of the circulation T (z) = 

771 

= 21V oo sin (? 20 ) for the corresponding section. 

71=1 

For conventional wings that are symmetric about the central (root) 
chord, the distribution of the circulation over the span is also sym¬ 
metric, i.e. the equality T (0) = T (ji — 0) holds (see Fig. 6.5.1). 
Accordingly, the terms of the series with even indices equal zero, 
and the circulation can be written in the approximate form 

T — 2ZFoo [Aj sin 0 + A 3 sin (30) -f- ... -f- A m sin (m0)] 

Consequently, the number of algebraic equations needed to deter¬ 
mine the coefficients A m diminishes. The procedure followed to de¬ 
termine these coefficients is set out in detail in [16]. 

Using the found law of distribution of the circulation in the form 
of a series, we can determine the flow downwash and the correspond¬ 
ing aerodynamic coefficients (see [13]). By going over in (6.4.6") 
from the variable z to the variable 0 in accordance with the expres¬ 
sion dz = (1/2) sin 0 dQ, introducing the formula for the circulation 
in the form of a series, and taking into account that l 2 /S v = k n -, we 
find a relation for the lift coefficient: 

c Va = nl n A j (6.4.12) 

Using (6.4.5), we determine the mean downwash angle: 

8m = (c y jnK) (1 + t) (6.4.13) 

where t is a coefficient taking into account the influence of the aspect 
ratio: 

771 

r=y A n /Ai 

71=2 


(6.4.14) 
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From (6.4.3), we obtain the relevant induced drag «oefficient. 
Its value can be determined more precisely, however, by going over 
from the mean downwash angle to its local value in accordance with 
the expression dX t = e dY a . By introducing into this expression 
instead of e and dY & their values from (6.4.4) and (6.4.6), integrat¬ 
ing, and determining the induced drag coefficient, we obtain 


i 


1/2 1/2 

S F(z) [ J 

- 1/2 - 1/2 


dr (z') dz' 
dz' z' —z 


dz 


Introducing the value of T(z) and substituting for 
lhave 

c x,i = (plJnK) (1 + 6) 


(6.4.15) 

Z 2 /£ w , we 

(6.4.16) 


where the coefficient 6 taking into account the influence of the aspect 
ratio on the drag depending on the lift is 

m 

8=2 nAl/Al (6.4.17) 

n—2 

The coefficients x and 6 for wings of various planforms can be de¬ 
termined according to the data given in [13, 16]. 

The results of the general theory of a loaded line obtained can be 
seen to be characterized by a comparative simplicity of the aerody¬ 
namic relations, provide a clear notion of the physical phenomena 
attending flow past finite-span wings, and allow one to reveal the 
mechanism of formation of the lift force and induced drag. The ap¬ 
plication of this theory, however, is limited to wings with a suffi¬ 
ciently small sweep and a relatively large aspect ratio. In modern 
aerodynamics, more accurate and more general solutions are worked 
out. They are described in special literature. 

At the same time, the development of ways of evaluating the aero¬ 
dynamic properties of wings by constructing approximate models 
of the flow over finite-span wings is of practical significance. Let us 
consider one of them based on the representation of the aerodynamic 
scheme of a wing in the form of a bound and a pair of free vortex 
•cores. This representation is based on experimental data according 
to which a vortex sheet is not stable and at a comparatively short 
distance from the wing rolls up into two parallel vortex cores (see 
Fig. 6.4.2). 

The basic element of this problem is the finding of the distance Z 0 
between the free (rolled up) vortices. We proceed here from the fact 
that for a wing with a span of Z, the vortex pattern of the wing may 
be replaced with a single horseshoe vortex with the constant circu¬ 
lation r 0 corresponding to the root section. We also assume that the 
bound vortex (the loaded line) passes through the aerodynamic cen- 
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tre of the wing with the coordinate zfq* The magnitude of this circu¬ 
lation can be determined by a coupling equation according to which 

T 0 - 0.5c ya0 & 0 Voo (6.4.18) 

where Cj, a0 and b 0 are the lift coefficient and the section chord, re¬ 
spectively. 

A similar expression can be compiled for the mean circulation 
over the span, the same as in the section with the chord b m : 

T m = 0.5c lJa b m V x (6.4.19) 

where c y is the lift coefficient of the wing. 

From Eqs. (6.4.18) and (6.4.19), we find the relation between the 
circulations: 

r 0 = r m c { , a0 fo 0 /(c !/a h m ) (6.4.20) 

As stipulated, the adopted vortex systems T m and T 0 correspond 

to the same lift force (Y a = P OO ^ M P OO T 7 OO r 0 Z„), hence 

r m Z = r 0 Z 0 . Therefore, by Eq. (6.4.20), we have 

Z 0 = lb m c y J (b 0 c y a „) (6.4.21) 

Now, according to the known arrangement of the horseshoe vor¬ 
tex system, we can use formula (2.7.13) to determine the downwash 
angle at each point behind a wing, also taking into account the in¬ 
duction of the bound vortex. 

To find the induced drag coefficient by formula (6.4.3), we must 

1/2 

find the mean downwash angle e m — (1/Z) \ e dz on the loaded line, 

-II 2 

taking account only of a pair of free vortices with the aid of formu¬ 
la (2.7.13). According to calculations (see [13]), this angle is 


e m — 


-r, 

2 jilV oo 


In 


ip A l 
lo-l 


(6 4.22) 


where r o is determined by (6.4.18). Having in view that Z/Z? 0 = 
= A w (&m^o)> we finally obtain 


°y 


. in ■ - n .T.L 


y a __ !_ Zq +1 

Jlbyf 4/q l(j - l 


(6.4.23) 


We can use this downwash angle to estimate the value of the in¬ 
duced drag coefficient with the aid of (6.4.3). In a particular case 
for an infinite-span wing (A^ —>- oo), the downwash angle is absent 
and, consequently, the induced drag vanishes. 


17-01715 
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6.5. Wing with Optimal Planform 

Conversion of Coefficients 
c y and c x . 1 from 
One Wing Aspect Ratio 
to Another 

A finite-span lifting plane having the minimum induced drag is 
called a wing with the optimal planform. A glance at formula (6.4.16) 
reveals that at the given values of c Va and X w , the value of c x<i will 

m 

be minimum when the coefficient 6 = 0, or 2 nA%jA\ = 0. It follows 

n=2 

from this equality that all the coefficients of the expansion of the 
circulation f into a series (6.4.11), except for A lt equal zero (A 3 = 
= A 5 = ... =0). Hence, the circulation in an arbitrary section is 

r (0) = 2 lV ao A 1 sin 0 (6.5.1) 

For the central section (0 = jt/2), the circulation is maximum and 
equals r o = 2 lV x A v Hence, F (0) = T 0 sin 0. Inserting into this 

formula sin 0 — Y 1 — (2z/Z) 2 , we obtain 

F 2 (z)/F 2 + z 2 /(0.5Z) 2 = 1 (6.5.2) 

This equation determines the elliptic law of distribution of the 
circulation over the span of a wing having the optimal planform 
(Fig. 6.5.1). For such a wing, the induced drag coefficient c Xil = 
= Cy /( jt^w), while the mean flow downwash angle e nl = c y J(ni w ); 
by analysing (6.4.4), we can convince ourselves that the quantity 
e ra exactly equals the downwash angle in an arbitrary section. In 
other words, the downwash angle does not change along the span in 
a wing with the minimum induced drag. 

In accordance with the coupling equation, for an arbitrary wing 
section, we have T(z) = 0.5^ b (z) F^,, and for a central one, we 
have F 0 — 0.5c !/a0 6 0 Foo. Now we can use Eq. (6.5.2) to find the 
following expression for the chord in a wing section with the optimal 
planform: 

b (z) = b 0 (Cy a «lcy a ) y\ — (z/0.5Z) 2 (6.5.3) 

Let us consider a wing at the angle of attack a having section 
profiles that are identical along the span. We shall assume that the 
sections of the wing are arranged at the same local geometric angle 
of attack determined by the given value of a. Since the downwash 
angle does not change from one section to another for a wing with an 
elliptical distribution of the circulation, the true angles of attack 
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Fig. 6.5.1 

Elliptical distribution of the 
circulation and a geometric 
interpretation of the constants 
z and 0 



are the same: a t = a — e, and, therefore, the lift coefficients of 
the profiles are the same, i.e. the ratio c v lc„ „ = 1- Hence, the local 

y a y a 

chord of the wing is determined by the relation 

b (z) = b 0 yi — (z/0.5Z) 2 (6.5.4) 

In accordance with the result obtained, a wing with the minimum 
induced drag has an elliptical planform. In the case being considered, 
a constant coefficient c„ — c“ a. is ensured as a result of the con- 
stancy along the span of the quantity a t and the derivative c“ a 
identical for the same profiles. For a wing with an elliptical plan- 
form, the same effect can be achieved by varying the parameters c“ a 
and a t , i.e. by selecting the corresponding profiles in combination 
with geometric warp (upon which the sections are set at different 
geometric angles of attack). 

It must be noted that just, such a method of varying the geometric 
and aerodynamic parameters is used to achieve an elliptical (or close 
to it) distribution of the circulation on modern wings. Here three 
factors change in the corresponding way simultaneously. These 
factors, namely, c“ a (z), a t (z), and b (z) characterize the circulation 
T(z) = 0.5c“ a t bV x that is distributed according to the elliptical 
law (6.5.2). 

In the simplest case of a wing with a rectangular planform, b — 
= const, this law of circulation distribution is ensured by only vary¬ 
ing the values of Cy a and « t (by selecting the profiles and warping, 
respectively). It must be borne in mind that for wings of a non-ellip¬ 
tical planform, including rectangular ones, an elliptical distribution 
of the circulation can be achieved only at a definite angle of attack, 
and the distribution will be different if the value of the angle is 
changed. 

It is interesting to appraise by how much wings with a different 
planform differ from their elliptical counterparts in their aerodynam¬ 
ic properties. Table 6.5.1 gives the results of evaluating the coeffi- 


17* 
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Table 6.5.1 


Planform of wing 

6 

T 

Elliptical 

0 

0 

Trapezoidal (r| w =2-3) 

0 

0 

Rectangular (X w = 5-8) 

0.053 


Rectangular with rounded tips 

0 



cients 8 and t, called corrections for wings of a non-elliptical plan- 
form. These coefficients depend mainly on the planform of a wing 
and its aspect ratio. A glance at the table reveals that trapezoidal 
wings do not virtually differ from elliptical ones. A slight deviation 
in the values of 8 and x is observed in rectangular wings with 
straight tips. Rounding of these tips leads to complete analogy 
with an elliptical wing as regards the value of 8 and to a smaller 
difference in the coefficients t. 

The relations obtained for determining the aerodynamic coeffi¬ 
cients of finite-span wings make it possible to solve an important 
problem associated with the finding of these coefficients when going 
over from one wing aspect ratio X wx to another one X w2 . This solution 
appreciably facilitates aerodynamic calculations because it makes it 
possible to use the data obtained when testing serial models of 
wings with the adopted (standard) value of the aspect ratio in wind 
tunnels. 

Let us assume that for a wing with the aspect ratio X W1 we know 
the coefficients c y and c. Til and we have to convert these coefficients 
to another aspect ratio X W2 of a wing having the same set of sections, 
but differing in its planform. If both of these wings have the same 
lift coefficient c y , the mean downwash angles behind them are 

e m i = (Cyjnhyfi) (1 -j- t^), c m2 = (CyJxiX W 2) (1 T - ^ 2 ) 

Identical values of c y& for wings are determined by identical true 
angles of attack, i.e. a tl = a t2 , where 

®tl ~ e ml> ®t2 “ ®2 e m2 

Consequently, for the setting angle of the second wing, we obtain 
the expression 

a 2 = «i — (Cyh x) [(1 + Tj)/X wl — (1 + t 2 )/X w2 ] (6.5.5) 

According to this formula for converting the lift coefficient, a 
wing with a smaller aspect ratio (X w2 < X wl ) having a larger down- 
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Fig. 6.5.2 

Conversion of aerodynamic coef¬ 
ficients of a wing from one 
aspect ratio to another 



wash angle (e w2 > e wl ) must have an increased setting angle (a 2 > 
> a.) to obtain the same coefficient c,, . 

The induced drag coefficients for two wings with the aspect ratios 
A wl and X w2 and with identical coefficients c Va are determined by 
the following formulas, respectively: 

C x,ll = (Cp a /jtX w i) (1 -)- 8,), C Xi 12 — (CyJ^viz) (1 + 6 2 ) 

Accordingly, for a wing with the aspect ratio X w2 , the induced drag 
coefficient is 

c x,i2 = c x,n i c yj n ) [(1 + S 1 )/^w 1 — (1 + S 2 )/X w2 ] (6.5.6) 

This formula is used to convert the value of c x , , for a wing with 
the aspect ratio A, wl to its value for the aspect ratio X w2 . If this new 
ratio is smaller than the given one (X w2 < X W1 ), a large downwash 
appears (e m2 > e ml ), and, consequently, the induced drag coefficient 
grows (c l>12 > c x , n ). 

Figure 6.5.2 shows graphically how the coefficients c Va and c xA 
are converted from the aspect ratio ^ wl to ^ w2 in accordance with 
formulas (6.5.5) and (6.5.6). First the curves c v& = U (^) and c v& = 
= <Pi (c« tll ) are plotted for a wing with the given aspect ratio a w1 . 
Next, setting a number of values of c y , we use the plot to determine 
the corresponding values of a x and c Xill , and then calculate the an¬ 
gles of attack cc 2 and the coefficients c Xil2 for the second wing by 
formulas (6.5.5) and (6.5.6). The corresponding points are laid off, 
and the curves c y& = / 2 (a 2 ) and c Va — <p 2 (c x>12 ) are plotted. 

For wings with smaller aspect ratios (^ w2 < ^ wi ), these curves 
will be to the right of those of the ratio K wl because with the same 
true angle of attack, the increase in the downwash angle e w2 for the 
second wing with a smaller X w2 is compensated by the growth in the 
setting angle of attack (a 2 > a x ); in turn, an increased coefficient 
c x ,i 2 corresponds to the greater downwash angle e w2 , and this is ex¬ 
actly what is shown in Fig. 6.5.2. 

The plots in Fig. 6.5.2 can be used to convert c y and c Xti to a 
wing with an infinitely large aspect ratio (airfoil). For this purpose, 



262 


Pt. I. Theory, Aerodynamics of an Airfoil and a Wing 


the second terms in the brackets in formulas (6.5.5) and (6.5.6) must 
be taken equal to zero. The converted curves c Va — / 2 (a 2 ) and c y a = 
= <p 2 (c Xt 12 ) will occupy a position at the extreme left of the corre¬ 
sponding curves c Va = U K) and c y& = cp t (c xA1 ). 

Mean Aerodynamic Chord. When performing aerodynamic calcu¬ 
lations of finite-span wings, the mean aerodynamic chord is selected 
as the characteristic geometric dimension of the span. Such a chord 
belongs to a conditional wing having a rectangular planform for 
which the planform area, the aerodynamic force, and the pitching 
moment are the same as for a wing of the given planform. The mean 
aerodynamic chord allows us to compare the moment characteris¬ 
tics of various wings with a varying chord along their span. One 
of such characteristics is the pitching moment coefficient determined 
as m zA — MJ{b A qS w ), where b A is the mean aerodynamic chord. 
The quantity m zA is sufficiently stable when the planform of a wing 
and its dimensions change. 

The value of the chord b A , and those of the coordinates of its lead¬ 
ing point x A , y A (relative to coordinate axes passing through the 
apex of the given wing), are usually determined approximately 
assuming equality of the aerodynamic coefficients (of the moment, 
drag, and lift) of a wing as a whole and its individual section (pro¬ 
file). Accordingly, we have 

1/2 

6a = 5^7 j b 2 (z)dz, 

w o 

II 2 
2 f 

y A = 5 ^- J yb{z)dz 
o 


1/2 
2 C 

z A = ~g— j xb (z) dz 


(6.5.7) 


where x, y are the longitudinal and vertical coordinates of the leading 
point of a section with the varying chord b (z). Evidently, knowing 
x A and the equation of the leading edge of a given wing, we can de¬ 
termine the lateral coordinate z A of the mean aerodynamic chord. 

Formulas (6.5.7) make it possible to calculate the magnitude of 
the chord b A by numerical or graphical integration and determine 
its position. The middle of b A coincides with the centre of gravity 
of the wing area. 

For a broad range of wings having a trapezoidal planform, we 
can find analytical relations for b A , x A , y A , and z A . For such wings 


6 (z) = 6 0 [ 1 — (tiw — 1) z/fiw] 
S w — byl (t| w -(- 1)/(2i] w ) 
x = ztanx 0 ; p = ztani|) 


(6.5.8) 
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where i] w = b 0 /b A is the taper ratio of the wing, x 0 is the sweep 
angle of the leading edge, if is the dihedral angle, and z = 2 z/l. 

Introduction of (6.5.8) into (6.5.7) yields 

b A = 4£ w [l — t] w /(t]w+ 1) 2 ]/(3Z) 1 

x a = 1 ('Hw + 2) tan x 0 /[6 (i] w + 1)J > (6.5.9) 

Va= l (tlw-h 2 ) tan if /[6 (i ] w 4 1)] J 

The lateral coordinate of the chord b A is found from the formula 
2 a = x a /tan x 0 . If a wing has no dihedral, the coordinate y A is 
evidently zero. 


An Airfoil 

in a Compressible Flow 


7 


7.1. Subsonic Flow 
over a Thin Airfoil 


Linearization of the Equation 
for the Velocity Potential 


The calculation of a subsonic flow over an airfoil is associated with 
solution of the equation for the velocity potential of a plane two- 
dimensional flow that is obtained from (5.1.8) provided that e = 0 
and has the form 




■2V x V yl p¥- 

x y dx dy 


(VI-a 2 ) 


d 2 <p 
dy 2 


= 0. (7.1.1) 


This partial differential equation of the second order is non-lin¬ 
ear in the unknown function q> and describes the flow past suffi¬ 
ciently thick airfoils. The latter cause large disturbances of the gas 
upon which the flow velocities V and the speeds of sound a differ 
appreciably from the relevant free-stream flow parameters. 

If an airfoil is thin and the disturbances it produces are small, 
Eq. (7.1.1) can be simplified by reducing it to a linear equation 
with constant coefficients of the second partial derivatives. Such 
a simplification is called linearization, while the obtained equation 
and the nearly uniform flow it describes are called linearized. 

For a linearized flow, conditions (6.1.1) for the velocities are sat- 
isfied, and equation (6.1.2) holds. Since the disturbance velocities u 
and v (6.1.1) are infinitesimal, the equation for the speed of sound 
obtained from (3.6.20) can be transformed as follows: 


a 2 = al + l(k - l)/2] (Flo - F 2 ) (7.1.2) 

Substituting for F 2 its value from (6.1.2), we obtain 

a 2 = — (k — 1) VcoU (7.1.2') 

Inserting into (7.1.1) the value of a 2 from (7.1.2'), and also V x = 
= Foe + u, V y = v, F|=F|o + 2V x u, Vy « u 2 , and taking into 
acconnt that the total velocity potential of a linearized flow can be 
written in the form cp = cp<x> + cp', where epoo is the velocity potential 
of the oncoming flow, while the additional potential according to 
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condition (6.1.1) is cp' <C cpoo, we obtain 

\y °° -f (& + 1) VooU] ^ ■ -f 2 (Foo + u) v ~—■ 

+ [v*-al o + (k-l)V o ,u]^- = 0 (7.1.3) 

The second partial derivatives of the potential <p' with respect to 
the coordinates x and y are first-order infinitesimals: 


With this in view, in (7.1.3), we can determine the gronp of terms 
that are second- and third-order infinitesimals; disregarding them, 
we obtain a linearized equation in the following form: 




(7.1.4) 


(i — M 2 ) —— 4- = 0 

U MOO) dx 2 + Qy2 


(7.1.4') 


where = F «,/a 

Let us consider the expression for the pressure in a linearized flow. 
To do this, we shall use formula (3.6.26), which we shall write in 
the form 

p/p oo = (1 - FVV&ax) (1 _ VIo/FLa.,)-*''*- 15 

Inserting the value of F 3 from (6.1.2), we have 

pip oc = [1 - 2F 00 u/(Fm ax - F5 0 )l fa /(*~ 1> 

Taking into account that by formula (3.6.22) 

172 172 ^ 2 Poo 


we find 


172 _ ^ _2 _ “ n - 

v — k —l a °° — k — 1 * poo 


p / ^ k — 1 pooFoow \fc/(fc-l) 

Doc \ k Doc } 


(7.1.5) 


Let us expand the expression on the right-hand side into a bino¬ 
mial series and retain the second term in the expansion: 

piP OO ^ 1 P OO F ooUlP OO (7.1.5) 


Hence we find the excess pressure p — p «,= —pooFooU and the 
pressure coefficient p — — 2u/V<*,, i.e. we obtain the same relations 
(6.1.3) and (6.1.5) as for an incompressible fluid. But when using 
these relations for high subsonic velocities, one must take into ac¬ 
count that the disturbance velocity u = dy'/dx is determined with a 
view to compressibility. 
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Relation Between 
the Parameters oi a Compressible 
and Incompressible Fluid Flow 
over a Thin Airfoil 


The flow over a thin airfoil at a small angle of attack in a compres¬ 
sible subsonic flow is investigated with the aid of Eq. (7.1.4') in 
which Moo < 1. Let us change the variables in this equation in 
accordance with the relations 


x 0 = x, y 0 = yY 1 — ML, q>' = cp'vUooo/Foo (7.1.6) 

where y is an arbitrary parameter, and V is the velocity of a con¬ 
ditional flow (fictitious velocity) that in the general case differs from 
the velocity Foo of a given flow. 

By introducing (7.1.6) into (7.1.4'), we obtain the Laplace equation 
for determining the velocity potential tp' of an incompressible flow in 
the plane x 0 , y Q : 

dWJdxl + d\'Jdy\ = 0 (7.1.4") 


Hence, the problem of a compressible flow over a given airfoil can 
be solved by using the results of solving the problem on an incompres¬ 
sible flow at the fictitious velocity F m0 over a modified airfoil. Let 
us find the relation between the corresponding parameters of flow 
over the airfoils and between their geometric characteristics. The 
relation between the disturbance velocities u 0 in the incompressible 
and u in the compressible flows is established in accordance with 
(7.1.6) as follows: 


u 0 


dy'o dtp' V ooq 

dx 0 dx ' Foo 


= uy 



(7.1.7) 


Using (6.1.5), we find the pressure coefficients in an incompressible 
fluid pi c = — 2uJV xq and in a compressible gas p = — 2ulV oa . 
Consequently, with a view to (7.1.7), we obtain 

Pic = VP (7 A.8) 

From the formulas c y>IC = p lc dx 0 , m Zt ic = p lc x 0 dx „, in 

which x 0 — x/b, and expression (7.1.8), we find the relation between 
the corresponding lift and moment coefficients: 

C v a ic = V § P dx = YC„ a ; m talc = y<jj) pzdx = ym ta (7.1.9) 

where x — x/b. 

Let us establish the relation between the configurations of airfoils 
and the angles of attack. For this purpose, we shall first determine 
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(a) (6) 



Fig. 7.1.1 

Airfoils in a nearly uniform incompressible (a) and compressible (b) flows: 
A and A 0 —stagnation points 


the relation between the vertical velocity components. In accordance 
with (7.1.6), we have 


*>0 


dtpo dcp' ' _ t _ hoop V I °°o n \ \ nt 

dy a dy Yl — 91%, v °° Y 1 — v °° ' ’ ’ 


In an incompressible fluid by Eq. (3.3.17'), in which the function 
F is taken equal to y 0 — / 0 ( x 0 ) if y 0 = f 0 (x 0 ), we may consider for 
an airfoil that vJ(V X0 -(- u 0 ) = dy 0 /dx 0 or, taking into account that 
u 0 <c Eooo, assume that v 0 /V x0 = dy 0 /dx 0 . Similarly, we find for an 
airfoil in a compressible gas that v/V x = dytdx. Consequently, 
(v 0 /r) (Coo/Coop) = ( dyjdy) dx!dx 0 . Taking (7.1.6) and (7.1.10) into 
account, we find dyjdy = yiV 1 — M%,. Integration for the condi - 
tion that for y = 0 the quantity y 0 — 0 yields an equation relating 
the vertical coordinates of the fictitious and given airfoils: 

y 0 = yy/V 1 - Ml (7.1.11) 

At the same time, as follows from (7.1.6), the horizontal coordi¬ 
nates of the airfoils do not change. With this in view, the angles of 
attack can be written in the form 

ai c = yj(b' — x) and a = y/(b' — x) 

where b' is the distance to the trailing edge of the airfoil, and x is 
the horizontal coordinate (Fig. 7.1.1). 

Hence, by (7.1.11), we have 

aic = «?//! - Ml (7.1.12) 

Let us assume that the arbitrary parameter y = 1. Therefore, 

P = Pio y = yoV 1 —Ml, a = a lc Y 1 — Ml, 

Cy a = lc> = ^z a lc 


} 


(7.1.13) 
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Consequently, if the pressure coefficients are the same at corre¬ 
sponding points of thin airfoils in compressible and incompressible 
flows, then in the compressible flow the airfoil is thinner than in the 
incompressible one Y 1 — M%, times. The angle of attack decreases 
to the same extent. 

Let us consider the case when y = Y 1 — M'la and, therefore, 
P = Pu/K 1 — Ml, y = y 0 , cc — a lc 
c v h = c Va ic/Y T — Ml, m Za = m z j C /Y 1 — Ml 

According to the results obtained, for two identical airfoils at the 
same angle of attack, the pressure coefficients at corresponding points 
of the airfoils, and also their overall lift and moment coefficients 
in a compressible flow are larger than those in an incompressible one 
1 lY 1 — Ml times. Hence follows the conclusion that compressibili¬ 
ty leads to an increase in the pressure and lift force. The coefficient 
1 lY 1 — M^ is known as the Prandtl-Glauert correction (for the 
compressibility effect). The corresponding relation (7.1.14) for p is 
known as the Prandtl-Glauert formula. It can be considered as a 
first approximation when calculating the pressure coefficient in a 
compressible flow according to the relevant value of p lc . More accu¬ 
rate results relating to thickened airfoils and increased angles of 
attack are obtained by the Kdrman-Tsien formula 

The use of formulas (7.1.14) and (7.1.15) for p leads to quite a 
large error when determining the pressure coefficient at the stagna¬ 
tion point where the velocities and, consequently, the local Mach 
number, equal zero. For example, for this point, at which p 01c = 1, 
formula (7.1.14) when M x — 0.8 yields a coefficient p 0 = 1.67, 
and formula (7.1.15), p 0 = 1-26 instead of the actual value of 1.17. 

At the stagnation point, the pressure coefficient p 0 = 2 (p 0 — 
— p oc)/(kp ooMla) for arbitrary numbers M x < 1 is evaluated with 
the aid of an expression obtained from (3.6.30) provided thatM = 1: 

When Moo < 1, the quantity in parentheses can be written in the 
form of a series in which the first three terms are retained: 

p®=i+-t 1 +t m - (7.1.17) 

This relation is suitable for quite a broad range of values of 0 ^ 
< M x < 1. 


} 


(7.1.14) 
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7.2. Khristianovich Method 

Content of the Method 

If an airfoil or another body in a flow introduces finite disturbances 
into it, the linearized equations are not suitable. Non-linear 
equations of gas dynamics must be used when studying such a flow. 

Many problems on supersonic flow can be solved by employing, 
particularly, the method of characteristics. The number of solvable 
problems of supersonic aerodynamics increases still more owing to 
the numerical methods of integrating the equations of motion. It is 
much more difficult to analyse subsonic flow. This is explained math¬ 
ematically by the different nature of the equations: for supersonic 
flows they are hyperbolic, and for subsonic ones, elliptic. 

The use of imaginary characteristics in the elliptic equations does 
not yield appreciable simplifications. The more complicated nature 
of studying subsonic flows is explained physically by the fact that 
disturbances in them propagate into all the regions of motion, where¬ 
as the disturbances in supersonic flows are confined within conical 
surfaces issuing from the point of disturbance and propagating only 
downstream. Owing to the linearized nature of the equations, the 
investigation of nearly uniform subsonic flows is somewhat simpler 
than of subsonic flows with finite disturbances over, for example, 
thick airfoils. 

A method of studying such flows is described by Academician 
S. Chaplygin [17]. He gives equations forming the mathematical 
basis of the theory of potential subsonic flows. They are known in 
gas dynamics as the Chaplygin equations. Their feature is that they 
describe the flow of a gas not in the plane y, x, but in that of the 
special coordinates x and (3 (t = V 2 is the square of the total veloc¬ 
ity at a given point in the flow, and (3 is the polar angle determined 
from the condition V x = V cos f3). Unlike the conventional equa¬ 
tions, they are linear because the coefficients of the equations are 
functions of the independent variables x and (3. These equations were 
solved by Chaplygin for a number of cases of flow at high subsonic 
velocities. 

The Chaplygin equations underlie many other methods in the 
field of high-speed aerodynamics. Academician S. Khristianovich, 
using these equations, developed a method making it possible to 
take into account the influence of compressibility on the subsonic 
flow over airfoils of an arbitrary configuration. The theoretical ten¬ 
ets of this method are described in detail in [3]. We shall consider 
the basic content of the method and its application to the solution 
of various problems of a compressible subsonic flow over airfoils. 

When considering a compressible flow over an airfoil of a given 
configuration, Khristianovich showed that the flow equations can be 
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Fig. 7.2.1 

Calculation of the pressure on an airfoil in a compressible flow: 
a —true flow| 6—fictitious flow; 1 —given airfoil; 2 —fictitious airfoil 


reduced to equations of an incompressible flow over an airfoil with a 
modified configuration (Fig. 7.2.1). Hence, according to Khristiano- 
vich’s approach, first the relatively simple problem of a conditional 
(fictitious) incompressible flow over a fictitious airfoil is solved , and 
then the parameters obtained are converted to the conditions of a com¬ 
pressible flow over the given airfoil. 


Table 7.2.1 
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0.4307 

0.4734 
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0.725 

0.750 
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m 



A 


0.6413 

0.6568 

n 

my 

B 


■ 


X 

A 


0.900 

0.7324 


0.925 

0.7413 


0.950 

0.7483 


0.975 

0.7546 


1 

0.7577 


This conversion is based on the use of a functional relation between 
the true speed ratio X = Via* of a compressible flow and the ficti¬ 
tious speed ratio A = Vja* at the corresponding points of the gi¬ 
ven and fictitious airfoils (Table 7.2.1). The method being consid¬ 
ered makes it possible to reconstruct the given airfoil to the fictitious 
one. 




























Ch. 7. An Airfoil in a Compressible Flow 


271 


As shown by Khristianovich, for prolate airfoils, the difference 
between the configurations of the given and fictitious airfoils may 
be disregarded. In this case, the Khristianovich method allows one 
to convert the parameters of the flow over an airfoil (pressure, veloc¬ 
ity) to any number M M > 0, i.e. to take account of compressibility* 
if the distribution of these parameters over the same airfoil is known 
for a low-speed flow when the influence of compressibility is absent 
(M oo » 0). In addition, this method allows us to convert the flow 
parameters from one number M X1 > 0 to another one M x2 > 0. 

The Khristianovich method is suitable provided that the velocity 
is subsonic over the entire airfoil. This condition is satisfied if the 
Mach number of the oncoming flow is less than the critical value 
M oo, cr - Consequently, before performing calculations, one must find 
this critical value and determine the number M 00 <M 0c , cr for 
which calculations are possible. The critical number M x§cr can also 
be found by the Khristianovich method. 


Conversion of the Pressure Coefficient 
for an Incompressible Fluid 
to the Number Jf oo >0 

Assume that we know the distribution of the pressure coefficient 
over an airfoil in an incompressible flow, i.e. we know the form of 
the function p- lc = p lc (x) (Fig. 7.2.2). This function is converted 
to the number M <», cr > M <*> >0 as follows. 

We determine the speed ratio according to the given number 

M x > 0: 

X„, = \tk±Ml(l + k -=±Miy 1 ] 1 ' 2 (7.2.1) 

From Table 7.2.1, we find the fictitious speed ratio A* of an in¬ 
compressible flow corresponding to the value X x , and for the chosen 
value of p^ from the Bernoulli equation 

p le = 1 - (A/A.) 2 (7.2.2) 

we determine the local fictitious speed ratio 


A = A«, V l—Pic (7-2.2') 

Knowing A, we use Table 7.2.1 to find the local true speed ratio X 
of the compressible flow, and we calculate the pressure p by for¬ 
mula (3.6.26) in which it is necessary to assume tha F 2 /F£, ax = 
= [(Zc — !)/(& + !)] X 2 . We determine the pressure coefficient by the- 
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“Fig. 7JJ 

Nature of the pressure distri¬ 
bution on one side of an airfoil 
at different values of M „ 



formula p = 2 {p/p x — l)/(/cMJ„). The curve p — p (x) converted 
to the given number Moo is shown by a dashed line in Fig. 7.2.2. 

Conversion of the Pressure Coefficient 
from > 0 to 2 >0 

Assume that we know the distribution of the pressure coefficient 
of a compressible fluid p x = pi ( x) at a certain number M X1 (where 
Moo, Cr > Moo! > 0). To convert this distribution to the number 
M 002 > 0, it is necessary to first calculate the speed ratios and 
Xoo 2 corresponding to the numbers M^ and M «>2 by formula (7.2.1) 
and use Table 7.2.1 to find the speed ratios A 001 and A 002 of the ficti¬ 
tious incompressible flow. 

After assigning a value to the pressure coefficient p lt from the 
formula p 1 — 2 (p x — p &)/{kM°oiP 001 ) we find the absolute pressure: 

Pi = Pool fpi (kM^j/2)+ 11 (7.2.3) 

and evaluate the local speed ratio of the given flow: 

n. 2 . 4 ) 

From Table 7.2.1 according to the value of we find the local 
speed ratio of the fictitious incompressible flow, and from the Ber¬ 
noulli equation (7.2.2), we calculate the corresponding pressure coeffi¬ 
cient: 

Pic = 1 - (A 1 /A 001) 2 

The pressure coefficient p 2 for the number M x2 is determined 
according to this value of p ic in the same way as the pressure coeffi¬ 
cient of an incompressible flow is converted to the number M x > 0 
according to the procedure set out previously. 
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Determination of the Critical Number M 

According to Kliristianovich’s hypothesis, a local sonic velocity , 
which the critical Mach number M 00iCr of the oncoming flow corresponds 
to , appears near an airfoil where the maximum rar?faction is observed 
in an incompressible flow. Khristianovich established the relation 
between the minimum coefficient p ic , m i n corresponding to this ma¬ 
ximum rarefaction and the number Moo, C r- 

Hence, to find the critical Mach number, it is necessary in some 
way or other, for example, by blowing air over a model in a low- 
speed wind tunnel, to determine the magnitude of the maximum 
rarefaction p lc , mln . If as a result we find the distribution of the press¬ 
ure with account taken of the compressibility for or > M x > 0, 
we can determine the value of p lc , , nin by the conversion of p ic , mill 
to the number M x = 0. 

Assume that we know the value of the maximum rarefaction 
Pic. nun- Since X = 1 where a sonic velocity appears, from Table 7.2.1 
we can find the corresponding value of the local speed ratio of the 
fictitious incompressible flow, i.e. A = 0.7577. Using the Bernoulli 
equation p !c , min = 1 — (A/A oo ) 2 we can find the speed ratio for 
the fictitious oncoming flow: 


Aoo—A j | 1 Pic. min—- 0.7577 f [/ 1 Pic, min (7.2.5) 

while using Table 7.2.1 and the value of A^, we can determine the 
critical speed ratio Xoo, cr of the compressible flow. The corresponding 
critical Mach number is 


M a 


t cr 




/HI 
V 2 



(7.2.6) 


A plot of the critical Mach number versus p lc , min constructed 
according to the results of the above calculation is shown in Fig. 7.2.3. 

An increase in the airfoil thickness is attended by a decrease in 
the number M «>, cr . The explanation is that such an increase leads 
to contraction of the stream filament and to an increase in the local 
flow velocity. Consequently, sonic velocity on a thickened airfoil is 
achieved at a lower free-stream velocity, i.e. at a lower value of 
Moo — Moo, cr - This conclusion follows directly from Fig. 7.2.3 in 
accordance with which at an increased local velocity lower values of 
Moo, cr correspond to a lower value of the coefficient p lc , m i n . Upon 
an increase in the angle of attack, the number M*, cr diminishes, 
which is also explained by the greater contraction of the stream fil¬ 
aments and by the associated increase in the local subsonic velocity. 


18-01715 
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Fig. 7.2.3 

A Khristianovich curve for 
determining L the critical Mach 
number 



Aerodynamic Coefficients 


Kliristianovich’s investigations made it possible to obtain more 
accurate relations for the lift and moment coefficients than relations 
(7.1.14) found on the basis of the Prandtl-Glauert formula for the 
pressure coefficient. These relations are as follows: 

c v a = c !/. icV/l — m z a = m Za i C L z /Y 1 — Mlo (7.2.7) 

where 

L = l + 0.05ML/ML, C r 

Compressibility changes the position of the centre of pressure of 
an airfoil (the coordinate x p of this centre is measured from the 
leading edge along the chord). It follows from (7.2.7) that in a com¬ 
pressible flow, the coefficient of the centre of pressure is 


c n — c 


L 


where 


P. lc 

c p = Xplb = —m z Jc Va , c Prlc = — m Za Jc lJalc 


(7.2.8) 


Examination of (7.2.8) reveals that the centre of pressure in a 
compressible flow in comparison with an incompressible one is dis¬ 
placed toward the trailing edge. This is explained by the increase in the 
aerodynamic load on the tail sections of an airfoil at increased flow 
speeds and, as a consequence, by the appearance of an additional 
stabilizing effect. 


7.3. Flow af Supercritical Velocity 
over an Airfoil 

(M OC >M 00 ' CT ) 

Subsonic flow over an airfoil can be characterized by two cases. 
In the first one, the local velocity of the flow on a surface does not 
exceed the speed of sound anywhere. This case is purely subsonic 
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a —diagram of the flow used for calculations when a local normal shock is present; b— 
distribution of the pressure over the airfoil when a local /.-shaped shock forms 


flow. It is general knowledge that at such a velocity, no shocks can 
form at any point on an airfoil, while the lift force and drag are 
determined with a view to the compressibility and in the general 
case depend on the normal pressure and skin friction forces. Such a 
drag, including that produced by the normal stress (pressure) and 
the friction drag is called the profile drag. 

In the second case, called supercritical flow, at which the number 
M of the oncoming flow is larger than the critical one, i.e. M^ > 
>M„, Cr , the local velocity at some points in the vicinity of an 
airfoil becomes higher than the speed of sound, and a zone of local 
supersonic velocities appears. Here the flow over an airfoil is char¬ 
acterized by the fact that both behind it and ahead of the leading 
edge the local velocity is lower than the speed of sound. Hence, local 
compression shocks form in the transition from supersonic velocities 
to subsonic ones in the vicinity of the wing (Fig. 7.3.1). Such ^.-shaped 
shocks consist, as it were, of two shocks: a front curved (oblique) 
one DB and a rear almost straight one CB (Fig. 7.3.Id). 

Local shocks that may form on both the upper and bottom sides 
of an airfoil substantially change the distribution of the pressure and 
lead to the appearance of an additional wave drag X w . Hence, the 
total drag of an airfoil X a consists of the profde X pr and the wave 
X w drags, i.e. X a = X PT -f X w , or c x - a = c T . pr + c Xi w , where c x ^ 
is the total drag coefficient of the airfoil. c x , pr and c Xi w are the profile 
and wave drag coefficients, respectively. 

Let us consider a simple method of calculating wave drag proposed 
by Prof. G. Burago [16]. Let us assume that a local supersonic zone 
closed by nearly normal shock BC is formed on the upper side of an 
airfoil (Fig. 7.3.1a). Let us separate a stream filament passing through 
this shock in the flow. The parameters of the gas in the filament 
directly ahead of the shock are F lt /q, p x , and M v and behind it are 


18* 
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F2, pz, p2r and M 2 . Let us introduce two control surfaces /-/ and 
II-II to the left and right of the airfoil at a sufficiently large distance 
from it; let the parameters of the gas along the left plane be F 10O , 
Pioo , and p x co, and along the right plane be F 2oo , p 2 < x>, and p 2oo . 

Using the theorem of the change in the momentum of the mass of 
a gas when flowing through the control surfaces, we obtain 

oc oo oc 

^ V 200 d^Ti^OO ^ V 1<X> dliz^oo == ^ {.Pi 00 P2. 00 ) ^y ^ . 3 . 1 ) 

— 00 — 00 — 00 

where p 100 and p 20c are the forces acting on the left and "right sur¬ 
faces, X w is the force of the wave drag with which the airfoil acts on 
the flow, and dux ^ oo ~ = Pi oooo dy ^ oo, dm, 2 oo — p 2 oo F 2 00 dy 2 00 are 
the rates of flow of the gas along the stream filaments that according 
to the condition of the constancy of the flow rate are equal, i.e. 

PiooF^oo dy±Qo = p 2 ooF 2 oo dyzx (/. 3 . 2 ) 

Let us assume (see [ 16 ]) that levelling out of the velocities occurs 
behind the wing at a large distance from it, i.e. F 2oo -*■ V 10 c. Accord¬ 
ingly, and by ( 7 . 3 . 2 ), we have 

00 00 00 

^ V 2<x> dm 2 oo ^ V joo dm loo == ^ PjogF ioo (F200 V $00) dy ^00 == 0 

— 00 — 00 — 00 

Consequently, 

00 

X w — ^ {Pi°° P2 00 ) dy (/. 3 . 3 ) 

—00 

We can assume that for stream filaments not intersecting the shock, 
P2oc = Pi 00 i.e. the pressure at a large distance from the airfoil be¬ 
hind it is restored to the value of the free-stream pressure. For the 
filaments that pass through the shock, p 2 «> < Pi°°’ Indeed, since 

Pi°° = Po (1 — VioJVmax) h/{h ~ l) 

P z ~= p'o (1 - vljv 2 mas ) h 'i h -» - p'. (i - vL/v L x ) ft/<ft - 1) 

where p' a < p 0 , we have 

PzJpi°° = p’Jpo = V 0 < 1 ( 7 . 3 . 5 ) 

According to ( 7 . 3 . 5 ), formula ( 7 . 3 . 3 ) can be transformed by taking 
into account the flow rate equation p l 0 O F 1<x> dy lx = PiF x ds, in 
accordance with which 

dy lao = dy = (PiFi/piooFi.) ds 
where s is the length of the shock. 
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As a result of transformations, the wave drag force is 


• = Ploo ^ 


(1— V 0 ) ds 


(7.3.6) 


and the coefficient of this force is 


2A\ V 2 

kpooM'Lb ~ kill 




Let us expand the function v 0 in (4.3.20) into a series in powers of 
n = M 1 — 1: 

Vo (n) = V 0 (0) + (-g 1 ) n=0 n + i (-S 1 )„ =0 n2 


+4(-&L.*+- 


(7.3.7) 


In expression (7.3.7), the quantity v 0 (0) = 1 because at M 1 = 1 
(n = 0), the shock transforms into a wave of an infinitesimal strength, 
and the pressure p' 0 = p 0 . 

Using (4.3.13), (4.3.15), and (4.3.20), we can also show that 

t%±) =(-£*-) = 0and(-^M = (-gf) =0 

V dn 1 n—0 V DMi /.i/,= l \ dn l / n =0 V dM f /.i/,=i 

Having in view that for thin airfoils at small angles of attack, 
the difference M r — 1 is small, we can limit ourselves to the fourth 
term in expansion (7.3.7): 

<*•-*>* P- 3 - 7 ') 


Investigations have shown that for a given airfoil, the quantity 
M 1 — 1 can be considered approximately proportional to the differ¬ 


ence M c 


r . Designating the relevant proportionality factor 


by A x and including it in the overall coefficient A determined in the 
form 


A = 


hi / d 3 \- ti \ C 

AkM^b l dM\ /.*,= 1 J 


pQi 
Pioot loo 


ds 


(7.3.8) 


we obtain an expression from (7.3.6') and (7.3.7') for the wave drag 
coefficient: 


c XtW = A {M oo — M x , cr ) 3 


(7.3.9) 


The coefficient A in the general case depends on the configuration 
of the airfoil, the angle of attack, and the number M*. It may be 
considered as approximately constant, however. Tests of modern 
airfoils installed at small angles of attack in wind tunnels show that 



278 Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


Fig. 7.3.2 

Drag of an airfoil in a nearly 
sonic flow 



the coefficient A « 11. At this value, satisfactory results of calcu¬ 
lations by formula (7.3.9) are obtained if the difference M x — Moo, cr 
does not exceed 0.15. 

It follows from formula (7.3.9) that the wave drag coefficient 
increases with increasing M x . This is due to the fact that upon a 
growth in the airspeed, the shocks formed on an airfoil become more 
and more intensive and extended. To lower c x , w at a given M one 
must ensure an increase in the number M cr , which is achieved 
mainly by reducing the thickness of the airfoil. A similar result 
can be obtained when the angle of attack is made smaller. 

Figure 7.3.2 shows an experimental curve characterizing the change 
in the drag coefficient c Xa = c Xi Pr + c Xt w in nearly sonic flow. For 
values of M x <0.45 -0.5, only profile drag is observed, while at 
M <» > 0.5-0.55 (supercritical flow velocities) a wave drag also ap¬ 
pears that is due to local shocks. 


7.4. Supersonic Flow of a Gas 
with Constant Specific Heats 
over a Thin Plate 

Let us consider a very simple airfoil in the form of an infinitely 
thin plate placed in a supersonic flow at the angle of attack a. The 
flow over such a plate is shown schematically in Fig. 7.4.1. At its 
leading edge, the supersonic flow divides into two parts —an upper 
one (above the plate) and a bottom one (under it) that do not influ¬ 
ence each other. This is why the supersonic flow over each side can be 
investigated independently. 

Let us consider the upper side of the plate. The flow here is a plane 
supersonic flow over a surface forming an angle larger than 180° 
with the direction of the undisturbed flow. Such a flow is shown 
schematically in Fig. 7.4.2, where plane OC corresponds to the upper 
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Fig. 7.4.1 

Supersonic flow over a thin plate: 

1 —expansion fan; 2—shock 



a —physical plane; b —liodograph plane; c—diagram of a nearly uniform flow; 1— expan¬ 
sion fan: 2 —epicycloid 


side of the plate. It was first investigated by L. Prandtl and T. Meyer 
and is called a Prandtl-Meyer flow. 

In accordance with the flow diagram in Fig. 7.4.2a, the flow paral¬ 
lel to plane OB when passing around angle 0 gradually turns, expands, 
and acquires a new direction parallel to plane OC. The angle j3 0 c 
of inclination of this plane to the vector Voo corresponds to the angle 
of attack a of the plate (see Fig. 7.4.1). The disturbed region of the 
expanding flow is limited at the left-hand side by Mach line OD 
inclined to the free-stream velocity vector Voc at the angle p.oc = 
- sin -1 (1/Moo), where M TC is the Mach number of the undisturbed 
flow. The expansion process terminates on Macli line OE inclined to 
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the disturbed velocity vector V oc at the angle p oc = sin- 1 (1/M 0C ) 
determined from the Mach number o the disturbed flow along plane 
OC. The change in the direction of the flow between Mach lines OD 
and OE can be represented as a consecutive set of deflections of the 
streamlines through the small angles A|3. A straight Mach line issu¬ 
ing from point 0 corresponds to each of these deflections indicating 
the formation of an additional disturbance. 

Hence, the turning flow is filled with an infinite multitude of 
Mach lines forming a “fan” of disturbance lines that characterizes a 
centered expansion wave. This centered wave, sometimes called a 
Prandtl-Meyer fan, is defined by straight Mach lines along each of 
which the flow parameters are constant, and this is why it belongs to 
the class of simple expansion waves. 

The problem on the disturbed motion of a gas near an obtuse 
angle, which is associated with the formation of a centered expansion 
wave, can be solved according to the method of characteristics. 
Point F' on an epicycloid — a characteristic in a hodograpli of the 
same family—corresponds to point F of intersection of a streamline 
belonging to the plane parallel oncoming flow (the inclination of a 
streamline at this point is (3 = 0) with characteristic OD in a phys-, 
ical plane. To be specific, we can relate each of these characteristics 
to those of the first family. The equation (3 = to -f (3, is used for a 
characteristic of this family in the hodograph. Since we have assumed 
that (3 = 0, the constant (3 X = — ©«> (Moo), where the angle ©<*, is 
found from (5.3.30) according to the known number Moo. Consequent¬ 
ly, the equation for the characteristic has the form (3 = © — ©oc, 
whence 

© = (3 + ©oo (7.4.1) 

By setting the inclination of a streamline on the small angle 
(3 = A(3, we can calculate the corresponding angle © = AfJ-f- ©oo 
and find the number M on the neighbouring Mach line inclined to 
the new direction of a streamline at the angle p = sin -1 (1/M). 
The Mach number on plane OC with an inclination of (3 = |3o C — a, 
i.e. on the upper side of the plate, is determined according to the 
angle 

®oc = Poc + w oo (7.4.2) 

The found value of the local number M oc makes it possible to de¬ 
termine the Mach angle p 0 c = sin- 1 (1/M 0C ). A graphical solution 
of the problem on the Prandtl-Meyer flow is shown in Fig. 7.4.26. 
The coordinate of point G' of intersection of the epicycloid with 
straight line O'G' parallel to plane OC determines the speed ratio 
X oc °f the disturbed flow near plane OC. The point G of intersection 
of a streamline with characteristic OE corresponds to point G' in a 
physical plane. 
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According to the known number M oc (A,qc) > by "sing formula 
(3.6.30), we can determine the pressure on the upper side of the plate: 

A. = poc. U - /><*> [ (1 + ^ Ml ) / (1 + ^ Mbc ) ] mh ' ’ 1 (7.4.3) 

and the corresponding value of the pressure coefficient: 

Pu = Poc, u = 2 (Poc, U — P -)/(kMlp *) 

At hypersonic velocities (M*, 1), the calculation of the Prandtl- 

Meyer flow is simplified, because to determine the function to we can 
use formula (5.3.41). This allows us to determine the local number M 
directly. Substituting for the angles co 0 c and <a«>in (7.4.2) their val¬ 
ues in accordance with (5.3.41), we obtain 

-Poc)'' « 7 - 4 ' 4 > 


The corresponding pressure can be determined by formula (3.6.39). 

Let us consider the Prandtl-Meyer flow appearing at hypersonic 
velocities with small flow deflections ff 0 c = cc. At very large num¬ 
bers Moo, the beam of Mach lines issuing from point 0 will be very- 
narrow. We can consider to a sufficiently good approximation that 
the beam is compressed into a single line on which the flow imme¬ 
diately turns, with expansion. This line can therefore be condition¬ 
ally considered as an “expansion shock” behind which the velocities 
(Mach numbers) grow and the pressures lower. The angle poc of 
inclination of this line to the vector V TC is obtained if we take advan¬ 
tage of the analogy with a compression shock and calculate this 
angle by formula (4.6.9) provided that the angle p s = poc = cc in 
this formula is negative. Assuming that 0 S = po C , we find 


-iV- - = _ 1 _Ll/_3_ l_L 

| Poc I 2 (1 — 6 ) ' V 4(l-6p ' if 2 


(7.4.5) 


where | Poc I = 1 cc | is the magnitude of the turning angle of the- 
flow (the angle of attack), and K~ = (M TC Poc) 3 - 
By using formula (4.6.11') to evaluate the pressure coefficient 
with a view to the sign of the angle Poc = cc. we obtain 


P u 
a 2 


Poc. u ___ 1 

a 2 1 — 6 



1 

(1-S) 2 



(7.4.6) 


At low numbers and small angles p 0 c = cc, a nearly uniform 
Prandtl-Meyer flow appears near the deflected surface. For such a 
flow, relation (7.1.2') for the speed of sound holds. If we now find a. 
formula for the Mach number from (7.1.2), namely, 



2 / 

k — 1 \ a z 


1 ) 



a z 
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and introduce the value of a 2 from (7.1.2') into this formula, we obtain 


~ = M^- 

a 1 


Ml 




-1 


(7.4.7) 


In accordance with this expression, we can assume in a first approx¬ 
imation that in a nearly uniform flow M « Mo and, consequently, 
the equation dy/dx = tan ((1 ± p^o) is used for the characteristics 
in a physical plane. Since the flow deflection angle (1 is small and 
P <C Poo, then dy/dx « ± tan poo. Consequently, the characteristics 
are Mach lines inclined to the X-axis at angles of ±p <*>. For a Prandtl- 
Meyer flow, we have a family of characteristics in the form of paral¬ 
lel lines inclined to the horizontal axis at the angle p<x> (Fig. 7.4.2c). 

We obtain difference equations for the characteristics in the hodo- 
graph of a supersonic flow from (5.3.21) and (5.3.22): 

AF/F + tan pA|3 = 0 (7.4.8) 

For a nearly uniform flow, we have 
AF = u, V — Foo, A(3 = (3, tan p = tan poo = (Ml, — l)- 1 / 2 

Consequently, 

u/Vco = ±&VMl - 1 (7.4.8') 

Inserting the value of u from (7.4.8') into (6.1.5), we obtain the 
pressure coefficient 

P = +2 §!VMl - 1 (7.4.9) 

Since we are considering an expanding flow for which p < 0 and 
are having in view that the magnitude of the angle (3 is being found, 
we must take the minus sign in formula (7.4.9). Accordingly, on the 
upper side of the plate inclined at a small angle of attack |3 = a, 
the pressure coefficient is 


Pu --= P oc.u = — 2a/VMl — 1 (7.4.10) 

Let us consider the bottom side of the plate. The flow over this 
side (see Fig. 7.4.1) is attended by the formation of shock OE issuing 
from a point on the leading edge and, consequently, by compression 
of the flow. To determine the angle 0 s ,oe of inclination of the shock, 
we should use formula (4.3.25) in which we must assume that M x = 
= M oo and (3 S = a. According to the found value of 0 S ’oe> we find 
the Mach number M 2 = M 0 c b on the bottom side by (4.3.19) or 
(4.3.19'). 

When determining the nature of the flow in the region behind 
point C on the trailing edge, we can proceed from the following 
•considerations. On the upper side of the plate, the number Moc.u 
ahead of shock CD is larger than the number M x ahead of shock OE 
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formed on the leading edge from below. If we assume that behind 
point C the flow does not deflect from the direction of the undisturbed 
flow (streamline CF is parallel to the vector V„,), the losses in the 
upper shock will evidently be greater, and therefore M CFjU <C 
< M c F, h . The pressure in the region above line CF will be greater 
than in that below it. 

A pressure jump cannot be retained on a boundary surface in a 
gas flow, although the velocities may remain different. Therefore, 
in real conditions, the direction of streamline CF differs from that 
of the free-stream velocity, i.e. a downwash of the flow forms behind 
the plate. It is clear from physical notions that line CF deviates in 
the direction of the bottom region. Here turning of the flow behind 
shock CD through a smaller angle is ensured, which is just what 
leads to lowering of the pressure. 

Investigations show that the downwash angle is small, hence to 
a sufficiently good approximation we can proceed from the assump¬ 
tion that at point C the direction of the flow coincides with that of 
the free stream. Accordingly, the shock angle 0 s .cd on the upper 
side is determined by formula (4.3.25) in which we assume that 
Tfj — M oc u and (f s = a. The corresponding Mach number behind 
the shock M 2 = M c f, u is determined from (4.3.19) or (4.3.19') 
according to the values of 0 S = 0 s ,cd- — M 0 c.u- anf i Ps — a - 

Below line CF in the region behind the trailing edge, a Prandtl- 
Meyer flow appears with the Mach number M CFib determined with 
the aid of the formula co C f, u = n>oc,b + a - 

The pressure p v = poc.u on the upper side of the plate is deter¬ 
mined by formula (7.4.3), while the corresponding pressure p h = 
= Poc.b on the bottom side is calculated by expression (4.3.15) in 
which it is assumed that p 2 ~ p b , Pi = P 6 S “ 6 s .oei and 
Pu < Poc < P 1 ,. 

If the length of the plate is L, and its width is taken equal to unity, 
the force produced by the normal pressure applied to the plate is 
Y = L (p h — p u ). Consequently, the lift force is Y a = Y cos cc, 
while the drag is X a — Y sin a. The corresponding values of the 
lift and drag coefficients are c y — Yiiq^L) and c x& = X a l(q 0 JY). 

Introducing the pressure coefficients p u = (p u — p x )lq*, for the 
upper and p b -- (p b — p x )/q ,„ for the lower sides, respectively, 
we obtain the following expressions for the aerodynamic coefficients: 

c v a = (Pb ~ Pu) cos a, Cx a = (p b — Pu) sin a (7.4.11) 

The force X a appearing upon supersonic flow over the plate and 
caused by the formation of shock waves and ordinary disturbance 
waves is called the wave drag, and the corresponding quantity 
c x a = c xw is called the wave drag coefficient. This drag does not 
equal zero even in an ideal (inviscid) fluid. 
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The fineness of the plate K = c y Jc Xa = cot a can be seen to be 
a function of only the angle of attack. Owing to the uniform distribu¬ 
tion of the pressure over the surface of the plate, the centre of 
pressure is at its middle. Consequently, the moment of the pressure 
forces about the leading edge is M z = — YL/2, and the correspond¬ 
ing moment coefficient is 

m z = m Za = M J (q <xX 2 ) = — {p h — p u )/2 (7.4.12) 

At hypersonic velocities, the pressure coefficient for the upper 
side of the plate is determined approximately by (7.4.6), and for 
its lower side, by (4.6.12). With this in view and assuming in (4.6.12) 
that (3 S = a, we obtain for the difference of the pressure coefficients 
p h — p v , also known as the pressure-drop coefficient, the expression 

{p h ~Pu)lo?^^V T7[4 (1 — 8) 2 ] + lTF 2 (7.4.13) 

Consequently, 

c.jjo? -4/1/(4 (1 - 8) 2 ] + 1 IK? (7.4.14) 

jo? - 4 V 1/[4 (1 - 6)2] ■+ 1 IK 2 (7.4.15) 

m z J a 2 = -2 Y 1/(4 (1 — 6) 2 ] UK 2 (7.4.16) 

Formulas (7.4.13)-(7.4.16) express the law of hypersonic similarity 
as applied to the flow over a thin plate. This law consists in that 
regardless of the values of and a, but at identical values of 
K — M ocCt, the corresponding quantities pi a 2 , c y J<z 2 , c x J a 3 , and 
m z Ja 2 for plates are identical. The parameter K = a is called 
the hypersonic similarity criterion. 

Examination of formulas (7.4.13)-(7.4.16) reveals that the relations 
for the pressure, lift, and moment coefficients are quadratic, and 
for the drag coefficients—cubic functions of the angle of attack a. 
At the limit, when K —► oo, we have 

(Pb — Pm = c yJ a2 = c x Ja? — 2/ (1 — 6) (7.4.17) 

m z Ja 2 = —1/(1 - 6) (7.4.18) 

For a plate in a nearly uniform (linearized) flow, the pressure 
coefficients are calculated by formula (7.4.9) in which we should 
assume that (1 = a. The minus sign in this formula determines the 
pressure coefficient for the upper side, and the plus sign—for the 
bottom side. Accordingly, the difference between the pressure coeffi¬ 
cients related to the angle of attack is 

(Pb ~ Pu)/« = W M'L — 1 


( 7 . 4 . 19 ) 
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Introducing (7.4.19) into formulas (7.4,11) and (7.4.12), we obtain 
Cyja = 4/Y M : L -1 (7.4.20) 

c* a /a*=4/y ML-1 (7.4.21) 

m z Ja — — 2 /Y Ml — 1 (7.4.22) 

In the given case, the number is the similarity criterion. 

When its value is retained, and regardless of the value of the angle 

of attack, the corresponding values of p/a, c y Ja, c x J a 2 , and m z Ja 
are identical. If we consider a nearly uniform flow at very large 
numbers Moo 1, formulas similar to (7.4.19)-(7.4.22) can be written 
in the form 

(Ph — Pu)la 2 = c v Ja 2 = c x Ja 3 = 4 IK (7.4.23) 

m z Ja z = -2 IK (7.4.24) 

Hence, the hypersonic similarity criterion K = M is also 
valid for a nearly uniform (linearized) flow with large Mach numbers. 
It is evident that such a flow can appear only at very small angles 
of attack. 


7.5. Parameters of a Supersonic Flow 
over an Airfoil with an Arbitrary 
Configuration 

Use of the Method of Characteristics 

Let us consider a supersonic flow over a sharp-nosed airfoil with 
an arbitrary configuration (Fig. 7.5.1). The upper contour of the 
airfoil is given by the equation y v = / u (x), and the bottom one by 
the equation y b — f b ( x). Assume that the angle of attack is larger 
than the angle (f 0 , u formed by a tangent to the airfoil contour on its 
upper side at point 0 on the leading edge. Consequently, a Prandtl- 
Meyer flow develops at this point. The flow passes through an expan¬ 
sion fan issuing from point O as from a source of disturbances, and 
acquires a direction tangent to the contour at this point. Further 
expansion of the flow occurs behind point 0 along the contour. Conse¬ 
quently, the flow near the airfoil can be considered as a consecutive 
set of Prandll-Meyer flows. Since the turning angle at the points 
on the contour is infinitely small, individual Mach lines issue from 
them instead of a fan of expansion lines (Fig. 7.5.1). 

We find the velocity at point 0 by formula (7.4.2), which we shall 
write in the form 

co 0 = (Ooo -r a — Po.u (7.5.1) 

where j3o tU = tan- 1 (dyjdx ) Q . 
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Fig. 7.5.1 

Supersonic flow over a sharp-nosed airfoil: 
1 —expansion fan; 2 —Mach lines 


Using the value of a> 0 , we determine the corresponding number 
from Table 5.3.1. At point C, which is at a small distance from the 
nose, the velocity of the gas is calculated as for a Prandtl-Meyer 
flow by the formula 

®c = ®o + Po.u — Pc (7.5.2) 

where p c = tan- 1 (dyjdx ) c . 

Inserting Eq. (7.5.1) into (7.5.2), we obtain 

(o c = (Ooo + a — pc (7.5.3) 

Hence, by (7.5.3) for any arbitrary point N on the contour, we 
have 

w N = 4- a — p N (7.5.4) 

where p N = tan- 1 (dyJdx) N is the angle calculated with a view to 
the sign (for the leading part of the contour the signs of the angles 
are positive, and for the trailing part, negative). 

Let us assume, as for flow over a flat plate, that the flow behind 
point B approximately retains the direction of the free stream. There¬ 
fore, at point B, the flow moving near the contour at a velocity corre¬ 
sponding to the number M B , U turns, and a shock BE appears issuing 
from point B. The angle 0 s .be of inclination of the shock and the 
parameters behind it are calculated with the aid of the relevant for¬ 
mulas of the shock theory according to the known values of the angle 
of attack a, the number Af Bi „, and the contour nose angle at point B 
on the upper side. The parameters on the upper side of the airfoil 
(pressure, velocity, etc.) are determined from the known value of the 
local Mach number with the aid of the relations for an isentropic flow 
of a gas. 

If the angle of attack equals the angle p 0 , u , we have the limiting 
case of a Prandtl-Meyer flow at point 0 where the Mach number is 
M o,b = Moo. Formula (7.5.4) can be written as 

= (Ooo + Po,u — Pn 


(7.5.4') 
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Fig. 7.5.2 

Supersonic flow over the bottom side of an airfoil with the formation of a shock: 
1 —straight part of the contour of the airfoil in the flow; 11 —curved part of the airfoil con¬ 
tour; 111 —curved part of the shock; IV —straight part of the shock 


Calculation of the flow over the bottom side of the airfoil (Fig. 7.5.2) 
begins with determination of the gas parameters at point 0 —directly 
behind the shock. For this purpose, using formula (4.3.25) and the 
values M x =■ M x and = a -f ffo.m we calculate the shock angle 
0 S o- We find the number Mo.b — at point 0 from (4.3.19) or 
(4.3.19'). We may assume that this number remains constant within 
a very small neighbourhood of point 0 on straight line element OD 
of the contour. Straight element OJ of an oblique shock corresponds 
to OD. Its length is determined as the distance from point 0 to point/ 
that is on the intersection of the shock with a first family characteris¬ 
tic issuing from point D. 

The flow behind a straight shock is vortex-free , consequently there 
is an isentropic flow over part of the contour behind point D. To deter¬ 
mine the velocity of such a flow at point F, we shall use Eq. (7.4.1), 
from which we lind ®f = <d d — (Pd — p F )* where co D is the value 
of the angle oi calculated by formula (5.3.30) for the number M on 
part OD of the contour. The values of the angles |3 D and p F are deter¬ 
mined with a view to the sign (in the given case the angles p D and p F 
are negative on the leading part of the contour). 

The How near part DF of the contour can be considered as a Prandtl- 
Meyer flow, therefore disturbance line F-l-3 issues from point F as 
from a perturbation source. It intersects the continuation of the 
normal shock at point 3 and curves it, as a result of which the actual 
direction of the shock is determined by point 3 of intersection of the 
shock and the characteristic. 

Downstream, curving of the shock is due to its interaction with 
the characteristics issuing from points G, H, K, etc. Curving of the 
shock causes a vortex flow to form for whose calculation we must use 
relations on the characteristics for a non-isentropic plane flow. The 
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second family characteristic JH is the boundary of this vortex flow. 
The characteristic is gradually constructed in the form of a broken 
line according to the known values of the number M and the angles (5 
along the straight second family characteristics issuing from contour 
points F, G, etc. At point H of the contour, which is simultaneously 
on characteristic JH , the velocity is found from the expression 
ooh = oo D — ((3d — (3h)- At point K adjacent to H, the parameters 
are calculated according to the equations for the characteristics 
taking into account the vortex nature of the flow behind a shock. 
To determine the velocity at this point, it is sufficient to know the 
velocity and its direction (the angle (3) at point 7 near point K on 
dement 7-K of the second family characteristic. To find this velocity, 
it is necessary to calculate the curving of tire shock behind point J 
on element J-3' and find the parameters on the shock at point 3'. 
To do this, we have the following data at our disposal: the number 
M — M x ~ M-p and the angle (3 = (3 f of deflection of the flow at point 
1, and also the parameters M 2 — M j and (3 S = |3 s ,j on the shock at 
point J. By using formula (5.4.46) and assuming that e = 0, we 
obtain the following expression for the change in the angle (3 along 
characteristic 1-3 : 

If-lid < 7 - 55 > 

•where A(3 t = (3 3 — (3 t , Aaq = x 3 — aq; 

A S _ (S a — Si) cos (pi -f Pi) __ sin 2 cos [q 

An ~ (x 3 — x,) sin Pi ’ 1— cosflSj + pi) 

The derivative (dco/d(3)j is evaluated by (5.4.39) for the values of 
the relevant parameters at point 1\ the angles Wj and wj are deter¬ 
mined from (5.3.30) according to the numbers M at points 1 and J, 
respectively. 

Point 3 in Fig. 7.5.2 is at the intersection of the normal shock and 
characteristic 1-3. Consequently, its coordinates are found as a result 
of the simultaneous solution of the equations 

5/s — 2/i = ( x s ~ *i) tan ((3 X + p 2 ), y 3 = x 3 tan (0 S>O — a) (7.5.6) 

The intersection of the characteristic with the shock at point 3' 
is different because of curving of the shock. We shall find the new 
shock angle 0 s ,j 3 ' on J-3' according to the flow deflection angle behind 
the shock (3 S = (3 3 . — A(3 X + (3 2 and the number M' calculated by 
means of the expression (o' = A®! -j- aq in which Aoq is found from 
(5.4.38): 

Aoq = (Oj + (dw/df})j A|3x — oq (7.5.7) 

Consequently, the equation of the shock element J-3' has the form 
U 3 ' — 5/J = (ay — *j) tan (0 s ,j 3 - — a) 
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Owing to deflection of the flow at point 3', the characteristic on 
element 1-3' changes its direction. The equation of the characteristic 
on this element has the form 

Hr ~ y\ = (z 3 » — ^i) tan ((l s # -f p 3 .) 

By solving these two equations simultaneously, we find the coordi¬ 
nates x 3 > and y 3 - of point 3'. 

Let us consider point 5 at the intersection of characteristic elements 
2-5 of the first and 3'-5 of the second family. We determine the coor¬ 
dinates y 5 and x 5 of this point from the solution of the equations for 
the elements of the corresponding characteristics: 

I/s — y 2 = {xs — x 2 ) tan (p 2 + p 2 ) | g 

Z/5 —1/3' = (^s — ^3*) tan (^3— ht 3 ') 1 

We determine the change in the direction of the flow when passing 
from point 2 to point 5 along characteristic element 2-5 from Eq. 
(5.4.22) in which we assume that e = 0: 

= T [tr ' "ST ( Ax3 '^’ + Ax 2 c z) — (®2 — ®3') — (P 2 — M] (7.5.9) 

where A(3 2 = p 5 — P 2 ; Ax 3 .= x s — x v \ 

AS (S r —S 2 ) cos (P 2 + P 2 )cos (p 3 ,~p 3 ,) 

A n ~~ /-f-e 

we assume that 

f = (x 5 — x 2 ) sin p 3 , cos (p 2 + p 2 ); 

e — (x 5 — z 3 ») sin p 2 cos (|J 3 r — p 3 ») 

We determine the values of c 2 and f 3 - by (5.4.15). We find the 
number M at point 5 from (5.4.23) using A|3 2 . Similarly, according 
to the known values of the gas parameters at point 5 and at point H 
on the wall, we determine the velocity at point 6 at the intersection 
of the characteristic elements H-6 of the first family and 5-6 of the 
second one. We find the coordinates zh and yn of point H by solving 
the equations of the contour y H = /h (^h) and of element 2-H of 
the characteristic y H — y 2 — (x H — x 2 ) tan (|3 2 — p 2 ). 

Let us now choose arbitrary point 7 with the coordinates x 7 and y 7 
on characteristic element H-6. We shall determine the parameters 
at this point by interpolation. For example, the angle (3 7 = fdg — 
— (Pe — Ph) 4- 7 /Z 6 _h, where l 6 _ 7 and 4 -h are the distances from 
point 6 to point 7 and to point H, respectively. Similarly, we can 
find the number M 7 and the corresponding Mach angle p 7 . We choose 
point 7 so that characteristic element 7-K drawn from this point 
at the angle (5 7 -pi 7 will intersect the contour at point K at a small 
distance'from point H. We determine the coordinates x K , yx of this 
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Fig. 7.5.3 

Supersonic isentropic' flow over a curved sharp-nosed airfoil: 
1 —contour of the body in the flow; 2 —second family characteristic 


point as a result of solving the equation y K — z / 7 — (a: K — x 7 ) X 
X tan (fi 7 — p 7 ) for the characteristic element 7-K and the equation 
2/k = /h (xk) of the contour. Since the flow at point K is a vortex 
one, Eq. (5.4.27) must be used to calculate the velocity at this point. 
Assuming in the equation that e = 0, we obtain 

A®,-—afc—f», (7.5.10) 

where A<o 7 = <ok — ® 7 and A|3 7 = (Jr — P 7 , the angle pK = 
= tan - 1 (dyn/dx) K . We determine the parameter f 7 from (5.4.28) for the 
values p 7 and f } 7 and evaluate the entropy gradient by the formula 
(5.4.29): 

AS/An = (S 7 — S K ) cos (|3 7 — [x 7 )/[(.tk; — x 7 ) sin p 7 ] 

We find the entropy Sk at point A as a result of calculating its 
value at point 0 directly behind the shock, and the entropy S 7 at 
point 7 by interpolation between its values at points H and 6. 

Similarly, by consecutively solving each of the three problems 
considered in Sec. 5.4, we determine the velocity field in the region 
between characteristic DJ, the contour, and curved shock J-3'-4'. 
We find the shape of this shock gradually in the form of a broken 
line, and fill the indicated region of the flow with a network of 
characteristic curves (characteristics). 

We can determine the pressure at the nodes of the network of 
characteristics according to the Mach number with the aid of formula 
(3.6.28). We calculate the corresponding stagnation pressure p 0 — p' 0 
needed in this formula by interpolation, using formula (5.4.19). 
We find the pressure at points on the contour using the corresponding 
Mach numbers and the stagnation pressure po = p 6 evaluated by 
(4.3.22) for the angle 0 s ,o and the number M 
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Calculation of the flow on the bottom side of an airfoil is simplified 
when a second family characteristic drawn from point J does not 
intersect the contour , and, consequently, this flow can be considered 
as an isentropic one (Fig. 7.5.3). We use Eq. (5.3.38) to calculate the 
Mach number at arbitrary point L of the contour: 

cot = co D — (Pd — Pl) (7.5.11) 

Here we determine the angle p L by the formula p L = tan- 1 (dy H /^)L 
with a view to the sign: at the leading edge of the contour it is nega¬ 
tive, at the trailing edge, positive, the angle po is negative. We 
determine the shape of the shock by its angles 0 S at points 3' and 4' 
at the intersection of the straight characteristics drawn from points F 
and G. We find the shock angle 0 S at point 3' approximately by 
formula (4.3.25), using the values of p 3 ' = p F and M oa . We calculate 
the shock angle at point 4' in a similar way. 

We have considered the calculation of the flow at such angles of 
attack a ^ p 0 , u when there is an expanding flow all over the upper 
side. If this condition is not observed (a < p 0 , „)» the flow over the 
upper contour occurs with compression of the gas at the leading edge 
and the formation of a compression shock. Hence, such a'flow should 
be calculated in the same way as for the bottom surface.^ 

Hypersonic Flow over a Thin Airfoil 

If a thin sharp-nosed airfoil (see Fig. 7.5.1) is in a hypersonic 
flow at such small angles of attack that the local Mach numbers on 
its upper and bottom surfaces at all points considerably exceed unity 
and, in addition, the conditions of isentropic flow over the bottom 
contour (Fig. 7.5.3) are retained, we can use simplified relations for 
the characteristics to calculate the disturbance velocity. 

If the angle of attack a ^ Po,»» to determine the number M at 
an arbitrary point N on the upper contour, we must use the formula 

(7 - 5>12) 

obtained from (7.4.4). 

Since everywhere on the upper contour there is an expanding flow , 
the number M N > 

Flow over the bottom surface is attended by the formation of a 
shock and, therefore, by compression of the gas. We calculate the 
pressure coefficient at point O directly behind the shock with the 
aid of formula (4.6.12) as follows: 

p b l(a - Po t b ) 2 = 1/(1 - 6) + K 1/(1 — 5) a -F 4//s: 3 (7.5.13) 

where K = M x (a — p 0 ,b)'» we take the angle fio.b with a minus 
sign. 
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From the formula p b = 20 S:O (a — Po,b)> we can calculate the 
shock angle 0 S , O , and then using the value of K s — M oo0 s ,o we can 
find the Mach number at point O , using formula (4.6.16): 

= X*/{[( 1 + 8 ) K\ - 8 ] (1 - 8 + 6X1)} (7-5.14) 

Behind point 0 , expansion of the flow occurs, therefore to deter¬ 
mine the velocity at an arbitrary point L, we can use the relation 

(7 ' 5J5) 

Hypersonic flow over a thin airfoil can be calculated approximately 
by using the method of tangent wedges. According to this method, 
we calculate the flow at an arbitrary point of a contour by the relevant 
formulas for a flat plate assuming that the latter is in a flow with 
the number M x at an angle of attack equal to the angle between the 
vector Voo and a tangent to the contour at the point being considered. 
Hence, for a point N on the upper side, the pressure coefficient bv 
(7.4.6) is 

Pn/(«-Pn) 2 = 1/(1 -b)-V 17(1^8)2 + 4 /Kb [(7.5.16) 


where X N = M x (a — p N ). 

For an arbitrary point L on the bottom side, with a view to (7.5.15), 
we have 

Pd (a - P L ) 2 = 1/(1 - 6 ) + K 1/(1 - 6) 2 + 4 /Ki (7.5.17) 

where Xl = M «, (a — fl L ). 

In formula (7.5.16), the angle |3. v has a plus sign at the leading 
edge of the contour and a minus sign at the trailing edge, whereas 
in formula (7.5.17) the angle p L has a minus sign at the leading edge 


and a plus sign at the trailing one. 

At the limit, when X oo. we have 

p N = 0 (7.5.18) 

p L = 2 (a - p L )V(l - 8 ) (7.5.19) 

With a zero angle of attack, formulas (7.5.16), (7.5.17), and 
(7.5.19) acquire the following form: 

Pn/Pn - 1/(1 — 8) — V 1/(1 - 6)2 + 4 /Kh (7.5.16') 

hM = 1/(1 - 6 ) + |A/(1 - 6) 2 + 4 XL (7.5.17') 

Pl = 2P£/(1 - 6 ) (7.5.19') 


In formulas (7.5.16') and (7.5.17'), X^ = dfooP N and Xl = 
= M oo(5l 
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Nearly Uniform Flow 
over a Thin Airfoil 

At this case, we consider a flow over a thin airfoil at small angles 
of attack. This flow is featured by shocks of a finite intensity being 
absent and by the characteristics on the upper and bottom sides 
being straight Zincs with an angle of inclination of p oo = sin* 1 (1 /M „). 

To determine the pressure coefficient for the airfoil, we shall use 
Eq. (7.4.9). According to this equation, for an arbitrary point N 
on the upper side of the airfoil 

p N = -2.(a-PN)//Af|o-i (7.5.20) 

and for a point L on the bottom side 

p L =2(a-p L )//ML^T (7.5.20') 

lor a zero angle of attack 

PN = 2p N /VMT-^T, P L = -2$JY Ml-i (7.5.20') 

An increase in the small angles of attack leads to a growth in the 
error when calculating the pressure on a thin airfoil in a nearly 
uniform flow. The accuracy of these calculations can be increased 
by using the second-order aerodynamic theory. According to the latter t 
the pressure coefficient is 

p — rtCjO T" C 2 O” (7,5.21) 

where 

e x = 2 (Ml - i)-y\ c 2 = 0.5 (Ml - l)- 2 [(Ml - 2? + kMl] 

(7.5.22) 

The plus sign in (7.5.21) relates to the bottom side of the plate 

(Pl; 0 — a — PlT ar| d the minus sign, to the upper one (pn.> 0 = 
= a — p N ). 


Aerodynamic Forces 
and Their Coefficients 

To determine the aerodynamic pressure forces, we shall use formulas 
(1.3.2) and (1.3.3), relating them to the body axes x, y (see Fig. 7.5.1) 
and assuming that c tiX = 0. In this condition, formula (1.3.2) 
determines the longitudinal force X for an airfoil, and (1.3.3), the 
normal force Y produced by the pressure: 

X = qccS T ^ p cos (n, x) , Y — — \ p cos (n, y)-jr- 

(S) r (S) 
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Fig. 7.5,4 

Aerodynamic forces for an airfoil in a body axis and flight path coordinate 
systems 

Adopting the quantity S r — b X 1 as the characteristic area 
and taking into account that dS = dl X 1 (b is the chord of the 
airfoil, and dl is an arc element of the contour), we obtain the follow¬ 
ing expressions for the aerodynamic coefficients: 

I! — — 

c x = X/(qooS r ) — A) p cos (n, x) dl, 

r* — /\ — 

c = Y/(q 00 S r ) = — (y p cos (n, y) dl 

v 

where dl — dl/b, while the curvilinear integrals are taken along the 
contour of the airfoil (counterclockwise circumvention of the contour 
is usually taken as positive). 

Let us introduce into this expression dl = dz/sin ( n , x ), 

cos ( n , y) dl = dx, where dx = dx/b. 

Next passing over from curvilinear integrals to ordinary ones, we 
obtain 

0 0 

1 

c y ~ j (Pb~Pu)dx 

0 

where p b and p u are the pressure coefficients for the bottom and 
upper sides of the airfoil, respectively. 

Using the formula for conversion [see formula (1.2.3) and Table 
1 .2.11, we obtain the aerodynamic coefficients in a wind (flight path) 
coordinate system (Fig. 7.5.4): 

c x a — c x cos a + c y sin a, c Va = c y cos a — c x sin a 


(7.5.23) 

(7.5.24) 


(7.5.25) 
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Fig. 7.5.5 

Determination of the moment 
of the forces for an airfoil 



With flight angles of attack not exceeding the values of a « 10-12, 
we have 

c x a — c x + c y a, Cy a « Cy (7.5.25') 

For the coefficient of the moment about the leading edge of the 
airfoil due to the pressure force (Fig. 7.5.5), by analogy with (1.3.6), 
we derive the formula 

= L—( f xdY- ( ydX) 

z qooSrb qooS r b \ J J y I 

= \ {j P xc °s(n, y )-§^— j py cos (n, a:)—} 

(S) r (S) 

or 

~ 5 -Pu) xdx- j \~ Pb y b (-g-) b -p u y u (^)J ^ 
0 0 

(7.5.26) 

where y b = y b /6 and y u = yjb. 

We determine the coefficient of the centre of pressure for the 
condition that the point of application of the resultant of the aero¬ 
dynamic forces is on the chord of the airfoil. If its coordinate is x v , 
we have 

l l 

J 6b-Pu)*d*+J fpw«.(-s-) b -Pu»u (-g-)J & 

„ _ X P _ m z _ o 0 

C P - b ~ Cy -r 

\ (Pb — Pn) dx 
0 

(7.5.27) 

For thin airfoils, we may disregard the second integral on the 
right-hand side of (7.5.26) and in the numerator of (7.5.27). Accord- 
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ingly, 

1 

m 2 = — j (/>b — Pu) xdx (7.5.26') 

o 

1 1 

C P= j (Pi> — Pu)xdx [j (p b — p u )dx] 1 (7.5.27') 

0 0 

By comparing the first and second terms on the right-hand side of 
(7.5.26), we can estimate the order of the discarded infinitesimals. 

l 

It is determined by the value of ^ y ( dyldx) dx « A 2 , where A = A lb 

o 

is the relative thickness of the airfoil. 

Using relation (7.5.21), we obtain the longitudinal-force coefficient 
(7.5.23) corresponding to the second-order aerodynamic theory: 

c x = c 1 K 1 + 2c 2 /£ 2 a (7.5.28) 

where 

l l 

K,= j (PS + ft)<te, £ 2 = j (PI-PuW* (7.5.29) 

0 0 

The normal force coefficient in accordance with (7.5.24) is 

Cy = 2cjcc C 2 K 2 (7.5.30) 

According to the results obtained, the drag and lift coefficients are 
c x& — 2c 1 a 2 + 3c 2 /f 2 a + c^Ky, c Va = 2c x a + c 2 K 2 (7.5.31) 

Tn the particular case of a symmetric airfoil, |3b = |Ju = P 2 = 

— {dyldx) 2 and, consequently, K x = 2 j |3 2 dx and K 2 = 0. Accord- 

0 

ingly, 

i 

c Xa = 2cja 2 -f- 2c t j | ¥dx, c Va —2c i a (7.5.31') 

0 

From these two relations, we find 

C *a = ^- + 2C ‘ J (7-5.32) 

0 

Equation (7.5.32) determines the relation between the drag and 
lift coefficients—what is called the polar of an airfoil. 
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We find the coefficient of the longitudinal moment about the 
leading edge by inserting (7.5.21) into (7.5.26'): 

Ttl z — — C 2 B 2 (“^*2'1 2 — c b ) a (7.5.33) 

where 

l l 

Ai= ^ (Pb + Pu) xdx \ A 2 = j (p b — p u ) xdx (7.5.34) 
o o 

l 

B 2 = j m,-K)xdx (7.5.35) 

o 

For a symmetric airfoil, p u = —p u = p, therefore A 1 = B 2 = 0; 

l 

.4 2 = 2 j $x dx. Accordingly, 
o 

i 

m z = ^4c 2 j Pa :dx — a (7.5.33') 

o 

The coefficient of the centre of pressure, by (7.5.27'), is 
c p = —lc 1 A 1 — c 2 B 2 + (2c 2 A 2 — Cj) a]/(2c 1 a + c 2 K 2 ) (7.5.36) 

For a symmetric airfoil 

i 

c p = 0.5 (l — 4-jS. j $xdx} (7.5.36') 

o 

For a linearized flow (low supersonic velocities), the coefficient c 2 
should be taken equal to zero in the above relations. 

With hypersonic velocities of a thin airfoil, formulas (7.4.6) and 
(4.6.12) can be used to calculate the pressure coefficients in (7.5.23), 
(7.5.24), (7.5.26')and(7.5.27'). The pressure coefficient for the bottom 
side in accordance with (4.6.12) is 

ft, = (a-p b ) 2 [1/(1 — 6) -hK 1/(1 — S) 2 -i 4/JCtl (7-5.37) 

while for the upper side, the value of this coefficient by (7.4.6) is 

Pu = (a —p u ; 2 [1/(1 —8 )—V 1/(1 — S) 2 -|-4/Kij] (7.5.38) 

where K b — Moo fa — Pb) and K n — M 0 „ (a — p u ). 

Let us find the relations for the aerodynamic coefficients of a 
wedge-shaped airfoil (Fig. 7.5.6). Since for the bottom contour we 
have ( dyldx) b = tan p b , and for the upper one ( dy/dx) u = tan p u , 
and taking into account that the pressure coefficients p b and 
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Fig. 7.5.6 

Wedge-shaped airfoil 

are constant, we obtain from (7.5.23) and (7.5.24): 

c x = — p b tan p b + p u tan p u (7.5.39) 

c v = Pb — Pu (7.5.40) 

The angle p b should be considered negative in formula (7.5.39). 
We find the moment coefficient from (7.5.26): 

m z = —0.5 (p b — p u ) — 0.5 (p b tan 2 p b — p u tan 2 (5 U ) (7.5.41) 

while the coefficient of the centre of pressure by (7.5.27) is 

c r = 0.5 [1 + (p b tan 2 p b — p u tan 2 p u )/(Pb— Pu)l (7.5.42) 

For a symmetric airfoil, we have 

Jx =_(Pb + Pu) tan p, c y =p b —p u | 

— —0.5 (p b — p u ) (1 + tan 2 P), c p = 0.5 (1 + tan 2 (5) j ' J ' 



In the above relations, the pressure coefficient p b is determined 
by accurate relations obtained in the theory of an oblique shock. 
We also use this theory to find the pressure coefficient p u for a < p u - 
For a > p u , the finding of p u is associated with calculation of the 
Prandtl-Meyer flow on the upper side of the airfoil. 

The relations obtained for the aerodynamic coefficients of the 
airfoil relate to arbitrary values of the nose angle (p b , p u ) and the 
angle of attack. If these values are not large, the second-order theory 
can be used to calculate the coefficients. According to this theory, 
in formulas (7.5.31) for c Xa and c„ a , we must assume that 

Ki = P£ + Pi, K 2 = Pi - Pi 

When calculating the moment coefficients (7.5.33) and (7.5.36), 
we must proceed from the fact that 

Ai =0.5 (p b + p u ),| A 2 = 0.5 (p b — p u ), B 2 — 0.5 (Pi Pu) 
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For a symmetric airfoil, we have 

c Xa = 2 c i (a 2 -f p 2 ), c v& = 2c t a ] 

i» 2 = (2c 2 p-c 1 )a, c p = 0.5(l-2^p) } (7 ' 5,44) 

where the angle (3 is chosen with a minus sign (for the bottom side). 

The use of formulas (7.5.37), (7.5.38) allows us to determine the 
aerodynamic coefficients (7.5.39)-(7.5.43) corresponding to hyper¬ 
sonic velocities of a thin airfoil at a small angle of attack. 


7.6. Sideslipping Wing Airfoil 
Definition of a Sideslipping Wing 

’'''Let us assume that an infinite-span rectangular wing performs 
longitudinal motion at the velocity V x (normal to the leading edge) 
and lateral motion along the span at the velocity V 2 . The resultant 
velocity V = + V 2 is directed toward the plane of symmetry of 

the wing at the sideslip angle (3. A rectangular wing performing such 
motion is said to be a sideslipping one. 

The flow over a sideslipping wing does not change if we consider 
inverted flow in which a rectangular wing encounters a stream of 
air at the velocity — V x perpendicular to the leading edge, and a 
stream at the velocity —V 2 in the direction of the wing span 
(Fig. 7.6.1). 

The nature of the flow is the same if the resultant velocity V,» 
is parallel to the initial velocity —V, (see Fig. 7.6.1) and the rectangu¬ 
lar wing is turned through the angle x = (3 (Fig. 7.6.2). Such a 
wing, which is also a sideslipping one, is usually called an infinite- 
span swept wing. The angle x is determined as the sweep angle rela¬ 
tive to the leading edge. 

Let us consider some features of the flow over sideslipping wings. 
The flow about such wings can be divided into two flows: a longi¬ 
tudinal one (along the span of the wing) characterized by the velocity 
V x<x> = Foo sin x parallel to the leading edge, and a lateral one 
depending on the magnitude of the normal velocity component to 
this edge V n oo - V oo cos x. 

The distribution of the velocities and pressures along the wing 
does not depend on the longitudinal flow, and is due only to the 

lateral flow at the velocity V n oo V oo cos x. The nature of this 

flow and, therefore, the pressure distribution change depending on 
the configuration of the airfoil in a plane normal to the leading edge, 
and on the angle of attack measured in this plane. Accordingly, 
the aerodynamic characteristics of the airfoil are the same as of a 
rectangular (unswept) wing airfoil in a flow with a free-stream 
velocity of F nC o at the indicated angle of attack. 
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Fig. 7.6.1 

Motion of a wing with sideslipping: 

a —longitudinal motion of an infinite-span rectangular wing; b —lateral motion; c—resul¬ 
tant motion at the sideslip angle, 



Fig. 7.6.2 

Sideslipping wing: 

l —wing surface; 2—airfoil in a section along a normal; 3 —airfoil in a section along the flow 


This is exactly the content of the sideslip effect which to a con¬ 
siderable extent determines the aerodynamic properties of finite- 
span swept wings. The term swept is conventionally applied to a 
wing in which the line connecting the aerodynamic centres (foci) 
of the airfoils (the aerodynamic centre line) makes with a normal to 
the longitudinal plane of symmetry the angle x (the sweep angle). 

In aerodynamic investigations, the sweep angle is often measured 
from another characteristic line, for example, from the leading or 
trailing edge (x lt x 3 ), from lines connecting the ends of selected 
elements of a chord (x^, x 1 / 2 , . . .), from the lines of the maximum 
thickness of the airfoils, etc. (Fig. 7.6.3a). 

If the leading edges are curved or have sharp bends, the sweep 
angle will be variable along the span. 

The flow over swept wings in real conditions is distinguished by 
its very intricate nature, due primarily to the partial realization 
of the sideslip effect. Figure 7.6.3b shows a possible scheme of such 
flow over a swept finite-span wing with a sufficiently large aspect 
ratio. 
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Fig. 7.6.3 

Finite-span swept wing: 

a —designation of the sweep angles: 6 — suhsonle flow over a swept wing 


The middle region of the wing (region I) is characterized by the 
mutual influence of neighbouring airfoils reducing the sweep (sideslip) 
angle. Here the mid-span effect appears that detracts from the aero¬ 
dynamic properties because of the decrease in the sideslip effect. 
In region III , the tip effect acts. It is due to an appreciable deflection 
of the streamlines in comparison with a sideslipping wing. And only 
in region II, distinguished by a more uniform flow, is the curvature 
of the streamlines relatively small, and the sideslip angles p are close 
to the sweep angle x. In aerodynamic investigations, this region of 
the wing can be represented in the “pure” form as a region of a swept 
(sideslipping) infinite-span wing arranged in the flow at the sweep 
angle. It will be shown in Chap. 8 that the conclusions relating to 
such wings of a small thickness can be used to calculate the flow over 
separate parts of swept finite-span wings at supersonic velocities. 


Aerodynamic Characteristics 
ol a Sideslipping Wing Airfoil 

When determining such characteristics, a sideslipping wing is 
considered as a straight one turned through the sideslip angle x. 
In this case, the airfoil of a sideslipping wing in a normal section 
will evidently be the same as that of a straight one. 

The airfoil and the angle of attack in a plane normal to the leading 
edge differ from the airfoil and angle of attack in the section along 
the flow (see Fig. 7.6.2). The chord in a normal section b n and the 
chord b along the flow are related by the expression b n = b cos x. 

The angle of attack a n in a normal section is determined from the 
expression 

sin oc„ = hlb n = h/(b cos x) = sin a/cos x (7.6.1) 
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where a is the angle of attack in the plane of the flow. It is evident 
that at small angles of attack we have 

a n = a/cos x (7.6.1') 

If at a point on a wing airfoil in flow without sideslipping at the 
velocity V x the pressure coefficient is p, then when the wing is 
turned through the angle x the pressure coefficient p D at the] corre¬ 
sponding point is the same, i.e. 

2(p n — P oo)/(p <x> cos 2 x) = 2 (p — p 0 o)/(pooFL,) 

Accordingly, for the airfoil of a sideslipping wing, the pressure 
coefficient calculated from the velocity head q x = O.hp^F^, is 

p K = 2 (p n — p„)/( pooVL) = p cos 2 x (7.6.2) 

With a view to (7.6.2) and in accordance with (7.5.23), (7.5.24), 
and (7.5.26), the aerodynamic coefficients for the airfoil of a thin 
sideslipping wing are 

c x ,k — c x cos2 Xi c y,x = c y cos 2 x, m z , x = m z cos 2 x (7.6.3) 

Evidently, by (7.5.25'), we have 

ci a x = (c x + c y a) cos 2 x = c Xa cos 2 x 

Since the drag force is determined not in the direction of the 
velocity component V x cos x, but in the direction of the free-stream 
velocity V x , the coefficient of this drag is 

c x“x = C* x cos x = C Xa cos 3 x (7.6.4) 

All these coefficients are determined for a velocity head of q x = 
= O.SpooF^. Inspection of formulas (7.6.3) for c y , K and rn z , K reveals 
that the coefficient of the centre of pressure c p = —m z< Jc y%K corre¬ 
sponding to small angles of attack does not depend on the angle of 
attack, i.e. c p = —m z /c y . 

Compressible Flow. According to the linearized theory, the pressure 
coefficient for the airfoil of a sideslipping wing in a subsonic compres¬ 
sible flow can be obtained from the corresponding coefficient for the 
same wing in an incompressible fluid by the Prandtl-Glauert formula 
(7.1.14), substituting the number cos x for M x in it: 

Py. —Py, idVt — Mlc cos 2 x (7.6.5) 

or, with a view to (7.6.2) 

p x — pic cos 2 xfY 1 — Mlc cos 2 x (7.6.5') 

The relevant aerodynamic coefficients are obtained from (7.5.23), 
(7.5.24), and (7.5.26), and are found with the aid of formulas (7.6.3) 
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and (7.6.4) whose right-hand sides contain the quantity 
y 1 — Mi, cos 2 x in the denominator. Particularly, the coefficients of 
the normal force and the longitudinal moment are 

c ytV ,— c y cos 2 y/V 1 — M» cos 2 x; m z , * = m 1 cos 2 ylY 1 — cos 2 x 

(7.6.6) 

It follows from these relations that for thin airfoils, the coefficient 
of the centre of pressure c p = — m z> Jc y >x depends neither on the 
sideslip (sweep) angle nor on the compressibility (the number Moo). 

The use of a sideslipping wing produces the same flow effect that 
appears when the free-stream velocity is lowered from Foe, to 
cos x (or the Mach number from M«> to Mco cos x). Here, natural¬ 
ly, the local velocities on an airfoil of the sideslipping wing also 
decrease, and this, in turn, leads to diminishing of the rarefaction 
and, as a result, to an increase in the critical Mach number. The 
latter can be determined from its known value M x cr for a straight 
wing of the same shape and angle of attack as the airfoil of the 
sideslipping wing in a normal section: 

M oo g nx M oo c r/C0S“ x (/ .6.7) 

Supersonic Velocities. Let us assume that at a supersonic free- 
stream velocity (7* > a x , M «, > 1), the sweep angle satisfies the 
inequality x > jt/2 — p,*,, according to which cos x < sin p<x, and, 

consequently, F n o° < a OO V oo sin p™, i.e. the normal component 

to the leading edge is subsonic. Hence, the flow over the sections of 
a sideslipping wing is subsonic in its nature. In the case being con¬ 
sidered, the swept edge is called subsonic (Fig. 7.6.4a). 

At increased flow velocities, the normal velocity component may 
become higher than the speed of sound (F nKJ > a<x> = Foo sin p*), 
so that x < jt/2 — poo and cos x >■ sin poo. In this case, the flow 
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over the airfoils of a sideslipping wing is supersonic. Accordingly, 
the leading edge of such a wing is called supersonic (Fig. 7.6.46). 

Let us consider the calculation of the supersonic flow over a side¬ 
slipping wing in each of these cases. 

Supersonic Leading Edge. The flow over such a wing can be cal¬ 
culated by the formulas obtained for an infinite-span thin plate 
provided that the free-stream velocity is V a oo — V oo cos x > a OO 1 
and the corresponding number M noo = M M cos x > 1. The angle of 
attack of the plate a n is related to the given angle of attack a of the 
sideslipping wing by expression (7.6.1), or at small angles of attack 
by (7.6.1'). 

Using formula (7.4.9) and substituting a a = al cos x for (1 and 
Mnoo = Moo cos x for Moo in it, we obtain a relation for the pressure 
coefficient in a plane perpendicular to the leading edge: 

p = j|± 2a/(cosJx V ML cos- 2 x — 1) 

In this formula, the pressure coefficient p is related to the velocity 
head q n = 0.5 kp ooM 2 no o. To obtain the value of the pressure coefficient 
related to the free-stream velocity head q «, = 0.5kp <xML, we must 
use formula (7.6.2) according to which 

Px= ± 2a cosJk/Kml cos 2 x— 1 (7.6.8) 


In (7.6.8), the plus sign determines the pressure coefficient for 
the bottom side of a wing, and the minus sign for the upper side. 

In accordance with formulas (7.4.20)-(7.4.22) (replacing a with a n 
and Moo with M«, cos x in them), and also with a view to relations 
(7.6.3) and (7.6.4), we find a relation for the aerodynamic coefficients 
of a sideslipping wing airfoil 


c ye?i = 4a n cos 2 xlYMlo cos 2 x — 1 
c XaX = 4a^, cos 3 x/VMl, cos 2 x — 1 
m Za „ = — 2a„ cos 2 x/V M^ cos 2 x— 1 j 


(7.6.9) 


Upon analysing these relations, we can establish a feature of 
swept wings consisting in that in comparison with straight ones 
(x = 0), the lift force and drag coefficients, and also the coefficient 
of the longitudinal moment of airfoils (in their magnitude) are 
smaller at identical angles of attack a n along a normal to the leading 
edge. The physical explanation is that in flow over a sideslipping 
wing not the total velocity head q x = 0.5pc„FL is realized, but only 
a part of it, q a = q x cos 2 x, and flow in the direction of the oncoming 
stream occurs at a smaller angle of attack than in the absence of 
sideslip (a <; a n , a n = a/cos x). 

Subsonic Leading Edge. The flow over sections corresponding to 
the motion of a straight wing with the number M noo < 1 is investi- 




Ch; 7. An Airfoil in a Compressible Flow 


305 


gated with the aid of the subsonic or transonic (combined) theory of 
flow over an airfoil. The drag and lift forces are determined by the 
laws of subsonic flows characterized by interaction of the flows on 
the upper and bottom sides of a wing that manifests itself in the 
gas flowing over from a region of high pressure into a zone with 
reduced pressure values. Wave losses may appear only in super¬ 
critical flow (M ncx , >Moo cr ) when shocks form on the surface. 
If M noo <M 0O cr , then shocks and, therefore, wave drag are absent. 
This conclusion relates to an infinite-span wing. For finite-span 
wings, wave losses are always present because flow 7 over their tips 
is affected by the velocity component Too sin x. A result is the 
appearance of supersonic flow properties and of a w'ave drag. The 
three-dimensional theory of supersonic flow has to be used to study 
this drag. 


Suction Force 

As we have established in Sec. 6.3, a suction force appears on the 
leading edge of an airfoil over which an incompressible fluid is 
flowing. The same effect occurs when an airfoil is in a subsonic flow 
of a compressible gas. The magnitude of the suction force is affected 
by the sweep of the leading edge of the wing. 

To calculate this force, w 7 e shall use expression (6.3.25), which 
by means of the corresponding transformations can be made to 
cover the more general case of the flow over an airfoil of a wing with 
a swept leading edge (Fig. 7.6.5). Let us consider this transformation. 
In an inviscid flow 7 , the free-stream velocity component tangent to the 
leading edge of a sideslipping wing does not change the field of the 
disturbed velocities, and it remains the same as for a straight wing 
in a flow at the velocity V n OO V oo cos x. The forces acting on the 
wing also remain unchanged. 

Therefore, the following suction force acts on a wing element 
dz 0 with a straight edge (in the coordinates x 0 , z 0 ): 

dT 0 = atpcjj dz 0 (7.6.10) 

where in accordance with (6.3.28') 

c 2 q = lim [w^(x 0 -x s . e0 )] 

^o^s-eo 

A glance at Fig. 7.6.3 reveals that dT 0 — dTI cos x, dz 0 — dzl cos x, 
u 0 = u/ cos x, and x 0 — x se0 = {x — ats.e) cos x. 

Insertion of these values into (7.6.10) yields 

d27dz = npc 2 V A l + tan 2 x (7.6.11) 

where 

c 2 ~ lim [u 2 (x — x s .e)l (7.6.12) 

x-+x„ 


20 —01715 
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Fig. 7.6.5 

Suction force of a sideslipping 
wing 

Expressions (7.6.11) and (7.6.12) can be generalized for compres¬ 
sible flows. For this purpose, we shall use expressions (8.2.4) relating 
the geometric characteristics of wings in a compressible and an in¬ 
compressible flows. It follows from these relations that all the linear 
dimensions in the d irection of the x-axis for a wing in a compressible 
flow are Yi — ML times smaller than the relevant dimensions for 
a wing in an incompressible flow, whereas the thickness of the wing 
and its lateral dimensions (in the direction of the 2 -axis) do not 
change. Accordingly, we have 

x = x lc Vi — ML, bdz — b lc dz lc ]fl — ML 

tan x = tan x !c V^l — ML (7.6.13) 

From the conditions that x = x lc V\ — ML and cp' = cpic, we 
find 

d(t>' dy'ic 1 

dx — dx ic ’ Y l — M 2 

r oo 

i.e. 

u = u lc /V 1 -ML (7.6.14) 

Therefore, the pressure coefficient for a compressible flow is deter¬ 
mined by the Prandtl-Glauert formula: 

p = f lc /K 1 - ML (7.6.15) 

The suction force T in its physical nature is a force produced by the 
action of the normal stress (pressure) and at low angles of attack is 
determined from the condition T « ccY a . The corresponding suction 
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force coefficient is c XtT = T/(q ao S v; ) = a c y ^. Since the dimensions 
of a wing in the direction of the y -axis do not change in a compressible 
and an incompressible flows, the angles of attack for both flows also 
do not change, i.e. ce = a ic . Consequently, c x-T lc x _ Ttlc = c y lc v i c , 
or by (7.1.14) 

c x,t = c x , taJV 1 — (7.6.16) 


With a view to the relations for an airfoil of a sideslipping wing, 
we have 


PoJ J 


- x. T 


■bdz- 


P=W 2 oo 


/I -Ml. 


b lc Y i — Mtc dz 


lc 


or 

dT = dT lc 


But since dz — dz ic , then 

dT/dz — dT i c /dz lc 


(7.6.17) 


The right-hand side of Eq. (7.6.17) corresponding to an incompres¬ 
sible flow is determined by formulas (7.6.11) and (7.6.12): 

dT lc !dz lc — up ooCic V~t + tan 2 x lc 

where 

cf c = lim [nf c (z lc —a: s . e>lc )] 

x lc“* ;,: s.e. ic 

In accordance with (7.6.17), (7.6.13), and (7.6.14), we obtain 
Ci C = lim [u 2 (x — £ s . e )]/l -MU Vl + tan 2 x lc 

X ~*' X S.P 


tan 2 x 
T=mT 



Consequently, 

dT/dz = npoaC' 1 Y 1 + tan 2 x — Ml, (7.6.18) 

where 

c 2 — lim [u~{x— £ s . e )] (7.6.19) 

*-**s.e 

It follows from the above formulas that at a given value of the 
number the suction force depends on the sideslip angle and on 
the nature of the change in the velocity u within a very small vicinity 
of the leading edge. We can assume that a finite-span swept wing is 
also characterized by a similar relation for the suction force. 


20* 
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A Wing in a Supersonic Flow 


8.1. Linearized Theory 
of Supersonic Flow 
over a Finite-Span Wing 


Linearization of the Equation 
for the Potential Function 

Let us consider a thin slightly bent finite-span wing of an arbitrary 
planform in a supersonic flow at a small angle of attack. The dis¬ 
turbances introduced by such a wing into the flow are small, and for 
investigation of the flow we can use the linearized theory as when 
studying a nearly uniform flow near a thin airfoil (see Sec. 6.2). The 
conditions for such a flow are given for the velocities in the form of 
(6.1.1). If we are considering a linearized three-dimensional gas flow, 
these conditions are supplemented with a given velocity component 
along the z-axis. Accordingly, the following relations hold for a 
linearized three-dimensional disturbed flow: 

V X = V X + u , V y = v, V z = w (8.1.1) 


where u, v, and w are the disturbance velocity components along the 
x, y, and z axes, respectively. 

In accordance with the property of a linearized flow, we have 

u < Foo, u<Foo, w < Fco (8.1.2) 


These conditions make it possible to linearize the equations of 
motion and continuity and thus simplify the solution of the problem 
on a thin wing in an inviscid steady flow. In the general form, the 
equations of motion of such a flow are obtained from system (3.1.17) 
in which p = 0, dVJdt = dV y ldt = dVJdt = 0: 


V 3 
V , 


9V X 

4- V 

dV x 

: V dV x 

1 

dp 

’ dx 

1 v y 

dy 

dz ~ 

P ' 

dx 

dVy 

JL.V - 

dV v 

-1 

1 

dp 

dx 

1 v y 

dy 


P ’ 

dy 

dV z 

f y . 


l-V = 

1 

dp 

dx 

1 y 

dy 

^ z dz 

P 

dz 


(8.1.3) 
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We shall adopt the continuity equation in the form of (2.4.4). 
Calculation of the partial derivatives yields 


dV x 


dV„ 


dV, 


dx 


dy 


dz 


) + v x 


dp_ 

dx 


■V, 


dp 

dy 


V, 


ip. 

dz 


= 0 (8.1.4) 


It was shown in Sec. 5.1 that the equations of continuity and 
motion can be combined into a single equation relating the velocity 
components to one another. By performing transformations similar 
to those made in Sec. 5.1, we can write this equation in the form 


(V%-a-) 
+ V X V U ( 


OVy 


dx 


+ (VI-a 1 ) 


dVy 

dy 


A (VI-a 2 ) 


dV z 

dz 


/ dV x 

j_ dV v > 

| i y v 1 dVx j. 

dV z \ 

\ dy 

1 dx ) 

1 r 1 xVz [ dz '' 

dx ) 


+r,v,( 


dVy 

dz 


dV z 

dy 


H 


(8.1.5) 


Taking into account relations (2.3.2) for the potential function, 
and also the condition of equality of the cross partial derivatives 
(d 2 cp !dx dy = d 2 cp Idy dx, etc.), from (8.1.5) we derive an equation 
for the velocity potential: 


(H - a 2 ) 43"'+ (VI - a 2 )-gL + (VI - a 2 ) 


2V X V 


dx 2 
d 2 (p 


dz 


x ' v dxdy 


■ 2FT, 


d~(p 


dx dz 


■W v V z 


d 2 q> 


dy dz 


- 0 ( 8 . 1 . 6 ) 


Equations (8.1.5) and (8.1.6) are the fundamental differential 
equations of gas dynamics for three-dimensional steady gas flows. The 
first of them relates to the more general case of a vortex (non-potential) 
flow of a gas, while the second is used to investigate only vortex-free 
(potential) flows. 

Since the flow over thin wings at small angles of attack is potential, 
we can use Eq. (8.1.6) for the velocity potential to investigate this 
flow. To linearize Eq. (8.1.6), which is a non-linear differential 
equation, we shall introduce into it expression (7.1.2') for the speed 
of sound, and also the values 


V x = V «, + u, V y — v, V z = w 
V% - 1% + 2 V„u, VI « v\ VI = in 2 ; 
<p — <p«, + q/ 


After analysing the order of magnitude of the terms in the obtained 
equation in the same way as we did in Sec. 7.1 when considering a 
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Fig. 8.1.1 

Thin wing in a linearized flow 



nearly uniform plane flow, we obtain a linearized equation for the 
velocity potential of a three-dimensional disturbed flow in the 
following form: 


(ML-1) 


ay 

dx 2 


ay 

dy 2 


dy 

dz 2 


= 0 


(8.1.7) 


Boundary Conditions 

Investigation of the flow over a thin finite-span wing consists in 
solving the linearized partial differential equation (8.1.7) of the 
second order for the velocity potential cp' at the given boundary 
conditions. Let us consider these boundary conditions. 

1. A wing in a linearized flow (Fig. 8.1.1a, b) causes disturbances 
that are concentrated inside the wave zone. This zone is limited by 
a surface that is the envelope of Mach cones issuing from points on 
the leading edge and having an apex (cone) angle of p«, = 
= sin -1 (1/Moo). The boundary condition satisfied by the solution 
of Eq. (8.1.7) for the function cp' has the form 

[cp' (x, y, z)] s = 0 (8.1.8) 

According to this condition, on the wave surface (we shall designate 
this surface by 2) or outside of it, the disturbance velocities are 
zero. 

2. The solution for the additional potential cp' also satisfies the 
boundary condition of flow over the wing surface S without separation, 
in accordance with which the normal velocity component at each 
point is zero, i.e. 

dcp \ dcp 
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The direction cosines of an outward normal to the surface are 
found by formulas of analytical geometry: 


cos ( n , x ) = —A dfldx, cos (n, y) 


in which 


cos ( n, z) = —A dfidz 

( 8 . 1 . 10 ) 


(df/dx) 1 + (df/dz)-]- 1 / 2 


( 8 . 1 . 11 ) 


while the function / is determined by the shape of the wing surface 
[the function y — / u (x, z) for the upper surface, and y — f b (x, z) 
for the bottom one], 

A linearized (nearly uniform) flow is realized provided that the 
wing is thin and, consequently, dfldx <C 1 and dfidz <C 1. According¬ 
ly, cos (n, x) = —df/dx, cos (n, y) = 1, and cos (n, z) — — dfidz. 
The conditions (dcp'/dx) dfldx <C 1 and (dy'/dz) dfidz 1 are also 
observed in the flow over a thin wing. With this in view, (8.1.9) 
can be written as 

— Voc dfldx + dcp' idy — 0_! 

whence the boundary condition is 

dcp' Idy = Fco dfldx (8.1.12) 

3. The flow over a wing may be attended by the developing of a 
lift force whose total magnitude is determined by integration over 
the surface of the values of the lift force acting on an elementary 
surface [a part of the wing having a width of dz and a chord length of 
b (z) (Fig. 8.1.1)]. In accordance with (6.1.8), and with the fact that 

b 

^ y (x) dx equals the circulation T in the section z being considered, 
-o 

the lift coefficient for an elementary surface equals the value c', Ja = 
= (21V x b) T (z), whence the circulation in the given section is 

r (z) = 0.5c' V x b (8.1.13) 

According to the coupling equation (8.1.13) [see (6.4.8)], upon 
moving to a neighbouring section with a different lift coefficient, 
the velocity circulation also changes. This change is 

dr (z) = (dr/dz) dz = 0.5Foo [d (c^bfldz) dz (8.1.14) 

In accordance with the vortex model of a wing treated in Sec. 6.4, 
an elementary bound vortex belonging only to the section being con- 



312 


Pt. I. Theory. Aerodynamics of an Airfoil and a Wing 


sidered passes within the contour enclosing the adjacent section. 
This vortex turns and is cast off the trailing edge in the form of a 
pair of elementary free vortices forming a vortex sheet behind the 
wing (Fig. 8.1.1). For a thin wing in a flow at a small angle of attack, 
we may assume that the width of this sheet equals the span of the 
wing, and that the direction of the free vortices coincides with the 
free-stream velocity. 

Physical notions allow us to establish the following boundary 
conditions on a vortex sheet. The normal component of a particle’s 
velocity v n — dtp'ldn remains continuous on the sheet. Since the 
direction of a normal on the vortex sheet differs only slightly from 
the direction of the axis Oy, the derivative dtp 'Idn equals the quantity 
dcp'/dy. Consequently, we can write the condition 

(d(p' /dy) y —+ 0 = (d(p7dz/) y _- 0 (8.1.15) 

in which the left-hand side corresponds to the velocity V n directly 
above the vortex sheet ( y — +0), and the right-hand side, to the 
velocity under it ( y — —0). Hence, condition (8.1.15) expresses the 
continuity of the function dq>'/dy when passing through a vortex 
sheet. 

In addition, the condition of the continuity of the pressure is 
satisfied on a vortex sheet. According to (7.1.5'), we obtain the 
relation 

(d(p'/dx) y ^ +0 = (d(p' /dx) ;r .. 0 (8.1.16) 

that also expresses the continuity of the partial derivative dq>'/dx 
when passing through a vortex sheet. 

Let us consider the flow over a wing with a symmetric airfoil 
(l/u = —y b) at a zero angle of attack. In this case, there is no lift 
force and, consequently, no vortex sheet. Owing to the wing being 
symmetric, the vertical components of the velocity on its upper and 
bottom sides are equal in magnitude and opposite in sign, i.e. 
v ( x , +{/, z) — —v {x, —y, z). On plane xOz outside the wing, the 
component v — 0, therefore 

d(p'/dy = 0 (8.1.17) 

Let us assume further that we have a zero-thickness wing of the 
same planform in a flow at a small angle of attack. The equation of 
the wing’s surface is y = f (x, z). A glance at (8.1.12) reveals that 
the vertical velocity components F n = dcp'/dy on the upper and 
bottom sides of the wing are identical at corresponding points. Since 
we are dealing with a sufficiently small angle of attack of the wing, 
the same condition can be related to the plane y — 0. At the same 
time, such a condition can be extended to the vortex sheet behind 
the wing, which is considered as a continuation of the vortices in the 
plane y — 0. Therefore, at points symmetric about this plane, the 
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components V n are the same, i.e. dcp' (x, — y, z) dy — dcp' (x, -f y, z)l 
idy. Consequently, the additional potential cp' is an odd function 
relative to the coordinate y, i.e. 

cp' ( x , — y, z) = — <p' ( x, +y, z) (8.1.18) 

Accordingly, the partial derivative dcp 'Idx on the bottom side of 
the vortex sheet equals the value —d(p 'Idx on the upper side. But 
the equality of the derivatives dcp 'Idx was established from the con¬ 
dition of pressure continuity. This equality can be observed only 
when 

dcp'.dx = 0 (8.1.19) 

on the vortex sheet. 

4. To establish the last boundary condition, let us consider the 
disturbed regions S r and S x (Fig. 8.1.1) that are cut off from the plane 
y = 0 by the Mach wave surface and located outside the wing and 
the vortex sheet. Over these regions of the plane y = 0 and within 
the limits of the wave zone, the flow is continuous, therefore the 
potential cp' here is also a continuous function. At the same time, 
taking into account that by (8.1.18) the function cp' is odd, we should 
adopt the following equation for the plane y — 0: 

cp' (x, 0, z) = 0 (8.1.20) 


Components of the Total Values 
of the Velocity Potentials 
and Aerodynamic Coefficients 

The solution of Eq. (8.1.7) for the additional potential cp' must 
correspond to the considered boundary conditions. This solution 
can be obtained for a wing with a given planform by summation of 
two potentials: the first, cp(, is found for an idealized flat wing 1 
(Fig. 8.1.2) of the same planform as the given one, but with a sym¬ 
metric airfoil, and at a zero angle of attack (a = 0). The second 
potential, cp', is evaluated for a different idealized cambered wing 2 
of zero thickness, but for the given angle of attack a. 

The surface of an idealized symmetric airfoil wing can be given by 
the equation 

y = ±0.5 (/„ - /„) (8.1.21) 

and of a zero-thickness airfoil wing, by the equation of the surface 
of the mean camber lines of the airfoil 

y = 0.5 (/ u ± /„) (8.1.22) 

Hence, the total potential of the given wing is 

•l' = <Pl + <P 2 ' 


( 8 . 1 . 28 ) 
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Given 

airfoil 



Mean camber' 



Fig. 8.1.2 

Linearized supersonic flow over a finite thickness airfoil at an angle of attack a; 
J—a = 0, symmetric airfoil, and given thickness distribution; 2—a 0, zero thickness 
(the airfoil coincides with the mean camber line); 3 —a = 0, zero thickness (the airfoil coin¬ 
cides with the mean camber line); 4—a =t= 0, zero thickness (the plate airfoil coincides with 
the chord) 


The flow past wing 2, in turn, at a ^=0 can be represented as a 
flow past wing 3 with a zero angle of attack and a surface equation 
y — 0.5 (/ u + / b ) and an additional flow superposed onto this one. 
The additional flow is formed near wing 4 in the form of a zero thick¬ 
ness plate coinciding with the chord of the initial wing having an 
angle of attack a (Fig. 8.1.2). In accordance with this flow scheme, 
the total potential for the given wing is 

<p' = <Pi' + Ts + flh (8.1.24) 

We can use this value of the velocity potential to calculate the 
■distribution of the pressure coeflicient 

P = Pi + pi + Pt (8.1.25) 

and then find the drag and lift forces. By (8.1.24) and (8.1.25), the 
total drag of the given wing is composed of the drags produced by 
wings 1, 3, and 4, i.e. 

X a = X x + X 3 + (8.1.26) 

Introducing the notation X 3 + and going over from the 

forces to the corresponding aerodynamic coefficients, we have 

Xa __ x 1 Xs±Xj _ gi | AT 

QooSiy QooSyi* QooSy^- Q OO S ? OO Syj- 

or 

Cx a ^x0 “h ^x3 T" == C x , i (8.1.27) 
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In accordance with (8.1.27), the wing drag coefficient c x consists 
of the drag coefficient c x0 of a symmetric wing at c Va — 0 and the 
additional drag coefficient c xi due to the lift force and calculated 
for a zero-thickness wing at c Va ^=0. The coefficient c Xii , in turn, 
consists of the induced wave drag coefficient calculated for the case 
when the influence of vortices is absent and an additional induced 
vortex drag coefficient due to the span being finite and to the for¬ 
mation in this connection of a vortex sheet behind the trailing edge. 

By analogy with expression (8.1.26) for the drag, let us give in 
the general form a relation determining the total magnitude of the 
lift force of a wing Y a = Y x -+- Y 3 + Y t . A glance at Fig. 8.1.2 
reveals that wing 1 having a symmetric airfoil and arranged at a 
zero angle of attack does not create a lift force (l' x =0). Consequent¬ 
ly, the total lift force of the wing is 

= Y 3 + r 4 (8.1.28) 

and the corresponding coefficient of this force is 

Cy a — c y3 -T c yi (8.1.29) 

Hence, according to the approximate linearized theory of flow, 
the thickness of a wing does not affect the lift force. Wing 3 produces 
a constant lift force that does not depend on the angle of attack. It 
corresponds to the value of this force at a zero angle of attack and a 
given concavity of a wing. A lift force due to the angle of attack is 
produced by wing 4 and, therefore, depends on the planform of the 
wing. 

The finding of the pressure distribution, the resultant forces, and 
the relevant aerodynamic coefficients with a view to their possible 
resolution into components according to formulas (8.1.27) and 
(8.1.29) is the basic problem of the aerodynamics of a finite-span 
wing in a nearly uniform supersonic flow. 


Features of Supersonic 
Flow over Wings 

When determining the aerodynamic characteristics of wings, we 
must take account of the features of the supersonic flow over them. 
These features are due to the specific property of supersonic flows 
in which the disturbances propagate only downstream and within 
the confines of a disturbance (Mach) cone with an apex angle of 
p.oo — sin -1 (1/Moo). 

Let us consider a supersonic flow over a thin wing having an arbit¬ 
rary planform (Fig. 8.1.3). Point O on the leading edge is a source of 
disturbances propagating downstream within the confines of a Mach 
cone. The Mach lines OF and OG are both ahead of the leading edges 
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Supersonic Dow over a wing: 

a —wing with subsonic edges; b —wing with supersonic edges 


(Fig. 8.1.3 a) and behind them (Fig. 8.1.36). The arrangement of the 
Mach lines at a given wing planform depends on the number M x . 
In the first case, the number M x is smaller than in the second one, 
and the angle of inclination of the Mach line p „ > ji/ 2 — x (x is the 
sweep angle). The normal velocity component to the leading edge is 

= Foo cos x. Since cos x < sin po = 1/Moo and V oo/d OO - 

= Moo, the normal component F no o is evidently smaller than the 
speed of sound. The flow of a gas in the region of the leading edge of 
a swept wing for this case was considered in Sec. 7.6. This flow 
corresponds to the subsonic flow over an airfoil that is characterized 
by interaction between the upper and bottom surfaces occurring 
through the leading edge. Such a leading edge is called subsonic 
(Fig. 8.1.3a). 

Upon an increase in the flow velocity, when the zone of disturbance 
propagation narrows and the Mach lines are behind the leading edges 
as shown in Fig. 8.1.36, the normal velocity component becomes 
supersonic. Indeed, examination of Fig. 8.1.36 reveals that the angle 
of inclination of the Mach line p 0O <Cn/2 — x, hence sin p* = 
= 1/Moo <7 cos x, and therefore F n0 o = V x cos x >> a x . Such a 
leading edge is called supersonic. The flow over airfoils in the region 
of the leading edge is of a supersonic nature whose feature is the 
absence of interaction between the bottom and the upper surfaces. 

If the Mach line coincides with the leading edge (x = ji/2 — poo), 
such an edge is sonic. It is quite evident that in this case the magnitude 
of the normal velocity component to the edge equals the speed of 
sound. 

Let us introduce the leading edge sweep parameter n — tan x/ 
/cot poo- For a supersonic leading edge, cot poo > tan x, therefore 
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n < 1. For subsonic and sonic leading edges, we have n > 1 and 
« = 1, respectively, because in the first case cot p<x> < tan x and 
in the second one cot p<x> = tan x. 

By analogy with the leading edges, we can introduce the concept 
of subsonic, sonic, and supersonic tips (side edges) and trailing edges 
of a wing. Tip CD with an angle of inclinaion y t to the direction of 
the free-stream velocity smaller than the Mach angle (Fig. 8.1.3a) is 
called subsonic. The velocity component normal to a tip and equal to 
F n=0 = V x sin y t is lower than the speed of sound in the given case. 
Indeed, since = Foosin and p «, > y t , we have f„ 5 ,<u 011 . 
It is obvious that the leading edge sweep parameter n > 1. The 
part of the wing surface with a subsonic tip is inside the region cut 
off by the Mach cones issuing from corners A and C of the contour. 
Owing to a subsonic normal velocity component determining the 
flow over this part of the wing, air is observed to overflow the tips, 
the result being a change in the pressure distribution. Such an influ¬ 
ence of the wing tips on the flow over the wing as a whole is not ob¬ 
served if the tips are supersonic, as when y t > p=o (Fig. 8.1.3b). In 
this case, the normal component V nx — IT sin y t is higher than 
the speed of sound a x — V x sin p^. 

Similar reasoning can be related to the trailing edge of the wing. 
Fig. 8.1.3a shows a subsonic trailing edge (y tr < p V nao < a x ), 
and Fig. 8.1.3b — a supersonic one (y tr > p^; V n x > a x ). 

The above analysis allows one to establish the qualitative differ¬ 
ence between supersonic and subsonic flow over wings. This differ¬ 
ence manifests itself in the different influence of the tips and trailing 
edges on the flow over the entire wing surface. If in a supersonic 
flow, the tips and trailing edges do not affect the flow over the wing 
(Fig. 8.1.3b), or this influence is limited to the part of the surface 
adjoining these tips and edges (Fig. 8.1.3a), in a subsonic flow the 
action of the tips and trailing edges manifests itself on the entire 
surface because the disturbances can propagate both downstream 
and upstream. 


8.2. Method of Sources 

To solve the problem on determining the aerodynamic characteris¬ 
tics (p lt c x0 ) of a thin symmetric airfoil wing of an arbitrary planform 
in a nearly uniform supersonic flow at a zero angle of attack (c y = 0), 
we shall use the method of sources. 

Sources in an incompressible fluid are treated in Sec. 2.9. The 
velocity potential of the incompressible flow from a point source at 
the origin of coordinates of the system x lc , y lc , z lc , according to 
(2.9.14), is 


Tic = —qiJ{^Vx\ c + y\ c + zf c ) 


(8.2.1) 
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where q ic is the flow rate of the source, i.e. the volume of fluid flowing 
out of the source in unit time. 

The method of sources deals not with individual point sources, 
but with sources continuously distributed over a part of a plane, 
usually the coordinate plane xOz. 

Let dq lc be the elementary volume flow rate of the fluid produced 
by the sources on the small area da lc = d % lc d£ lc in the plane xOz. 
Hence the derivative dq lc lda tc — Q lc , known as the density (or 
intensity) of source distribution, determines the strength of the 
sources per unit area. 

If dtv is the vertical component of the velocity on the area da ic 
(the plus sign signifies that the fluid is discharged upward from the 
sources, and the minus sign—downward), the elementary volume 
flow rate is evidently dq lc = 2 vda lc and, therefore, 

Qic = 2v (8.2.2) 

The following potential corresponds to an elementary source: 

dcpi'c = — Q ic da lc l(in Yx\ c + y\ c + z? c ) (8.2.3) 

Using this expression, we can obtain a relation for the elementary 
potential of a source in a subsonic compressible flow. To do this, let 
us consider Eq. (8.1.7) and introduce the new variables 

x lc = x/Y l —M 2 X , y lc — y, z lc -z (8.2.4) 

With the aid of these variables, Eq. (8.1.7) is transformed as follows 
d 2 <p'/dx\ c + d\'I dy\ c + d\'/dz\ c = 0 (8.2.5) 

This expression coincides with the continuity equation (2.4.8') for 
an incompressible flow. Consequently, the problem on the compres¬ 
sible disturbed flow in the coordinates x, y, and z can be reduced to 
the problem on an incompressible disturbed flow in the coordinates 
x i c , y ic, and z [c , both systems of coordinates being related by con¬ 
ditions (8.2.4). 

Accordingly, we can go over from potential (8.2.3) for an elemen¬ 
tary source of an incompressible fluid to the relevant potential for a 
subsonic source of a compressible fluid. To do this, we shall find 
the relation between the small area da lc on the plane x ic Oz lc in the 
incompressible flow and the area da on a corresponding plane in the 
compressible flow. Using (8.2.4) (with the substitution of % for,z lc 
and £ for z lp ) and the expression da lc = lc d£ lc , we find that 
da ic = d£ (l/j^l — M^), whence, taking into account that 
d\ dt, = da, we find 

da ic = dolVMl, (8.2.6) 

Let us transform the expression for (? lc in (8.2.3). Thecomponent 
v lc = d<p'/dy lc , or with a view to (8.2.4), v lc = dcp'/dy. It thus follows 
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Fig. 8.2.1 

Disturbed flow due to a supersonic source: 

at the right—a Mach (disturbance) cone in a real supersonic flow, at the left—an -inverted 1 
Macli cone” 


that in a compressible flow, the velocity component v equals the- 
component v lc in an incompressible flow. Hence, the density of source 
distribution in a compressible and incompressible flows is the same, 

i.e. 

<?,C = Q = 2t’ Ic = 2u (8.2.7) 

With account taken of the relations obtained for a compressible 
flow, (8.2.3) is transformed to the following expression: 

<V = Q da/[ 4ji Yx 2 - r (1 - Ml) (y 2 , z 2 )] (8.2.8) 

We can convince ourselves by direct substitution that the function 
cp' is an integral of Eq. (8.2.5). It does not matter whether the velocity 
is subsonic (M x < 1) or supersonic [M x > 1)- In the latter case, it 
is convenient to write the expression for the elementary potential as 

dcp'= —Qda/[in'\/'x 2 — a' 2 (y 2 + z' i )] (8.2.9) 

where a' 2 = M— 1 . 

Examination of expression (8.2.9) reveals that when M ^ > 1 it 
has real values in the region of space where x 2 ^ a' 2 (y 2 + z 2 ). This 
signifies that the region of source influence, i.e. the region of disturbed 
flow experiencing the action of these sources, is inside the conical 
surface represented by the equation x 2 = a' 2 (y 2 -f z 2 ). If a point is 
outside this surface, the sources have no influence on it. Here there' 
is no disturbed flow from a given source. 

Formally, the equation x 2 — a' 2 (y 2 + z 2 ) determines the surfaces 
of two aligned cones (Fig. 8.2.1) witli their vertices at the origin of 
coordinates, and, consequently, the strength of a source Q do is 
used to produce disturbed flows inside these cones. In a real case, 
supersonic disturbances propagate only downstream and only inside 
one cone (the right-hand one in Fig. 8.2.1). 

The disturbed flow in such a cone is determined by a potential 
double that given by (8.2.9) because the entire strength of the source. 
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Fig. 8.2.2 

Region of influence of supersonic sources 


and not half of it, is realized in the flow confined within the Mach 
cone. Accordingly, 

dtp'= —Qda/[2n]/ r x 2 — a' 2 (y 2 -fi z 2 )] (8.2.10) 

In the considered case, the elementary area do = d% dt, with the 
sources is at the origin of coordinates. If it is displaced with respect 
to the origin of coordinates to a point with the coordinates x — £ 
and 2 — £, Eq. (8.2.10) has the form 

dy’=-Q dol{ 2n Y(x- If - a' 2 [ y 2 + (z - £) 2 ]} (8.2.11) 


When studying the flow over a wing, its surface is replaced with 
a system of disturbed sources. To obtain the potential due to these 
sources at arbitrary point A ( x , y, z) (Fig. 8.2.2), we must integrate 
(8.2.11) over the region a in which only part of the sources are located. 
Each of these sources influences point A (x , y , z) if it is inside a Mach 
cone with its vertex in the source. Hence, the region affected by the 
sources (the region of integration) is in the zone of intersection with 
the wing surface of an “inverted Mach cone” with its vertex at point 
A (x, y, z) being considered. 

In a simpler case, point A and the source are located, as can be 
seen from Fig. 8.2.2, in the same plane y = 0. In this case, the 
affected zone coincides with the region of intersection of the wing 
and the Mach lines issuing from point M (x , z), while the region of 
integration o is on the wing and is the intersection of the wing sur¬ 
face with the inverted plane Mach wave having its vertex at point 
A (x, z). 

Having determined the integration region cr, we can evaluate the 
total potential at point A (x, y, z): 





Ch. 8. A Wing in a Supersonic Flow 


321 


By calculating the partial derivative of cp' (8.2.12) with respect to 
x, we find the additional axial velocity component: 


dx 


1 2n j j 


Q(l, t) {x — D dldZ 


/«*- i ) 2 -«' 2 0 “ 1 >* 


(8.2.13) 


We use this value to determine the pressure coefficient p = 
— — 2u/V x at the corresponding point. 

Let us introduce the new coordinates 


Xi = x/a\ z/i = y, z 1 = z 

(8.2.14) 

In these coordinates, expression (8.2.12) has the form 


*p (®i* y 11 z i) 2 ji 

r f Q (?, 0 d-i dl 

(8.2.15) 

V (*a —£)*—»? — (*1 — 0* 

In a particular case for points on the wing surface (y 1 
additional potential is 

= 0), the 

cp' (x lt 0, z 4 ) = 

1 f f Q (i, t) dl di 

(8.2.16) 

2lt J 0 J Y(xi-i) 2 - (zj-O* 

where by (8.2.7) 

Q = 2v 

1 / 1=0 = 2 (dy’ldyjy^o 

(8.2.17) 


The expressions obtained for the potential function allow us to 
calculate the distribution of the velocity and pressure over the 
surface of a thin wing if its plauform, airfoil configuration, and the 
free stream number M are given. 


8.3. Wing with a Symmetric Airfoil 
and Triangular Planform 

(a=0, Cy a — 0) 

Flow over a Wing Panel 
with a Subsonic Leading Edge 

Let us consider a supersonic flow at a zero angle of attack over a 
wing panel with a symmetric airfoil that is a triangular surface in 
which one of the side edges is directed along the z-axis, while the 
trailing edge is removed to infinity (such a panel is also called an 
infinite triangular half-wing, Fig. 8.3.1). If such a surface has a 
subsonic leading edge , the Mach line issuing from vertex 0 is ahead 
of this edge. 

The flow parameters at small angles of attack a can be determined 
by replacing the surface in the flow with a system of distributed 
sources on the plane y = 0. Let us consider arbitrary point P on the 
surface and evaluate the velocity potential at this point by add- 


21—01715 
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Fig. 8.3.1 

Triangular wing with a subsonic leading edge 


ing up the action of the sources in region OAPB confined by the 
leading (X4 and side OB edges, and also by the Mach lines AP and BP. 

We determine the strength Q (g, £) of the sources by formula 
(8.2.7) in which according to the condition of flow without separation 
we have v — XV where X = dyldx is the angular coefficient of 
the wing surface. Hence 

Q (l. 1) = 2XVcc 

The velocity potential at point P is determined by formula (8.2.12). 
Performing the substitution Q = 2XV oo and assuming that y = 0, 
we obtain 


9 


XV a 


H 


dl dt, 


yVp-£p-a'3(zp-0 2 


(8.3.1) 


where x-p and z P are the coordinates of point P. 

This integral takes into account the action on point P of sources 
located on the area a equal to region OAPB that can be represented 
as the sum of two sections: OAPH and HPB. Accordingly, the in¬ 
tegral cp' (8,3.1) can be written as the sum of two integrals: 

q>' == -IT- [ J f f & 0 dl dl + j j / (I, S) dl dl] (8.3.2) 

OAPH HPB 

where 

/(£. 0 = [(*»-£) 2 - a ' 2 (*>- C ) 2 ]- 1/2 ( 8 . 3 . 3 ) 

On section OAPH , integration with respect to | for each value of 
l — h must be performed from | = = C tan x to | = = 

= xp — a' (zp — £), and integration with respect to l from 0 to z P . 
On section HPB, integration with respect to l, for which the value 
of l = £ 2 , must be performed from | = = l tan x to | = = 

= xp — a' (l — z P ), and integration with respect to l from z P to 
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z B = (zp + a'z P )!(a + tan x). Hence, 

Zp ^p (X> f (zp “ £) 

<p'=-- j ^ J HV i)di 


i tan x 


Xp-^'tt-Zp) 


+ jd£ j /(I, l)dl 


(8.3.4) 


b tan x 


The indefiriite integral 


J/(ii C)dl= J 


dl 


VI 


Xp - 


E)*-o'*(*p-S)* 


: cosh' 


■1 ap—z 


a' (z P — S) 


Er?r ( 8 - 3 - 5 ) 


Using this expression and introducing the main value of the in¬ 
tegral, we obtain the following formula for the potential function: 


<P 


Wo 


S ci 


cosh' 


-i *p- 


; tan x 


a |zp- 


dt, 


(8.3.6) 


By calculating the partial derivative dcp'/cTr, we lind the com¬ 
ponent of the additional velocity at point P in the direction of the 
j-axis: 


0(f)' 


Ox 




<2; 


V Up — £ tan x) 2 — a' 2 (zp — Q 2 


(8.3.7) 


Taking into account that tan x > a' (cot p-o), we find as a result 
of integration that 

_ kToc _rnsh -1 Xp tan *~~ a ' 2z P 

.1 /tan 2 X— a' 2 " *' Up — z p tan x) 


U = 


(8.3.8) 


To facilitate the calculations, we shall introduce the angle 0 
determined from the condition tan 0 = zp!xp, and the nose angle 
of the leading edge y = ni 2 — x (Fig. 8.3.2). In addition, let us 
introduce the notation 

n = tan x/cc' = tan p/tan y, 
a = z P tan x/x P = tan 0 tan y 
With this taken into account, we have 

Woo n 2 —a 


u • = — ,- 

xa y n 2 —1 

and the pressure coefficient is 

2 u 21 


cosh" 


n (1 —a) 


t' Yn 2 — 1 


■ cosh" 


n (1 —o) 


(8.3.9) 

(8.3.10) 


21* 
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Fig. 8.3.2 

Angular parameters for a trian¬ 
gular wing 



Now let us consider point N outside of the wing between the Mach 
line OK' and the .r-axis (see Fig. 8.3.1) and calculate for it the 
velocity that is induced by the sources distributed over the wing 
surface. To do this, we shall use formula (8.3.1) determining the 
velocity potential. Taking into account that the action of the sources 
on point N is confined by the region a = OLJ , we obtain the expres¬ 
sion 

= Ddtdl (8.3.11) 

OLJ 

where the function / (|, £) is determined by relation (8.3.3). Inte¬ 
gration with respect to | for each value of £ = £ 3 must be performed 
from l = g R = l tan x to l = g T = + «' (z N — 0> and in¬ 

tegration with respect to £, from 0 to Zj. Hence, 

2j * N +a'b N -S) 

q>'= —-IT" J dl j Ul, £)dg (8.3.12) 

0 t tan k 

where zj == (i N -f a'z N )/(a' + tan x). 

By integrating and using the main value of the integral, we obtain 


<P 




cosh” 


xn — E tan x 
a' I Z N £ I 


dl 


This expression is similar to (8.3.6) with the difference that the 
coordinate Zj is taken as the upper limit of the integral. By cal¬ 
culating the derivative drp'Idx and integrating, we obtain relation 
(8.3.9) for the component of the additional velocity. We must assume 
in it that a < 0 because the coordinate z N is negative. In calculations, 
the coordinate z N may be assumed to be positive, and, consequently, 
a > 0. If we take the magnitudes of tan x, then to determine the 
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Fig. 8.3.3 

Influence of sources on the velocity outside a wing 


induced velocity we may use Eq. (8.3.9) in which a should be taken 
with the opposite sign. The working relation now becomes 


u = 


A.V oo 

.lot’ Yn-~ 1 


cosh -1 


n* + a 
n (1-j- a) 


(8.3.13) 


The pressure coefficient in the region being considered is 


2 /. 


rtcc' j/n 2 —1 


cosh" 


n (1 + a) 


(8.3.14) 


The sources distributed over the wing also induce a velocity in 
the region between the Mach line OK and the leading subsonic edge 
(Fig. 8.3.3). The magnitude of this velocity at a point L is deter¬ 
mined by the sources distributed on region OUG. We find the corre¬ 
sponding potential function by expression (8.3.12) in which we must 
introduce the coordinate z v instead of Zj, and replace the quantity 
Xy 4- a' (z N — t) with the value ,r L — ct' (z L — £) equal to the 
longitudinal coordinate of point R (Fig. 8.3.3). Hence, 

Z U x L" a ' (z t, - S> 

q/= _ ils. J J /(|, l) dl (8.3.15) 

0 t tan x 

where z v = (,r L — a'zi,)/(tan x — ct'). 

Integration yields 

-u 

' aI co f T.—utanx 

<P =- cosh 1 - 7 —- - -— dt 

* J a I ZL — ? I 


By evaluating the derivative d(\>‘idx and then performing inte¬ 
gration provided that a = z L tan x/.r P >1, we obtain the following 
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Fig. 8.3.4 

Pressure field for a triangular 
wing with a subsonic leading 
edge 



formula similar to (8.3.9) for the additional velocity component: 

Woo 


u = 


■ cosh -1 


n (a — 1) 


(8.3.16) 


Jia' Y n 2 —1 

where n> cr. 

We use the value of this velocity to find the pressure coefficient: 
— 2u 2X . . n 2 — a 


y 


00 na' Y n2 — 1 


cosh -1 


n (<J — 1) 


(8.3.17) 


Figure 8.3.4 shows the field of pressures for a wing with a triangular 
planform having a subsonic leading edge. The pressure coefficient 
along the Mach lines is zero. On the leading edge, the theoretical 
pressure coefficient equals infinity. The physically possible pressure 
can be considered to be sufficiently high, corresponding to the stag¬ 
nation pressure at a subsonic velocity whose direction coincides with 
a normal to the leading edge. 


Triangular Wing Symmetric 

about the x-Axis 

with Subsonic Leading Edges 


The velocity at point P of a triangular wing symmetric about the 
x-axis and having subsonic leading edges (Fig. 8.3.5) is determined 
by summating the action of sources in region OB PA' confined by 
leading edges OA' and OB and by Mach lines PA' and PB. The veloc¬ 
ity induced by the sources distributed on section OAPB is deter¬ 
mined by formula (8.3.9). The sources distributed in region OAA' 
produce at point P a velocity that is calculated by expression (8.3.13). 
The total value of the velocity is 


u = 


—^^rcosh -1 ^^- 

Jia' Y a 2 — 1 L n {1—a) 


j-cosh 1 


rc 2 + g 

n (1 + a) _ 
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Fig. 8.3.5 

Triangular wing symmetric about the i-axis with subsonic leading edges 


This expression can be transformed as follows: 

2U+ 


na' Y n '~— 1 


cosh -1 


V 1 — a- 


(8.3.18) 


Formula (8.3.18) is suitable for the conditions n > 1 > a. 

We can determine the pressure coefficient with the aid of (6.1.5) 
according to the known value of the additional velocity component: 


P — 



cosh 


Vt 


4k 


Y n* 


(8.3.19) 


Point L located between the leading edge and the Mach wave 
(Fig. 8.3.5) is influenced by the sources distributed on section OUG' 
of the wing. The velocity induced by these sources can be calculated 
as the sum of the velocities induced by the sources in region OUG 
{formula (8.3.16)] and by the sources distributed in triangle OGG' 
[formula (8.3.13)]. 

Consequently, 


u = 


- r cosh -1 4^- 

na’ Yn ' 1 —1 L «(a—1) 


cosh -1 


n (l + o) J 


or after transformations 


u — 


-cosh -1 V 

na' y n ! — 1 * 

The corresponding pressure coefficient is 


n -— 1 
a ' 1 —1 


4k 


Y n ' 2 —i 


cosh 1 


V 


r n*—i 


(8.3.20) 

(8.3.21) 


where n > a > 1. 
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Semi-infinite Wing 
with a Supersonic Edge 

For such a wing (Fig. 8.3.6), Mach line OK issuing from a vertex 
is on its surface. Consequently, 

jt/2— x>qoo, tanx<a', rc = tan x/a'< 1 (a' = cot p™ = Y Mle — 1) 

Let us consider the velocity at point L on the wing between the 
leading edge and Mach line OK. Since the side edge (tip) of the 
wing coinciding with the .r-axisis outside the Mach line drawn through 
point L, no influence of the side edge is observed on the flow at this 
point. This flow is the same as over a flat plate in a flow directed 
along a normal to its leading edge at the supersonic velocity V noo = 
= Fco cos x> a™. By expression (7.6.8) and the formula p — 
= —2u/Fco, the additional velocity component is 

u = —kV oo cos x/y M%, cos 2 x — 1 

Since 

ML = a' 2 + 1 and 1 — 1/cos 2 x = —tan 2 x 


we have 

u = — \V ojy a' 2 — tan 2 x 

whence 

u - -kVJ{a ' Y 1 - n 2 ) (8.3.22) 

The relevant value of the pressure coefficient is 

p = -2U/FOO = 2 k/(a’ V\ - n 2 ) (8.3.23) 

Formulas (8.3.22) and (8.3.23) may be applied for n < 1 and 
1 > cr > n. 

Let us calculate the velocity and pressure at point P between 
Mach line OK and the side edge. If we assume that this point belongs 
to a wing whose vertex is at point C (Fig. 8.3.6), the velocity would 
be calculated with account taken of the influence of only the leading 
edge and, consequently, of the sources distributed in region PCH. 
By (8.3.22), this velocity is 

wpcH = -kvj(a’ Yl — ri 1 ) (8.3.24) 

To find the actual velocity at point P belonging to the wing with 
its vertex at point O, we must subtract from (8.3.24) the velocity 
induced by sources distributed in triangle A CO and having a strength 
of the opposite sign. The magnitude of this velocity is determined 
by means of formula (8.3.7). Substituting z c = ( xp — a'zp)/(tan x — a') 
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Fig. 8.3.6 

Triangular wing with a supersonic edge 


for the upper limit z B of the integral, after integration we obtain, 


XV oc [' 

UA 0 C= ~ir)vi 


Yl 2 (tan 2 x—a' 2 )—2; (a- P tan x — a' 2 zp)-r,rp—a'-zj, 


n Y a ' 2 — tan 2 


_j a' 2 zp —xp tan x 
a' (x P —zp tan x) 


(8.3.25> 


Taking into account that n — tan x/tx' and a = z P tan xlx P , we 
find 


u AOC - — ■ -77-- 

xa' /l-n 2 n (1 — <j) v ’ 

The total value of the additional velocity at point P is 

“ =WpcH _ “ A0C “ —7 [ 1 “ 4- C0S ~ J vn^a)] 3 - 27 > 

and the pressure coefficient is 


— cos -1 g 

„2 n(l —a) 


(8.3.26> 


P= —• 


[ a 1 o — n- 

1 -COS 1 -—7 -- 

X ll(l-o) J 


(8.3.28> 


where a < n < 1. 

The induced velocity at point .V, between Mach wave OK' and 
the side edge is determined by summation of the action of the sources 
distributed on surface section OEF confined by leading edge OF, 
side edge OE, and Mach line EF drawn through point N. 

To calculate the velocity, we shall use formula (8.3.25), in which 
we shall replace the upper limit z c of the integral with the quantity 
Zp = (z N -f a'z N ), (tan x -f- a')- and the coordinates xp and z P . 
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Pig. 8.3.7 

Pressure field for a semi-infinite 
triangular wing with a super¬ 
sonic leading edge 



with the relevant values x N and z N . Integration yields 

. 2i>; tan y. — a' 2 ZN 


«oef— ~~ 




cos' 


n Y cc' 2 —tan 2 x a \*^N ZN tan x) 

Introducing the symbols a and n, we have 


«OEF 


/i". 


t’ Y i— 


cos' 


n (1 —a) 


(8.3.29) 

(8.3.30) 


where a < 0, n < 1, and | a | < n. 

If we adopt positive values of z N and a = z N tan x/x N and take 
absolute values for n, the additional velocity is 


A-Voo a 2 -|-a 

-;- c OS 1 rr —r 

era ] 1 — n- ufl + o) 


(8.3.31) 


and the pressure coefficient is 


2u 2k , rc 2 + a 

_ — _ Pf) q-1 _:- 

Too na' y 1 — n 2 n (l + a ) 


(8.3.32) 


The pressure field for a semi-infinite triangular wing with a super¬ 
sonic leading edge is shown in Fig. 8.3.7. Between the leading edge 
and the internal Mach line, the pressure is constant, then it lowers, 
and on the external Mach line reaches the value of the free-stream 
pressure (p = 0). 


Triangular Wing Symmetric 

about the x-Axis 

with Supersonic Leading Edges 

The velocity and the pressure coefficient at point L (Fig. 8.3.8) 
between Mach wave OK and the leading edge are determined by 
formulas (8.3.22) and (8.3.23), respectively, because the flow at 
this point is affected only by edge OR. These formulas may be applied 
for the conditions n < 1 and 1 > a > n. 
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Fig. 8.3.8 

Triangular wing symmetric about the 2 >axis with supersonic leading edges: 
1 —Mach line; 2—maximum thickness line 


The velocity at point P that is within the Mach angle is affected not 
only by the leading edge, but also by the trailing and side edges of 
the wing. The velocity due to the influence of the leading edge and 
part OA of the maximum thickness line (Fig. 8.3.8) is determined 
by formula (8.3.27), while the velocity induced by the sources dis¬ 
tributed over region OA 'A is evaluated by expression (8.3 31). Adding 
(8.3.27) and (8.3.31), we obtain the total velocity at point P of a sym¬ 
metric wing: 


u = 



■ cos' 


a — n 2 
n (1— o) 


— COs -1 

jt 


n 2 - f-a 1 

n (1+a) J 


or after transformations, 


u -- 


At PC _ / ^ 

a' V I — " 2 ' 


Sill 


1 — cr 


P) (8.3.33) 


The corresponding pressure coefficient is 

p=--^- =- - (1 - — sin-i i/ \ (8.3.34) 

y 1« a - /i_„2 \ n V 1-a 2 / ’ 


8.4. Flow over a Tetragonal Symmetric 
Airfoil Wing with Subsonic Edges 
at a Zero Angle of Attack 

By using the formulas for determining the velocity and pressure 
on the surface of a triangular wing, we can calculate the flow at a 
zero angle of attack over wings with a symmetric airfoil and an arbi- 
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Fig. 8.4.1 

Tetragonal wing with a symmetric airfoil and subsonic edges 


trary planform. Let us consider the tetragonal wing shown in Fig. 8.4.1. 
A left-hand system of coordinates has been adopted here and in some 
other figures to facilitate the spatial depicting of the wing and the 
arrangement of both the sections being considered and the required 
notation. We shall assume that for such a wing the leading and trailing 
edges, and also maximum thickness lineCBC are subsonic. According¬ 
ly, the sweep angles x t , x 3 of the leading and trailing edges and the 
angle x 2 of the maximum thickness line are larger than jt/ 2 — p^. 

The distribution of the velocity and pressure over an airfoil depends 
on where the latter is along the wing span. i.e. on the lateral coor¬ 
dinate z of the section. 

Airfoil FL (z = z 4 ). Four flow regions, namely, FG , GH , HJ , 
and JL, should be considered on the airfoil. Region FG is confined 
by point F on the leading edge and point G at the intersection of a 
Mach line with the coordinate plane z = z t . Point G is considered 
to be on plane zOx and is determined, consequently, as the point of 
intersection of the Mach line issuing from the projection B' of point 
B onto plane zOx and of the straight line z = z x (Fig. 8.4.1). The 
velocity and pressure coefficient in region FG behind Mach line OK 0 
on the surface of the wing are determined with the aid of the distri¬ 
bution of the sources in triangle OCC' by the relevant formulas (8.3.18) 
and (8.3.19). 
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Since the inclination of the surface is ^ in accordance with (8.3.19) 
we have 


Pfg '■ 




icosh 1 


(8.4.1) 


Jia' Y rt\ — 1 ^ 1 a I 

where n x — tan x^o^. o'! = z Y tan and x 1 is the running coor¬ 

dinate of the point. 

The drag coefficient of the airfoil corresponding to region FG is 


C*, FG = -J- \ (/>i. + PbW.H 


(8.4.2) 


where b is the local chord of the profile. 
Since 


Pu+Pb=2p FG , O t —— 


zi tan k 1 


do i = 


Zi tan ■/. 


t- dx { = 


dxj 


Citanxi J- 


we have 


p = —( cosli- 1 1 / ■— ! • iSL (8.4.3) 
’ tact' pV-1 J * l-^i V ' 


3 iP 


where o lF = z 1 tan y.Jx-p = 1. and Ojg = Zi tan x^Zg- 

Region GH is acted upon by the distribution of the sources in 
triangle OCC' with a strength of Q = 27^1’oc and in triangle BCC' 
where the strength of the sources Q = 2 (k 2 — XJ T-c (the sign of 
the angle X 2 is opposite to that of Aj), 

Since region GH is behind Mach line OK 0 within the limits of the 
wing, the pressure coefficient due to the distributed sources in region 
OCC' must be calculated with the aid of formula (8.3.19). The in¬ 
fluence of the distribution of sources in triangle BCC' on the pressure 
coefficient should be taken into account with the aid of relation 
(8.3,21) because region GH is outside triangle BCC' between Mach 
wave B'K b and edge BC. Hence, 


Pgh = 


4A t 

jia' Y n 2 — 1 


4 (X 2 ^a) 

na' Y n l — 1 


-cosh' 1 V 4=^ 
cosh' 1 l/4^f 


(8.4.4) 


where n 2 = tan x 2 /a'; cr 2 = z 1 tan x 2 /x 2 , and x 2 is the coordinate 
measured from point B and equal to x 2 = x x — x B , 



334 


Pt. I. Theory, Aerodynamics of an Airfoil and a Wing 


Using formulas (8.4.2) and (8.4.4), let us determine the drag coeffi¬ 
cient corresponding to region GH: 

o. 


GH : 


8 _ fo, ta n x^_ f H cosh _ 1 

bna' Yn\— 1 •) r 1 a, 

°1G 


do-. 


8 (k. 2 — X].) Xjz, tan x. 
bna' Y n i —1 


*- |" cosh 1 Y 4 
2G 


d (.J o 


(8.4.5) 


where ct 2 h and o 2 g are evaluated relative to point B. 

Summing (8.4.3) and (8.4.5) and taking into account that 
zj tan x L 4 ^ _z, tan x 1 z, tan x L 


C 2 G ! 


ClF - 
Z] tan x 2 


xp 


1 , 


xh 


*0 


. . tan x» 

tan tan x 2 =- 7 -^- 


X B 4" Z 1 tg x 2 

z± tan 

<Uh ~ 


x n 


we obtain 


"x, FH- 


8Xfzj tan x t 


= C x , Fg + C X , GH 
2i tan xi 
i' B +2i tan hi 


X 


do i 


bna' Y n \~ 1 
8(X 2 — X,) X,z T tan x 2 


5 cosh_1 / -rdf 


Jjta' /nl—1 


j cosh-* j/^FT< 8 - 4 6 > 


Let us assume that part of chord HL (we presume that point H 
is on line BC ) equals rb, where r is a dimensionless coefficient of 
proportionality determined from the condition r = B'D/b 0 (here b 0 
is the central chord). Therefore, for surface OBC , the part of chord 
FH will be (1 — r) b. 

Since a part of central chord B'D equals rb 0 , the remaining part 
OB' equals (1 — r) b 0 . The angles are 

Y = A/2 (1 -7), k 2 = —5/(2: r) (8.4.7) 

where A = A /b 0 is the relative thickness of the airfoil. 

Taking into account the values of and k 2 we can write formula 
(8.4.6) as: 

z\ tan x.i _ 


c x, FH : 


2A 2 Zi 


u- 


tan x 


(1 -j)6o+zi tan X2 


X 


6(1— r) na' I- Yn \—1 
do j 


1 


cosh -1 


■\f n'j — Qi 

V 1 - of 


ta 


Y A— 


i=r7» sh -i / 4i5f-4r] < 8 - 4 - 8 > 
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The velocity on line HJ is induced by sources of the strength Q — 
= 2 ^ 7-0 distributed in triangle OCC' and by sources of the strength 
Q — 2 (X 2 — ^i) Too distributed over region BCC'. The first distri¬ 
bution of the sources gives rise to the pressure coefficient calculated 
by formula (8.3.19) in which we must assume that X = n = n 1 . 
and o = a v The pressure coefficient due to the influence of the second 
distribution of the sources is also found with the aid of formula 
(8,3.19) in which we must assume that X = X 2 — n ~ n 2 , and 
a = cr 2 ’ Summation of the pressure coefficients yields 


Phj- 


4X x 


no' n \—1 


cosh 1 



- 1 . coslr 1 l/ n rf 

no.' Yn\ — 1 ' 


(8.4.9) 


Using formula (8.4.5) in which we must replace the value of Xj, 
with X 2 and taking into account that 


X, = A/12 (1 - r)], X 2 — X, = — A 2 /[2r (1 - r)], X 2 = - A(2r) 
= tan xja', n 2 = tan x 2 /a', a 2 = Zj tan x 1 lx 1 
a 2 = z 2 tan y. 2 /x' t , xh < x l < Zj, x\ — x x — .r H 


we obtain 


c* HJ = - r( J cosh - 1 ]/ 4 - 

’ br(l—r)na' L 1 J T 1-a? 


tan 




=r f toslrl /iMf-r] 


1 2 H 


figl 

Of 

(8.4.10) 


where a 2 is evaluated relative to point B. 

On JL , we take into account the influence of three distributions- 
of the sources, namely, on triangular surfaces OCC '. BCC and DCC'. 
The first two distributions give rise to the pressure coefficient deter¬ 
mined with the aid of formula (8.4.9) in which and o 2 are calcu¬ 
lated relative to points 0 and D, respectively. The additional coeffi¬ 
cient of pressure induced by the sources distributed over region DCC' 
with a strength of — X 2 is found with the aid of formula (8.3.21) 
in which we must assume that X = X 2 , n ~ » 3 , and o — a 3 . 

Summing the pressure coefficients due to all three source distri¬ 
butions, we obtain 


— 41 /■ „2_n 2 

Pjl=- 7 ==- cosh -1 1/ —- A- 

y no! Y n i — 1 V 


4 (X-o A]3 
na' Y n 2 — 1 


X cosh - 


/-r! 


4X, 


jia' 1 


cosh' 


-/-I 


— 1 


(8.4.11) 
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where n 3 = tan x 3 / a': the values of a x , cr 2 , and a 3 are calculated 
relative to points O, B and D. 

Introducing the value of p JL into formula (8.4.2) and substituting 
A 2 for in it, we obtain 

°iL __ 

c* jl= _4^T -—- ( coslr* l/ 

brnaf I (1 — r) ]/ n \— 1 J ' ^ a i a i 


<?2L - 

cosh-* ]/ 

r) — 1 J ' t n 2 o| 


tan x 2 


i l 7 3=f-$-J < 8 - 4 ' 12 > 

°3J 

Summing (8.4.10) and (8.4.12), we have 

°1L .- 

CseHL= __^-r— ^3 — j cosh -ii/4^.^L 

’ brna' L (1 — r) |/nf — 1 •) ' * a i °i 

°iH 

_ f cosh-* l/4 =4- ■ 

r (1 —r) —1 J ' * °2 a 2 

°2H 

tanx^ J h -, Jlfz^_.i£L] (8.4.13) 
r l/nl— 1 J * Os-l °§ J v ’ 


In this expression 


zi tan Xj 

(1— r) 6 0 + z ltan y -2 
<T2H = 1» <T2L = 


Oil = 


z L tan xj 
t> 0 + zi tan x 3 


z^ tan x 2 
rf>o + z l tan y -3 

_ z 1 tan x 3 


\ (8.4.13 1 ) 


Z\ tan x® 

Cf3J=-- = n 3 , 03L = 


where xj = z x cot p^o = z^a' , and x£, = z 1 tan x 3 . 

We take the integrals in formulas (8.4.8) and (8.4.13) by parts. 
These formulas hold (see Fig. 8.4.1) when 


0 < Zj < z Bl < z Di 


(8.4.14) 


where 


z B , = (1 — r) b 0 !(tan x x — a'), z Dl = rfe 0 /(tan x 2 — a') (8.4.15) 
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or (Fig. 8.4.2) when 

0 < =! < z Dl < z B , (8.4.16) 

The drag coefficient of the airfoil determined by formula (8.4.13) 
has been related to the local chord b. We calculate the value of the 
drag coefficient c x 0 related to the central chord b 0 by the formula 
^x,o ^x (b/b 0 ). 

Airfoil in the Mid-Span Section (z = 0). We determine the values 
of the aerodynamic coefficients for this airfoil as follows. Oil airfoil 
section OB (see Fig. 8.4.1) with a length of (1 — r) b 0 , the velocity 
is induced by sources having a strength of Q — 2A, 1 l 7 a distributed 
in triangle OCC'. 

Accordingly, we evaluate the pressure coefficient by formula 
(8.3.19). Assuming that a — z, tan k 1 /x 1 = 0, we obtain 

Po B = - 7^7=f=T cosh_1 n ' (8.4.17) 

act' y n\ — 1 

Airfoil section DB with a length of rb 0 experiences the action of 
sources with a strength of Q = 2^, 1 F 00 distributed over region OCC' 
and with a strength of Q = 2 (k 2 — A-i) F.*, distributed in triangle 
BCC'. In accordance with this, we determine the pressure coefficients. 
Using formula (8.3.19) at a = 0, we find 


Pbd = 


nod Yn \—1 


cosh -1 n i -f 


t’ Vn 2 2 -i 


cosh -1 n 3 (8.4.18) 


The drag coefficient of the airfoil with account taken of the upper 
and bottom surfaces related to the central chord b„ is 



(l-r)&o 

^ Pob^i dx -f- 

0 


2 r *° 

—r \ PBok-dx 

0 


(8.4.19) 


Introducing the value of p 0 b from (8.4.17), of p B d from (8.4.18). 
and having in view that = —A/(2r). % 2 — /t, ~ —A/[2r (1 — r)l 
and also that (1 — r) = A/2 and rX 2 — —A/2, we obtain 


na'r (1 — r) ) n \— 1 


cosh 1 


(8.4.20) 


where cosh -1 » 2 = In (n 2 4 -Y n \ — 1). 

Airfoil F l L l , Let us calculate the drag coefficient of an airfoil 
(see Fig. 8.4.1) whose coordinate z 1 satisfies the inequality z B , < 
< z, < z Dl . Section F 1 H, of the airfoil experiences the action of 
sources with the strength Q — 2’k l V CB distributed in region OCDC ', 
and with the strength Q = 2 {X 2 — X x ) F^ distributed in BCC'. 
Therefore, we may use formula (8.4.4) to calculate the pressure 

22-01715 
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Fig. 8.4.2 

Arrangement of Mach lines 


coefficient, and relation (8.4.5) to determine the drag coefficient. 
For airfoil section F l H 1 , relation (8.4.5) has the form 

°iHi _ 

c _ _8X|z L tanx J _ ,_ t ,/ »|-g? . 

A - FlHl bna' 3 V 1 -af a? 

OlFi 


8 (X, 2 — ^i) tan x. 
baa' — 1 


°2H 1 


) ««•>- < 8 - 4 - 21 > 


°2F, 


where c^ and o 2 are calculated relative to points 0 and B, respectively. 

We determine the pressure on airfoil section H 1 L 1 in the same way 
as on HL with the aid of formulas (8.4.9) and (8.4.11). We find the 
corresponding drag coefficient c X1i h,l, from expression (8.4.13) 
in which we replace the limits Ojh and a lL with the quantities Om, and 
Oi Ll i the limits o 2 h and a 2L with the quantities 02 H, and a 2 u^ and 
the limits ct 3T and a aL with the quantities 03 j, and 03 l,, respectively, 
determined by formulas (8.4.13'). The overall drag coefficient for 
the airfoil F l L l related to the central chord b 0 is 

Cx, f,l. = c*. f,h, + c Xj h,l, 

Airfoil F 2 L 2 . Let us consider the airfoil between points D l and B i 
(Fig. 8.4.2) with the coordinate z, satisfying the inequality z Dl <C 
< z x <C z Bl . The flow over this airfoil is of a more intricate nature. 
The velocity on section F 2 G 2 is induced by sources having the strength 
Q = 2 %^co distributed in triangle OCC '. Consequently, the pressure 
coefficient on this section is determined with the aid of formula 
(8.4.1), and the corresponding drag coefficient c x< F! g, from expression 
(8.4.3) in which the integral is taken between the limits ctif, and Oi Gl . 
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The pressure on section G 2 H 2 depends on the influence of sources 
having a strength of Q = 2'k x V so distributed over section OCC , and 
also of sources having a strength of Q — 2 — K) i n region 

BCC’. Consequently, we calculate the pressure coefficient by formula 
(8.4.4), and the drag coefficient c x< g 2 h 2 from expression (8.4.5) in 
which we take the first integral between the limits Oig 2 and am,, 
and the second between ct 2 g 2 and 02 h 2 - 

Section H 2 J 2 experiences the simultaneous action of sources dis¬ 
tributed in region OCC' (Q = 2A. 1 F 00 ), and also in triangle BCC' 
[Q — 2 (k 2 — Kj) Fool and on surface BCC' , where the strength Q = 
= — 2% 2 V' X ,. The first distribution results in a pressure coefficient 
determined by formula (8.3.19), and the second two distributions 
result in the coefficient calculated by expression (8.3.21). 

The total value of the pressure coefficient on this section of the 
airfoil is 


Ph 2 j 2 


4/ 


cosir 


t' /ref —1 

/’ n |—1 


cosh 1 


4 (X 2 — 


/ref 


44 2 


/i 


l=r («- 4 - 22 > 


where o^, a 2 , and o 3 are determined relative to points 0, B, and 
D , respectively. 

By using the formula 

*j 2 

Cx , h 2 j 2 = ' | l ! u212^2 (8.4.23) 


*h 2 


we can calculate the drag coefficient for the section of the airfoil 
being considered related to the length b 0 of the centre chord. 

The flow over the last airfoil section J 2 L 2 is the result of induction 
by the sources distributed in the same regions of the wing as for 
airfoil section H 2 J 2 . Here account must be taken of the feature 
that the velocity induced by the sources in region BCC' is determined 
by formula (8.3.18), where X is replaced by the angular coefficient 
X 2 — /. Therefore, the pressure coefficient should be calculated by 
formula (8.4.11), and the drag coefficient c Xt JjLj from expression 
(8.4.12) in which we take the integrals between the limits o nJi 
and a nL , (n = 1, 2, 3). 

We obtain the total drag coefficient by summation of the coeffi¬ 
cients for all four sections of the airfoil: 


c x , F 2 L 2 — c x, F.G.+ C*. G 2 H 2 + C Xj H 2 J 2 + C x , j 2 l, 
provided that the value of z l satisfies the inequality 


rb „ 


tan Xi — a' 


< Zj< 


(! — r) b 0 
tan Xi — a' 


22* 
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Airfoil F 3 L 3 . Let us consider section F 3 L 3 (Fig. 8.4.2) with the 
coordinate Zj satisfying the inequality 

z Dl < Zj < z Di (8.4.24) 

where 

z d„ = b 0 /(tan Xj — a') (8.4.25) 

The pressure on section F 3 J 3 of the airfoil is due to the action 
of sources distributed on the triangular surfaces OCC' (Q = 2X 1 V ^,) 
and BCC' [Q = 2 (X 2 — X x ) Fool. We shall therefore calculate the 
pressure coefficient by expression (8.4.4), and the drag coefficient 
by formula (8.4.5) in which we replace the limits a n< g and a n< h with 
the values <j n> f, and cr n , j a (n = 1 , 2 ). 

Airfoil section J 3 H 3 , in addition to the indicated source distribu- 
tions in regions OCC' and BCC', also experiences the action of sources 
having a strength of Q = —2X 2 FL distributed in triangle DCC'. 
Consequently, the pressure coefficient equals the value calculated 
by formula (8.4.4) plus the additional value calculated by formula 
(8.3.21) in which we assume that X = —X 2 . 

Flow over section H 3 L 3 is characterized by the induction of sources 
distributed in three regions of the wing, namely, OCC ', BCC' , and 
DCC'. Accordingly, the pressure coefficient on this section should be 
calculated with the aid of formula (8.4.11). 

By calculating the relevant components of the drag coefficient 
for all three sections and summing them, we obtain the total drag 
coefficient: 

c*. F,L, = C x , FjJ* + c x> JjH, + c*, H 3 L, 

The relevant expression is suitable for calculating the drag coeffi¬ 
cient of the airfoil between points D 1 and D 2 (Fig. 8.4.2) with the 
coordinate z x that satisfies the inequality 


tan x/- ~ < Zl < tilT -a' ~ ( 8 - 4 ‘ 26 > 

Airfoil F 4 L 4 . Let as consider section F 4 L 4 (see Fig. 8.4.1) with 
coordinate 

z i > z d» (8.4.27) 


Three source distributions simultaneously act on this section, 
namely, OCC' (Q = 27,,F ! *,), BCC' [Q = 2 (X 2 — ^ 1 ) Fool, and 
DCC' (Q = —27, 2 Fco). Airfoil section F l H i is behind Mach line OK 0 
within the confines of the wing, therefore to calculate the pressure 
produced by the distribution of the sources in OCC' we must use 
formula (8.3.19) in which we assume that X = X 1 . The second dis¬ 
tribution of the sources in BCC ' acts on section F i H i located beyond 
the confines of the surface between the Mach line and edge BC. 
Therefore, to calculate the additional pressure due to the influence 
of the distribution of the sources in BCC', we must use formula 
(8.3.21) with the substitution of X 2 — ^1 for X. 
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Fig. 8.4.3 

Distribution of the drag coeffi¬ 
cient over the span of a swept 
constant chord wing with sub¬ 
sonic edges 

(the dashed line shows an unswept 
wing) 



The second section of airfoil H i L i is located within the confines 
of the wing surface, i.e. at the same side from the Mach lines and the 
relevant edges OC and BC. Consequently, to determine the pressure 
coefficient resulting from the distributions of the sources in OCC' 
and BCC' , we use formula (8.3.19) in which the value X = X t cor¬ 
responds to the distribution in OCC' , and the value X = X 2 — X t 
to the distribution in BCC'. 

Section H i L i is at both sides of Mach line DK d and trailing edge 
DC, i.e. it is beyond the confines of triangular surface DCC' where 
the strength of the sources is Q = — 2X 2 V Hence, to calculate the 
pressure coefficient produced by these sources, we should use for¬ 
mula (8.3.21) with the substitution of — X 2 for X. 

Using the obtained value of the pressure coefficient, we can deter¬ 
mine the relevant drag coefficient for airfoil F X L X \ 

c x, f.l, = Cx, f,h, + c x< h 4 L 4 

Figure 8.4.3 shows the results of calculating the distribution of 
the drag coefficient cj A 2 (A = A lb) over the span of a swept con¬ 
stant chord ( b ) wing (xj = x 2 = x 3 = 60°) with a symmetric rliom- 
biform airfoil ( r = 1/2) for M = 1.8 and 1.9. A glance at the figure 
reveals that with an increase in the distance from the centre chord, 
the drag coefficient first grows somewhat, and then sharply drops. 
For purposes of comparison, the figure shows the value of the func¬ 
tion Cjj/A 2 for an airfoil belonging to an unswept wing. 

To determine the total drag coefficient of the wing, we must 
integrate the distribution of the drag coefficients c x> h of the airfoils 
over the span, using the formula 



u 


c x, h dz 


(8.4.28) 
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Fig. 8.4.4 

Wing with side edges 

Influence of a Side Edge on the Flow over a Wing. If a wing has 
a wide tip or side edge (Fig. 8.4.4), its influence on the pressure dis¬ 
tribution and the drag coefficient must be taken into account. The 
flow over such a hexagonal wing is calculated as follows. First the 
velocities and pressures in region OO'D'D produced by the distri¬ 
bution of the sources on triangular area OCD are calculated. The 
calculations in this case are performed similar to those of a wing 
with a tetragonal planform (see Fig. 8.4.1) having no side edges. 
Next the calculated velocities and pressures are determined more 
precisely with account taken of the influence of side edge O'C", 
which is equivalent to the action of sources distributed in triangle 
O'CD '. The strength of these sources has a sign opposite to that of 
the sources corresponding to a wing of area O'CD '. The action of 
the sources distributed in triangle O’CD' extends to the wing within 
the area 0'T”D' confined by Mach line O'K ', the side edge, and the 
trailing edge. For example, for airfoil F 2 L 2 , the action of the sources 
is confined by section F' 2 L 2 (point F 2 is at the intersection of chord 
F 2 L 2 and Mach line O'K'). 

Let us see how the pressure is evaluated on section J 2 L 2 of this 
airfoil. Taking into consideration only the distribution of the sources 
in region OCC ', we can determine the pressure coefficient by for¬ 
mula (8.4.11). We can introduce the correction A p for the action of 
sources of opposite signs in triangle O'CD', so that 

Pj,l, = Pjl — &P (8.4.29) 

When finding the correction A p we must take account of the posi¬ 
tion of airfoil section J 2 L 2 relative to Mach line 0' 1 K[ that passes 
through point O' belonging to the opposite side edge (Fig. 8.4.4). 
If this line does not intersect J 2 L 2 , the latter is influenced only by 
the distribution of the sources in region O’CD' of one side of the 
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wing, whereas the influence of the sources in 0\C'D\ is excluded. 
The induced velocity is calculated by formula (8.3.13), and the cor¬ 
responding additional value of the pressure coefficient by the for¬ 
mula A p = —2ulVoc. We shall write this additional value in the 
form of the sum 


A p = A p 1 + A p 2 + Ap 3 (8.4.30) 

where Adepends on the distribution of the sources in O'CC" 
(Q = 2^7=0), while A p 2 and A p 3 depend on the distribution of the 
sources in B’CC" [Q = 2 (X 2 - kj F=J and D'CC" (Q = -2X 2 V x ), 
Hence, by using formula (8.3.14), we obtain 


A p= - ~ i A ' t z ■ cosh 1 

na' y n\ — 1 


nf + Oi 

n i (1 + Oi) 


■j— coslrl . 

zia' V n\ — 1 ra 2 (l-|-a 2 ) 

-P*—. cosh-1 

Jia' — 1 n 3^~r a 3) 


(8.4.31) 


where a l5 a 2 and a 3 are calculated relative to points O ', B’, and D '. 

If Mach line 0\K[ intersects chord F 2 L 2 , then simultaneously 
with the action of sources O'CC" account must also be taken of the 
influence of the sources distributed in triangle 0[C’C[ at the opposite 
side of the wing. The same formula (8.3.13) is used to calculate the 
induced velocity. 


8.5. Flow over a Tetragonal Symmetric 
Airfoil Wing with Edges 
of Different Kinds 
(Subsonic and Supersonic) 

Leading and Middle Edges Are Subsonic 
Trailing Edge Is Supersonic 

The disturbances from the trailing supersonic edges of a wing 
(Fig. 8.5.1a) propagate downstream within the confines of the Mach 
cone with the generatrix DK d and therefore do not affect the flow 
over the wing surface. The velocities and pressures depend on the 
influence of the leading and middle subsonic edges. 

Let us consider profile FL with the coordinate z 1 < z Bl . The 
pressure coefficient on section FG, which depends on the action of 
sources having a strength of Q = 2^7,0 that are distributed in 
triangle OCC' , is determined from (8.4.1), and the corresponding 
drag coefficient c K>FG , from (8.4.3). On the following section GH 
experiencing the influence of the sources distributed in triangles 
OCC' (Q = 2 ^ 700 ) and BCC' [<? = 2 (X 2 — ^ x ) Tool, the pressure 
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Fig. 8.5.1 

Tetragonal wing in a supersonic flow: 

a —the leading and middle edges are subsonic, the trailing edge is supersonic; b —the lead¬ 
ing edge is subsonic, the middle and trailing edges are supersonic; c—all the edges are super¬ 
sonic 


coefficient is calculated by (8.4.4). The corresponding value of the 
drag coefficient c x , gh for this section is determined from (8.4.5). 

The action of the same source distributions is observed on section 
HL as on section GH. But taking into account that section HL 
is below Mach line BK b (on the wing surface), the pressure coeffi¬ 
cient /?hl must be calculated from (8.4.9), and the drag coefficient 
Cj,hl, from (8.4.10). The total drag coefficient of the airfoil is 

C x , FL = Cx. FG + C x , GH + C x , HL (8.5.1) 

When considering section F 1 L 1 with the coordinate z x > z Bl , 
account must be taken simultaneously of the source distributions 
in OCC' and BCC'. For section F 1 H 1 , the drag coefficient c x , f,h, is 
determined by formula (8.4.21). For section H l L 1 the drag coefficient 
Cx, H,Li is found by expression (8.4.13) in which the third term in 
the brackets is taken equal to zero, while the limits o n>H and a nJj 
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are replaced with the values a ni h, and a,,, L ,(n = 1, 2), respectively. 
The total drag coefficient for airfoil F 1 L 1 is 

c x, F,Li= Cx, FiHt 4- C x , HiLi (8.5.2) 


Leading Edge Is Subsonic, 

Middle and Trailing Edges 
are Supersonic 

A feature of the flow over the wing (Fig. 8.5.16) consists in that 
the sources distributed in region BDD l do not affect the distribution 
of the velocities and pressures on the remaining part of the wing 
above Mach line BK b . 

Let us consider airfoil FL with the coordinate z 1 *< zd,. Section 
FH of this airfoil is acted upon by the sources distributed in triangle 
OCC' (Fig. 8.5.1a); consequently, the pressure distribution can be 
found from (8.4.1), and the corresponding drag coefficient c x , fh, 
from (8.4.3) in which a lH is substituted for the upper limit a lG - 
The second section HG is influenced by subsonic leading edge OC 
(and, therefore, the distribution of the sources in OCC') and by 
supersonic middle edge BC. The corresponding pressure coefficient 
is determined as the sum of two coefficients, the first of which is 
evaluated by expression (8.4.1), and the second by (8.3.23) where 
we assume k = k 2 — \ and n = n 2 . Consequently, 


Pug — - — - -- - - cosh -1 l/" 

F na' \fn {-1 V 1- 


(8.5.3) 


On section GL, the velocity is induced by the sources distributed 
in triangles OCC' and BCC' (Fig. 8.5.1a). By using formulas (8.5.3) 
and (8.3.34), we obtain the following working relation for the pres¬ 
sure coefficient; 


Pgl =- 7 =- cosh 1 1 / -p— 

1 na' Yn f-i * 1-^ 


p (6 2 — k{) / 

a' yA—v 




(8.5.4) 


The drag coefficient of the airfoil is 


r, f 1 U I- 

f*,FL = — ( | Pfh^i<4t-|- j Phg ^-2 dx 4- j p GB k 2 dx ) (8-5.5) 


Airfoil F 1 L 1 is below Mach line OK 0 , therefore it is influenced by 
the distribution of sources with a strength of <2 = 2 %^^ in triangle- 
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OCC'. In addition, section H 1 L 1 is acted upon by the distribution of 
sources with a strength of Q — 2 (X 2 — in triangle BCC 

that produces an additional pressure evaluated by formula (8.3.23), 
where we assume X = X 2 — X x . Accordingly, the pressure coefficient 
PFjHi on section F 1 H 1 is evaluated by expression (8.4.1), and the 
pressure coefficient p^u on section H 1 L 1 , with the aid of formula 
(8.5.3). The drag coefficient of the airfoil is 

2 - 

Cx t F^Li ^ ^ ^ PF\K\X\dx — f" J ^ (8.5.0) 

*Fi. 


Wing with All Supersonic Edges 

For such a wing (Fig. 8.5.1c), Mach lines OKo, BKb, and DK^ 
drawn from points O, B, and D are below the corresponding edges 
OC, BC and DC , therefore formulas (8.3.23) and (8.3,34) are used to 
calculate the pressure coefficient. 

Let us consider airfoil FL with the coordinate 0 < z 1 < z Dl . 
Section FH is between leading edge OC and Mach line OK 0 . There* 
fore, the other edge OC' (Fig. 8.5.1a) does not affect the flow on this 
section, which is considered as plane supersonic. Taking into account 
that section FH is influenced by the sources in triangle OCC' having 
a strength of Q = 2X 1 F 0 o, the pressure coefficient p FH can be deter¬ 
mined by formula (8.3.23) in which we assume X = and n = n 1 . 
The additional pressure on section HG is due to the influence of edge 
OC'. The pressure coefficient phg on this section is found from 
expression (8.3.34) in which it is assumed that n = n x and a — a 1 . 

Section GJ, in addition to the distribution of the sources in OCC', 
is affected by the source distribution in BCC' having a strength of 
Q = 2 (X 2 — X x ) Foo. Using formulas (8.3.34) and (8.3.23), we obtain 
an expression for the pressure coefficient: 


Pgj = 


2X 1 


/I 


(l 

— rcf \ 


_2 

ji 



— 

1 — of 


\ _L_ ^ (X 2 — X]) 

/ ^ a' |/'l— n\ 


(8.5.7) 


The last airfoil section JL is influenced additionally by opposite 
edge BC'. Accordingly, the pressure coefficient on section JL on 
which sources having a strength of Q = 2 (^, 2 — X x ) V act is 




2 (X 2 — ^l) 


V l- 


(8.5.8) 
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The drag coefficient of airfoil FL is 


*H_ *G_ 

c x , fl = ( \ Pfh^i dx-\- J /?hg^i dx 

x-p .\' H 

x h 

+ j p G} X 2 dx + j Pj l ^2 dx j (8.5.9) 

*G *J 

The pressure coefficient pf,h, on section F 1 H 1 of airfoil F 1 L 1 
with the coordinate z D <C z x < z Ds is determined by formula 
(8.3.23) in which X = and n — n 1 . To determine the pressure 
coefficient for the neighbouring section H l G l , we use formula 

(8.3.34) in which X = A, l5 n = n lt and a = a x . On the last section 
G 1 L 1 , the pressure is due to the influence of source distributions in 
OCC' (Q = 2 X^0.) and BCC' [<? = 2 (X 2 - A x ) F«J. Consequently, 
to calculate the pressure coefficient pg,l,, we can use formula 
(8.5.7). The drag coefficient of airfoil F 1 L 1 is 

^Hi *Gi *Li 

C ^.F I L 1 = *^( ^ PFxHr^l^d- i PHiGi^i dx -f- ^ PGiLiM^) (8.5.10) 

*F X K H j X G j 


The flow near airfoil F 2 L 2 in the section z Dj < z x is plane super¬ 
sonic, therefore the pressure coefficient for it is determined by for¬ 
mula (8.3.23). The sources in triangle OCC' having a strength of 
Q = 2X 1 F 0 c act on section F 2 G 2 , therefore the pressure coefficient 
Tf,g 2 is found by formula (8.3.23) in which X = and n = %. 
The second section G 2 L 2 is additionally influenced by the sources 
having a strength of Q = 2 ( X 2 — A^) V^ distributed in triangle 
BCC'. Therefore, the pressure coefficient on this section is 


2X x , 2{X 2 —X x ) 

PG 2 L 2 = —, n -r -1-7777=5 

a y 1 — a yi — n\ 

The drag coefficient for airfoil F 2 L 2 is 

*G 2 X h2 

^ Pf 202^1 dx ^ PG 2 L 2^2 dx | 

*F 2 *G* 


(8.5.11) 


(8.5.12) 


If a tetragonal wing has an extended tip or side edge (5 t =/= 0), 
the flow parameters are calculated with account taken of the in¬ 
fluence of the side edge on them. The part of the wing where this in¬ 
fluence is observed is below the Mach line issuing from the front 
point of the side edge (see Fig. 8.4.4). The velocity and pressure on 
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Fig. 8.5.2 

Drag coefficient of wings with 
asymmetric rhombiform airfoil: 

•~c = ' x C /6 ° = °- 5 '- V = b <> /b t = 5 '- 
*- w = ( l /S w ; tan =_tan x,— 
(2A vv )(ri w — 1 )/(T) W + i ):. A = A/b 0 
(the dashed curve is an experimen- 
tal one) 


this section are calculated by the method set out in Sec. 8.4 with 
account taken of the kind of the leading and middle edges (i.e. 
depending on whether they are subsonic or supersonic) by means of 
the relevant relations similar to (8.4.31). 

By integrating over the span, we can determine the wave-drag 
coefficients in each of the cases of flow over a hexagonal or tetra¬ 
gonal rhombiform airfoil wing considered in Secs. 8.4 and 8.5. 
According to the relations obtained, these coefficients depend on the 
number M oo and on the configuration and relative dimensions of the 
wing: 

c x = /i (M, o, X w , Xj, T]w* %c, A) (8.5,13) 

Here in^addition to the known notation, we have introduced the 
quantity xq = xjb —the dimensionless distance to the spot with 
the maximum airfoil thickness. 

The number of independent variables in (8.5.13) can be reduced 
by using the relation 

cJ(K A 2 ) = /, (Xw V Ml, — 1, K tan x 2 , T] w , x c ) (8.5.14) 

where tan x 2 is the tangent of the sweep angle along the maximum 
thickness line (i.e. of the middle edge). 

Figure 8.5.2 shows a family of curves constructed in accordance 
with formula (8.5.14) for the following conditions: i} w = b 0 /b t = 5 
and x c = 0.5, The salient points of the curves correspond to sonic 
edges. Particularly, for the curve corresponding to the value of 
t an x 8 = 3, the salient point for the smallest value of 
A- w 1 ^ Ml - 1 corresponds to a sonic trailing edge, and the second 
and third points to a sonic middle (the maximum thickness line) 
and trailing edges. 






Ch. 8. A Wing in a Supersonic Flow 


349 


c x 



Fig. 8.5.3 

Drag of triangular wings with a symmetric rhombiform airfoil in a supersonic 
flow 

<n, — tan Xi/a') 


A comparison shows that the experimental and theoretical values 
of the wave-drag coefficients differ, especially near values of 
V ML — 1 X w tan x a , i.e. when the maximum thickness line 
becomes sonic. In this case, the linear theory cannot be applied. The 
discrepancy between the indicated values diminishes when this line 
is supersonic (X W VML — 1 > X w tan x a ). 

From the relations found for a tetragonal plariform wing, we can 
obtain the relations for the aerodynamic characteristics of a triangu¬ 
lar wing as a particular case (Fig. 8.5.3). The trailing edge of such 
a wing is supersonic and straight (x 3 = 0). The leading edge and 
the maximum thickness line (the middle edge) may be either sub¬ 
sonic or supersonic and, consequently, inclined at different angles 
x x and x 2 . Depending on this, we determine the local velocities and 
pressures, and also the total drag coefficient c x . 

Figure 8.5.3 shows the results of calculating the function c ;c a7(4A 2 ) 
for triangular wings with a subsonic (^ > 1) and supersonic ( n j < 1) 
leading edges depending on 1 — r for various values of n x (the sweep 
angle x a ). The values of c x a'/(4A 2 ) at Uj = 0 correspond to a straight 
wing with a symmetric airfoil. 

Figure 8.5.3 can be used to appraise the influence of the location 
of the maximum airfoil thickness on the drag. We can indicate the 
value of r which the minimum drag coefficient corresponds to. The 
salient points of the curves correspond to values of r at which the 
maximum thickness line becomes sonic (n 2 — «, and r — 1). 
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General Relation 
for Calculating the Drag 

The total drag coefficient of a wing can be written in the form 

^3C a = Cx, t T" Cx, iy0 (8.0.15) 

where A is a coefficient determined by the kind of the leading edge; 
if it is supersonic, the coefficient A equals the reciprocal of the deriv¬ 
ative of the lift coefficient with respect to the angle of attack 
[A = ( c a ) _1 J; with a subsonic edge A < (c“ ) _1 because a suction 

y a 

force appears that decreases the drag. The quantity Ac£ a is the 
induced drag depending on the lift force. 

The coefficient of friction drag c Xi { can be evaluated for an equi¬ 
valent rectangular wing whose chord equals the mean aerodynamic 
chord of the given lifting surface. We may consider here that the 
boundary layer near the leading edge of such a wing is laminar and 
on the remaining part is turbulent. 

Let us consider the second component of the total drag coefficient, 
c x, win which is the wave-drag coefficient of the wing at a = 0 . 
We shall use formula (7.5.31) to evaluate it. According to this for¬ 
mula, at a = 0 , the wave-drag coefficient of an airfoil is c x , w = 

t 

= c iKi = q J (PI + pS) dx, therefore for a symmetric wedge 

o 

we have c x , w = 0.5c, A 2 . Such a relation, characterizing the change 
in the wave-drag coefficient proportional to the square of the relative 
thickness of the airfoil [A 2 = (A/ 6 ) 2 j, can be applied for a thin airfoil 
of an arbitrary configuration. By comparing the above relation for 
c X ' W with (8.5.14), we can determine the ratio 

wo^ii w — /3 (^w !^"Moo 1» A-w tan x, t| w , xc) (8.5.16) 

in which c x , w is the wave-drag coefficient of the airfoil oriented 
in the direction of the oncoming flow (see Sec. 7.5), X w and r) w are 
the speed ratio and taper ratio of the wing, respectively. 

The function / 3 in (8.5.16) is similar to the function / 2 in (8.5.14) 
and is determined with the aid of the method of sources set out 
above. The quantity x may be taken equal to one of the characteristic 
angles of the given wing (the angle of inclination of the leading and 
trailing edges or of the maximum thickness line). 

Figure 8.5.4 shows a curve characterizing the change in the func¬ 
tion f 3 for a swept wing with a taper ratio of r| w = 2 a relative coor¬ 
dinate of xc = 0.5 and the quantity K w tan x, — 3.67. The first 
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Fig. 8.5.4 

Change in drag function / 3 by formula (8.5.16) 

salient point corresponds to the transformation of the trailing edge,, 
and the second, of the leading edge into a sonic one. 

8.6. Field of Application 
of the Source Method 

The method of sources, as we already know, is used to calculate- 
the flow in order to find the drag force of a wing with a symmetric 
airfoil at a zero angle of attack, i.e. in the absence of a lift force. In¬ 
vestigations reveal that the field of application of this method in 
aerodynamic research can be extended. Let us consider cases when the 
method of sources can be used to determine a nearly uniform flow 
over a thin wing at a non-zero angle of attack, and we can thus find 
the lift force in addition to the drag. 

Let us take two wings with different leading edges. One of them has 
a curved edge with a finite supersonic section (Fig. 8.6.1), while the 
other has completely subsonic leading edges (Fig. 8.6.2). 

In Fig. 8.6.1, the supersonic section is bounded by points E and E' 
at which a tangent to the contour coincides with the generatrices 
of the Mach cones. Let us consider the velocity potential at a point M 
in the region confined by edges ED and the Mach lines drawn in 
plane xOz from points E, D, D', and E'. 

By formula (8.2.16) in which the integration region a should be 
taken equal to a ■--= S 1 + S 2 , the velocity potential at the point 
being considered is 

1 f f Qi (S, 0 dl dl 

2n y v 

L f f <?« (Ii S) dl dZ 
y v t*i—6) - —(*i— 


2ix 


( 8 . 6 . 1 ) 
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fig. 8.6. f 

Wing with a finite section of a supersonic leading edge 


Fig. 8.6.2 

Wing with subsonic leading 
edges 


v~(/vr=o) 



In (8.6.1), the function ( x, z) = 2 (dcp'/ dy) v==0 . This follows 

from (8.2.17). This function is determined from the condition of flow 
over the wing surface without separation (8.1.12). Since the equation 
of this surface is given, the function ( x , z) is known. In the partic¬ 
ular case of a wing in the form of a plate in a flow at the angle of 
attack a, the function Q x — 2FooCt. Hence, the determination of cp' 
by formula (8.6.1) is associated with the finding of the unknown 
function Q 2 determining the intensity of source distribution on sec¬ 
tion S 2 . 

To find this function Q 2 , let us take an arbitrary point N (x, 0, z) 
in the region between the Mach lines issuing from points E and D. 
At this point, according to (8.1.20), the velocity potential is zero, 
therefore in accordance with the notation (see Fig. 8.6.1), we have 

0= _L_ f C gijii £)dgdg 

2jx y V(*i—E)®——o* 

I 1 f f <?2(g, t)dld.Z 
2lt J J V (^1 —g) 2 —(Zi —?) 2 


( 8 . 6 . 2 ) 
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The first term on the right-hand side of this integral equation is 
a known function of the coordinates of a point because the strength 
Q r on area S 3 has been determined from the boundary conditions. 
We can therefore use the equation to determine the unknown func¬ 
tion Q., that is the strength of the sources in region S 4 . 

Hence, if the leading edge of a symmetric airfoil wing is completely 
or partly supersonic, the method of sources is suitable for investigating 
the flow over the wing at a non-zero angle of attack. The same con¬ 
clusion evidently also relates to a wing with similar edges and a non- 
symmetric airfoil in a flow either at the angle a ^ 0 or at a = 0. 

Now let us consider a wing with subsonic leading edges. We can 
derive the following relation for a similar point N (Fig. 8.6.2): 


0 = - 



Q 3 (6, E) dl dt _ Iff (ME, Ddldl 

^(* 1 —E) 8 —(*i—0* 2jl V (*i-6)*-(*i-E) 2 


J_ f f (Ml, t)d%dj 
2n 4;' T / (*i-6)*-(*i-0* 


(8.6.3) 


We have obtained an equation with two unknown functions Q 3 
and Q 2 . Similar to Q 2 , the function Q 3 is the strength of the sources 
on area S 5 belonging to the region located between the left-hand 
leading edge and the Mach line issuing from the wing vertex. 

Hence, if a wing has a subsonic leading edge, the source method can¬ 
not be used to investigate the flow over a thin symmetric airfoil wing at 
an angle of attack, or the flow over a non-symmetric airfoil wing at 
a zero angle of attack or when a =£ 0. 


8.7. Doublet Distribution Method 

It has been established that the application of the source method 
for investigating supersonic flow is restricted to wings with com¬ 
pletely or partly supersonic leading edges. In other cases associated 
with the investigation of the supersonic aerodynamic characteristics 
of wings with subsonic leading edges with a non-zero angle of attack 
(or of similar non-symmetric airfoil wings and at a = 0), the doublet 
distribution method must be used. 

Let us consider a doublet in a supersonic flow. To do this, we shall 
determine the velocity potential of the flow produced by an ele¬ 
mentary source and an elementary sink of the same strength Q 
having coordinates a: = |, z = £, y = e, and x = |, z = £, y = —e, 
respectively. The chosen source is located above the plane y = 0 
at the small distance e from it, and the sink is under this plane at 
the same small distance —e. Expressing (8.2.11) as a difference equa¬ 
tion, we shall write the potential produced by the source and sink 

23-01715 
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in the form 

A QAa f — 1 

Acp = AL— ( — 7 = == - -- == = 

2jl 1 /(*-g)2-a'2[(J/-e) 2 +(z-0 2 ] 


/(*—6)*-a' , [(» + e)*-|-(* —t) 2 l 


Introducing the symbol p = (z — £) 2 — a' 2 [y 2 
disregarding the quantity cc' 2 e 2 , we obtain 


Acp; 


@A<j 


— 1 


2im V y i -j-2a' 2 j/e/p 2 |/T—2a' 2 j/e/p 2 


(z — £) 2 ] and 

) 


Using the expansion of the square roots into a series and deleting 
the second and higher order infinitesimals, we find 


Acp 


a' 2 Qye.Aa 

Tip 3 


a' 2 Qijt da 

n {^ar— g)a —[£f* + (a—£)*!}*/* 


By calculating the limit of Acp at e 0 and assuming that the 
quantity M — Qt called the moment (or power) of the doublet 
remains constant, we obtain an expression for the differentia] of the 
potential function of a doublet 


^•Pdoub 


_ My da _ 

n {(*—?)*—a' a l'/'- + (z —t) 2 )) 3 / 2 


This expression can be written in the form 


^Tdoub 


M da 
n 


JL( 1 

oy l / ( *-|) 2 -a'M» 2 +(s-0 2 ] 


} 


Integrating over the region a which the influence of the doublets 
extends to, we obtain for the potential function 


d 

Tdoub— dy 




Mil. Qdldt, _ 

Vi*—‘i ■/“-h*— y z i 


(8.7.1) 


where the number n has been included in the doublet distribution 
function. 

It can be shown that function (8.7.1) satisfies Eq. (8.1.7). To do 
this, let us differentiate (8.1.7) with respect to y: 



We can write this equation as 



(8.7.2) 


Now let us consider expression (8.7.1) for the potential of a doublet. 
If we include the quantity —l/(2n) into the expression for this 
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potential, then in accordance with (8.2.12) the double integral can 
be considered as the potential of sources whose distribution over area 
o is set by a function M. Consequently, 

rPdo.ib = <?<P 'idy (8.7.3) 

Comparing (8.7.2) and (8.7.3), we see that the function q> doub 
does indeed satisfy Eq. (8.1.7) for the velocity potential. 

Knowing the configuration of the surface in the flow, the free- 
stream velocity, and the angle of attack, we can find the doublet 
distribution function M and thus determine the potential cp doub 
of the doublets. The derivative of the function cp d01lb with respect 
to x yields the additional longitudinal component of the disturbed 
velocity u = dcp d0 ub !dx that is used to calculate the pressure coeffi¬ 
cient p — —2 u/Voc on the lifting surface and the lift force produced 
by this surface. 


8.8. Flow over a Triangular Wing 
with Subsonic Leading Edges 

A plane triangular wing with subsonic leading edges is inside 
a Mach cone (Fig. 8.8.1). To find the lift force of such a wing, we shall 
use the doublet distribution method and the relevant relation (8.7.1) 
for the velocity potential of doublets. 

It is general knowledge that the additional velocity u induced by 
sources distributed over an inclined triangular surface with subsonic 
edges depends only on the function a — za'/x [see, for example, 
formula (8.3.18)]. This signifies that along the ray issuing from the 
salient point of the leading edge of the wing at the angle y = 
= tan -1 ( z/x ) the velocity is constant. This ray can be considered as 
the generatrix of a cone with its vertex coinciding with the salient 
point of the leading edge. 

A flow retaining a constant velocity and, therefore, other constant 
parameters along a generatrix of such a conical surface is called 
a conical flow. We can consider that the additional velocity u for 
such a flow in the plane y = 0 is a function of the ratio z/x, i.e. 
u = / (z/x). It thus follows that the potential produced by the sources 
for a conical flow also depends on this ratio. 

Considering the flow set up by doublets near a triangular surface 
as a conical one, its potential can be written for point P in the plane 
y = 0 (Fig. 8.8.1) as follows: 

<Pdo»b = zF’dovb (z/x) 1(8-8.1) 

where F ( loub (z/x) is a function (depending only on the angle of the 
conical surface y = tan' 1 (z/x). 


23* 
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Fig. 8.8.1 

Plane triangular wing with subsonic edges 


Fig. 8.8.2 

Region of doublet influence on 
the flow over a wing with sub¬ 
sonic leading edges: 

1 —region of doublet influence; *•— 
triangular wing 



For a point with the coordinates x, y, z we shall write the poten¬ 
tial of a conical flow in a more general form: 

Tdoub = ^^doub (z/:r, ylzc) (8.8.2) 

In accordance with Eq. (8.8.1), the relation characterizing the 
distribution of the doublets in the plane y = 0 (on the wing surface) 
is such that 

M (l, Q = lm ( h ) (8.8.3) 

where h = £/£, and m {h) is a function of the argument h. 

Let us transform Eq. (8.7.1). We shall express the elementary area 
occupied by a doublet in the form do = d\ dt, = \ dh because 
dt, = £ dh. Therefore 


cot K tl 

j m W dh-L j. 


l 2 dl 


-cot K 


/(*-i) 2 -a'2 [j,2 +(z _ fe g )2] 


(8.8.4) 


Tdoub — 
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where is the coordinate of a doublet that may influence the flow 
at point P ( x , y , z). This doublet is on the curve confining the region 
of doublet influence (Fig. 8.8.2) and obtained as a result of the inter¬ 
section of the plane y — 0 with the Mach cone issuing upstream 
from point P. This curve is parabola A 1 B 1 described by the equation 

(z — £i) 2 — a' 2 [*/ 2 + (2 — £i) 2 l = 0 (8.8.5) 

in the coordinates y y We shall write the radicand in (8.8.4) in 
the form 


(x — If — a'°- [ y 2 + (z — hlf] = al 2 -f bl -(- c (8.8.6) 


where 


;=1 —a'% 2 , b = 2x (a'Vi-j-- l) , 

c = x*[ 


(8.8.7) 


The integral in the case being considered is 


f— 

J Ya\ 


S 2 d? 


/ a? + 6§ + c 


Val~ + bl + e 


36 2 — iac 
8a 2 


y * 

J l / a? 2 - r 6s- 


( 8 . 8 . 8 ) 


F Taking into account that a — 1 — a' 2 and / 1 2 > 0, we find the 
integral on the right-hand side of (8.8.8): 

i vmm =-^^v^w+wT7 )+ 2ai +b] f; ( 8.8. 9) 

By (8.8.5), the value of ag 2 -f b% x + c = 0, consequently, 

S 2 dl _ 36 y- 


3 b 2 — 4 ac 


8 a 2 Y a 

Solving Eq. (8.8.5) in the form 

a ^l + + c = 0, 


Yal^bl-tc 4a 2 
[In (2a| 1 + h)—ln(2|A^+6)] (8.8.10) 


we obtain 
Accordingly, 


= (—b + Y b 2 — iac)/2c 


In (2a ^ -[- 6) = In jAfr 2 — 4 ac 


( 8 . 8 . 11 ) 

( 8 . 8 . 12 ) 

(8.8.13) 
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The difference of the logarithms in (8.8.10) with a view to (8.8.13) 


is _ 

ln(2fl6 1 + 6)-ln(2/flc+ b) In- 1 l *‘. . _~ ae =1 


In 


b 2 — 4 ac 


2 |/ac-f-b ^ (2 /ac-j-b) 2 


i_ l n A~ 2 J^ = _ th-i 


Therefore, 

si 


] V a- 


i 2 dl 


b + 2 /ac 2 /ac 

3 b Y~c 3b- — 4 ac 


/ag 2 + b| + < 


4 a 2 


8 a 2 | f~a 


th~ 


2 / a 


(8.8.14) 


(8.8.15) 


We calculate the derivative with respect to y from (8.8.15): 


— \ 

d y J / a! 




■■N 


Va^ + bl + c 
u 

_ 1 . _f£_ / fc_ . I t h-i b ) 

2a /a d y V 4 /ac 4ac —b 2 2 /ac ' 

Introducing the symbol 

v = 6/(2/ac) (8.8.16) 

and having in view that dcldy = —2z/a' 2 [see formula (8.8.7)], 
we obtain 


N~- 




a /a 


We introduce this expression into (8.8.4): 


cot X 


Tdoub = J Nm(h)dh 


(8.8.17) 


(8.8.18) 


-cot X 


To determine the form of the doublet distribution function, we 
shall use the condition of flow without separation, in accordance 
with which 

v y =o = Food = (d<? i0 - db /dy ) y =« (8.8.19) 

The partial derivative (dq AOilb /dy) y=0 is determined in accordance 

with (8.8.18) in the form 

cot X 

J (8A20) 

-cot X 

Introducing this expression into (8.8.19), we find 

cot x 

Food = j (^f) v=0 m ^ dh ( 8 - 8 - 21 ) 

-cot X 
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Fig. 8.8.3 

Incompressible two-dimensional cross flow at the velocity V^a over flat plate 
AB belonging to a triangular wing 


Differentiation of (8.8.17) with respect to y yields 


l dN \ 

ri' 2 

| — 

f V 1 

\ dy i 

y—0 a ]/a 

i 1—v 2 + 


( 8 . 8 . 22 ) 


Let us calculate the partial derivative with respect to z!x from 
(8.8.20) with a view to (8.8.22): 


0 = 


cot x 

,\ 


-cot X 


t 

(1 —V s ) 2 


dv 

d (z x) 


m (h) dh 

(/=-- o 7 


(8.8.23) 


We calculate the value of the derivative dx!d ( zlx) |j, =0 by (8.8.16) 
and determine the quantity (1 — v 2 ) 2 | y=0 by using (8.8.7) and 
(8.8.16). After the corresponding substitutions into (8.8.23), we ob¬ 
tain the equation 


cot X 


l m (/?) dh 


=-- o 


(8.8.24) 


We shall show that this equation has the same form as the one 
obtained when using the doublet distribution method to solve the 
problem on the flow of an incompressible fluid over a flat plate of 
infinite length installed at right angles to the direction of the free- 
stream velocity. We can determine the velocity potential for a plate 
that is a part of a wing in section AB with the coordinates z A = —c, 
zb = c, and over which an incompressible fluid flows in a lateral 
direction at the velocity v — V x a (Fig. 8.8.3) with the aid of Eq. 
(2.9.16), We shall write the latter in accordance with the coordinate 
system chosen in Fig. 8.8.3 in the form 


cpdoub = y/\-( z — fl) 2 + i/ 2 J (8.8.25) 

This expression determines the potential at point P (y, z) pro¬ 
duced by a two-dimensional point doublet with a unit moment 
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(M = 1). If the moment of the doublet differs from unity and the 
doublet distribution over the span of the plate is set by the function 
M( r|), the velocity potential induced by the doublets on the wing 
section cfr| is 

dc Pdoub = M (y\)y dr\l[(z — t}) 2 + y z ] (8.8.26) 


The velocity potential at point P due to the influence of the doub¬ 
lets located along the span of the plate on the section from z A ~ — c 
to zb = c is 


C 

Tdoub j 

— c 


M (r|) y di] 
(z —q ) 2 + y 2 


(8.8.27) 


The vertical component of the velocity v — dcpdou b'dy on the sur¬ 
face of the wing is 


C C 


,, /d<Pdoub\ _ 

-_L i 

M (rj) y dr) 1 

f 4/(T))dr) 

V V=°-\ dy )y- 0 ~ 

- dy J 

(*— If) 2 + y 4 Jy=0 

) (z—q) 3 


— c -c 


(8.8.28) 


Since the component v y=0 does not change over the span of the 
plate, we have 


C 



- C 


M ( n) dp 

(z —rp 2 


0 


(8.8.29) 


Differentiation yields 

( i LL il H l L = o (8.8.30) 

J (z — h) 3 ' 

- C 

A comparison of Eqs. (8.8.24) and (8.8.30) reveals that they are 
both of a single type, therefore it is possible to take the doublet 
distribution function m(h) in a supersonic linearized flow of the 
same appearance as the corresponding function M(r\) in an incom¬ 
pressible flow. 

To determine the form of the function M{r\), we shall use the 
solution of the problem on finding the potential function for a plane 
plate over which an incompressible fluid flows in a lateral direction 
(see Sec. 6.2). According to this solution, the velocity potential 
on the plate is determined by formula (6.2.7). The relevant potential 
difference on both sides of it is Acp = 2F jAa 2 — z 2 . The flow of an 
incompressible fluid near the plate is considered as the result of 
superposition of the flow produced by the doublets onto the undis¬ 
turbed flow [see formula (6.3.6)]. Consequently, the distribution of 
doublets for a plane plate in a non-circulatory flow of an incompressible 
fluid is equivalent to the potential difference Acp. Having in view that 
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the doublet distribution function m(h) in a compressible flow has- 
the same form as for an incompressible one, we can consider the 
expression for this function in the form 

m(h) = L YIP — h- (8.8.31) 

where H 2 = cot 2 x and L is a proportionality coefficient. 

We shall use Eq. (8.8.21) to find the coefficient L. Inserting 
(8.8.22) and (8.8.31) into it, we obtain 
cot X 

“Foo = — a' 2 L ( -r ——tt + th -1 v ) y cot 2 x — h 2 dh 

J a Va V 1 — X 2 / !/-=() r 

- COt Y. 

(8.8.32) 

To simplify the calculation of the coefficient L, we can integrate- 
(8.8.32) along a longitudinal coordinate on the wing. Having in view 
that along the a>axis the coordinates z = 0 and y — 0, we determine 
the value of | v/(l — v 2 ) + th -1 v ]^ 0 in accordance with (8.8.7) 
and (8.8.16), and the value of aYa by (8.8.7). Integration yields 

jt/_2 

ccFoo^itL j Y 1 — (1 — a' 2 cot 2 x) sin 2 <p dtp (8.8.33) 
o 

The integral 

31/2 

j Y 1 — (1 — a' 2 cot 2 x) sin 2 cp dcp = E (k) (8.8.34)> 

o 

is a complete elliptic integral of the second order with the parameter 

k = Y 1 — ct' 2 cot 2 x (8.8.35) 

The values of integral (8.8.34) are determined with the aid of the 
previously calculated tables depending on the parameter k. 

The doublet distribution can be expressed by function (8.8.3) 
provided that m(h) is replaced by (8.8.31) and with account taken 
of the value for L determined from (8.8.33). As a result, we have 

.1/(1, £) = i 1/cot 2 X— h 2 (8.8.36) 

Let us find the component of the induced velocity produced by 
the doublets on the surface of the wing for y = 0. From (8.7.3), 
we have 

(Tdoubl^o = (^T !dy)y— o = (^y—o)source (8.8.37)- 

i.e. the potential of the doublets on the wing is determined by the 
magnitude of the vertical component of the velocity induced by the 
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sources. A comparison of (8.2.12) and (8.7.1) reveals that M{\, £) 
can be considered as a function similar to the function (?(£, t) 
determining the distribution of the sources over the surface of a 
wing having a given planform and angle of attack. Consequently, 
if we take into account that in (8.7.1) the number it is included in 
M(%, £) in accordance with (8.2.7), (8.8.36), and (8.8.37), we can 
-compile the equation 

(<Pdoub) y =o = {l, t) = " 2 (8.8.38) 

where (or h — z/x). 

The component of the induced velocity due to the doublets is 


/ d<Prlouh \ 
V dx j 


a l-'o. 


y=o 


E(k) 

aV'o 


d 

dx 

, cot 2 x 


(x }/cot 2 X-^-) 


E (k) Y cot 2 x — ^ 2 


(8.8.39) 


The corresponding value of the pressure coefficient with a view 
to the possible signs in front of the square root is 

p = 2 (P- P s ) . = —- * 2 ? - cot . ^. - (8.8.40) 

Poo E (k) Vcol’ 1 y, — h 2 

where the plus sign determines the pressure on the bottom, and the 
minus sign on the upper side of the wing. The field of pressures corres¬ 
ponds to a conical flow relative to the vertex of the wing at which the 
pressure coefficient p = const for all the values of z/x — const. 

The lift force acting on a triangular wing consists of the force 
produced by the pressure on the bottom surface, and of the suction 
force equal to it in magnitude and caused by the rarefaction on the 
upper side. The elementary lift force acting on area dS = 0.5 xdz 
(see Fig. 8.8.1) is 

dY a — 2 {p — Poo) d.S = {p — p oo) x dz (8.8.41) 


The total force is obtained as a result of integration over the entire 
surface of the wing Sy,, — x 2 cot x: 


y a =j 2 ( P - Poo ) 


The lift coefficient is 


2 Y a 


dS 


cot X 


^0 —COt 

COt X 

2a cot x i dh 


hnr J \p\ dh 


-cot X 


t (ft) 


-cot x 


p^cot 2 x — h 2 


(8.8.42) 


(8.8.43) 
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After integration, we have 

c ya = 2ait cot xlE(k) (8.8.44) 


For a conical flow, the centre of pressure of each triangular ele¬ 
ment issuing from the apex is at a distance of two-thirds of the alti¬ 
tude from the apex. Therefore, the centre of pressure of the entire 
wing is on the root chord at a point that is at a distance of two- 
thirds of the chord from the apex. Accordingly, the coefficient of the 
pitching moment about the wing apex is 

m z& = — c v a c v — —(4/3) ait cot x/E(k) (8.8.45) 

For a triangular low aspect ratio wing (x —► it/2), the quantity 
a' cot kCI, ana we can take the value of the elliptic integral 
E(k) « 1. Consequently, for such a wing we have 

Cy a — 2ait cot x; m Za = —(4/3) ait cot x (8,8.46) 

Expressing cot x in terms of the wing aspect ratio = 4 cot x, 
we obtain 

Cy & = aitX w /2; m Za — —(1/3) aitX w (8.8.46') 

If the sweep angle x is chosen such that x = it/2 — poo, and, con¬ 
sequently, the Mach line coincides with the leading edge, we have 

cot x = tan and a' cot x = cot p«> cot x = 1 

In the given case, the elliptic integral E(k) — n/2, therefore for 
a triangular wing with a sonic leading edge, we have 

c Va = 4a cot x (8.8.47) 

Since 


cot x = tan poo = 1 VMio — 1 

we obtain 

Cy a — 4a/ Y M'io — 1 (8.8.48) 

This value coincides with the lift coefficient for a thin sharp¬ 
nosed airfoil in a linearized supersonic flow. 

We shall show that the lift coefficient of a triangular wing with 
supersonic leading edges is expressed by the same relation (8.8.48). 
In accordance with (8.3.34), the pressure coefficient for the wing in 
the region between Mach cones is 


Pi 


± 

a' Yi — n* 


( 4 



n*- a 2 \ 
1 — a 2 I 


(8.8.49) 


and on the section between the leading edge and a Mach cone [see 
(8.3.23)] it is 

p 2 — ±2a/(a' yl — ri 1 ) (8.8.50) 


where n — tanx/a', and a = z tanx/x = h tan x. 
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Fig. 8.8.4 

Wings with supersonic trailing and side edges (x 0 = b 0 ): 

a —tetragonal wing with a dovetail; b —tetragonal wing with a vee-shaped appendage (rhom- 
bitonn plate); c—pentagonal wing; d —hexagonal wing 


According to (8.8.43), (8.8.49), and (8.8.50), the lift coefficient is 


It 

j' 


Cy a ~ 2 \ I Pi I d <* - 2 


IL 

11 ft 


da = 


4a 


t' y l — n* 


[ j ( 1 ~T siu " V -W-) J *] 


Integration yields the relation c y = 4a/a' that coincides with 
(8.8.48). 

The methods of calculating the flow over triangular (delta) wings 
can be used to determine the aerodynamic characteristics of lifting 
surfaces in the form of tetragonal, pentagonal, and hexagonal plates 
with supersonic trailing and side edges (Fig. 8.8.4). The flow over 
them is characterized by the absence of zones of mutual influence 
of the tail and side regions confined by the intersection of Mach 
cones with the wing, i.e. when the flow at the side and trailing edges 
is supersonic. As a result, the coefficient of the pressure on the wing 
surface is the same as at the relevant point of a triangular plate. 
The formula for calculating it is chosen with account taken of the 
kind of leading edge (subsonic or supersonic). The lift and moment 
coefficients can be determined by integration according to the pres¬ 
sure distribution. 

We shall give the results obtained for a tetragonal wing: with 
a subsonic leading edge 


m. 


4a cot x! 

(l — e) E (k) 


[(1 — e) 1 / 2 cos~ 1 e—e] 


-4a cot Xi r 2-e 2 , _ e(4—e)» -| 

3(1 — 8 )E(k) L(l + e) 3 ' 2 1 — e 2 J 


(8.8.51) 

(8.8.52) 
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Fig. 8.8.5 

Curves characterizing the change in the derivative of the lift coefficient (a) and 
centre-of-pressure coefficient (b) for a tetragonal wing 


with supersonic edges 

(8.8.53) 


(8.8.54) 

where e = (x t — x g )/x t = tan x 3 /tan x,; n 1 = tanx 3 /cc' = en; x 0 
and x t are the dimensions shown in Fig. 8.8.4. 

For dovetail wings (Fig. 8.8.4a), the quantity e is positive, and 
for rhombiform plates (Fig. 8.8.46), it is negative. 

The relations for c„ and m , allow us to determine the centre-of- 
pressure coefficient c p = x p /x g = —m z Jc y& . 

Figure 8.8.5 shows curves characterizing the change in c“ and c p 

in accordance with the above relations. The dashed lines in this 
figure determine the values of the aerodynamic coefficients in the 
limiting case when 1 In = cotx 1 a' = e (a sonic trailing edge). 

A salient point appears on the curves (Fig. 8.8.5) at a value of 
n = 1 (when cot x t a' = 1), i.e. when the leading edge is sonic. 
The coefficients Cy a and c p behind the salient point (with a supersonic 
leading edge) diminish with an increasing M 

Let us consider another limiting case corresponding to sufficiently 
high values of cotx^' ^>1 (n < 1, Rj C 1) at which the surface 
of a Mach cone is near the root chord. A glance at formula (8.8.53) 
reveals that the parameter e does not virtually affect the coefficient 
Cy a , and a dovetail or a V-shaped appendage (see the diagrams of the 


8a / 1 

c n a ~ (l-e)jxa' l |/r^n? 

— —8a r 

mz a 3(1 —-e) na' L 


cos 1 n 


Vi- 
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2 — rtf (1 +8 2 ) __ 


(1+8) 2 (1 —rtf) 3 / 2 
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wings in Fig. 8.8.5) alters the lift force of the wing almost in pro¬ 
portion to the change in the area of the plate. 

It is not difficult to see that for e = 0 formulas (8.8.51)-(8.8,54) 
yield the values of the relevant coefficients for a triangular wing: 
c y a ~ c v a A an d m z a — m z a a- The calculations by these formulas 
can be simplified if the tetragonal wings differ only slightly from 
triangular ones. In this case, provided that | e | <C 1, we have 

c v a = c y a A ^ 1 — e )> = — e ) (8.8.55) 


8.9. Flow over a Hexagonal Wing 
with Subsonic Leading 
and Supersonic Trailing Edges 


Let us find the aerodynamic characteristics in the more general 
case of the flow at a small angle of attack over a plane hexagonal 
wing with subsonic leading and supersonic trailing edges (Fig. 8.9.1). 
Such a kind of the trailing edges excludes the influence of the vortex 
sheet behind the wing on the flow over it. 

To determine the velocity potential, let us use the results of solving 
the problem on the flow over a triangular wing with subsonic leading 
edges. Let us consider point A with the coordinates x, z in region 1 
confined by the leading edges and the Mach lines issuing from points 
G and D. The velocity potential at this point can be expressed by 
analogy with (8.6.1) with the aid of the following formula: 



<J 


(Mi, QdEdt 

Y (*—e) 2 —a' 2 (z— Q 2 


■f A<p 2 + Atp 3 


(8.9.1) 


in which a is the region of integration on the wing surface, A<p 2 
and Acp 3 are the additional potentials determined by expressions 
similar to the second and third terms on the right-hand side of (8.6.3) 
when integrating over regions and a 2 (hatched in Fig. 8.9.1). 

Taking into account that Q x = ThV «, = 2aV x , we can write 
Eq. (8.9.1) as follows: 


<Pi = 


aFoofi 

ji 


n 


_ dl dj 

V>-i) 2 -a' 2 (z-E ) 2 


(8.9.2) 


where in accordance with (8.9.1) 


Q = l-(Acp 2 + Acp3) 


n 


_ dldl 

Y(x-IY- a'M^-S) 2 



(8.9.3) 


For our further transformations, we shall introduce a charac¬ 
teristic system of coordinates whose axes r and s coincide with the 
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Fig. 8.9.1 

Hexagonal wing with subsonic 
leading and supersonic trailing 
edges 



directions of the Mach lines issuing from the vertex of the wing 
(Fig. 8.9.1): 

r = (Maoi'2a) (x — a'z), s = {MoJla) (x + a'z) (8.9.4) 

The characteristic coordinates of point A{x&, z A ) are as follows: 

r A = {MJ2a) (x A — a'z A ), s A = (MJ2a') ( x A + cc'z A ) (8.9.4') 

Let us convert Eq. (8.9.2) to the characteristic coordinates r and s. 
From (8.9.4), we find: 

r + s = (MoJa')x, r — s = —M x z (8.9.4") 

Consequently, 

x — l = x A — x = (a'/M,*,) [(r A + s A ) — (r + s)] 1 

a' (z — £) = a' (z A — z) = —(a'lMJ) [(r A — s A ) — (r — s)]j ’ ’ 


Introducing these expressions into (8.9.2) and taking into account 
that an area element in the coordinates r and s is da = dr ds X 
X sin (2[i„) (Fig. 8.9.1), and that the integration limits are s B 
and s A , rc and r A , we obtain an equation for the potential function: 

r A «A 

/_ FpoCcfi f dr f ds 

JlMoo J Y t A. — r * V SA — s 

r C S B 

We shall express the coordinates s B and r c in terms of the coor¬ 
dinates r A and s A of point A. Since the equations of the leading 
edges in the coordinates z and x are z = ±x tan x, then in accord¬ 
ance with (8.9.4") these equations in the coordinates r and s are 


(8.9.6) 
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transformed to the form: 

r = sm for the starboard leading edge: z = +£ cot x 
r = s/m for the port leading edge: z = —x cot x 

where m = (n — l)/(n + 1) and n = tanx^a'. 

Therefore the coordinates r c and s B can be expressed as follows: 

r c = s c m = s A m and s B = r B m = r A m (8.9.8) 

Substituting s A m and r A m for rc and s B in (8.9.6), respectively, 
after integration we obtain 

<Pi = — ~ V ~ msA ) ~ mr A ) (8.9.9) 

Introducing into (8.9.9) the values of r A and s A from (8.9.4') and 
also the quantity 

m = (n — 1 )/(n + 1) (8.9.10) 

we find 

«px=— (8.9.H) 



where h = z A /x A (or h = t,/ 1). 

By comparing Eq. (8.9.11) with relation (8.8.38) for the potential 
function at the point being considered, we see that for matching 
of the results, in 18.9.11) we must assume that 


n n-f 1 
T" nE (k) 


(8.9.12) 


Hence, at point A located on the wing in region I, the velocity 
potential is 


^=^ r -^ cot2>c - /i2 


(8.9.13) 


Accordingly, the equation that must be used when determining 
the potential function on the wing has the following general form: 


<Pi 


osPoo (n-f 1) f f dr 
AnMx E(k) J J y r A — r 



(8.9.14) 


Let us use Eq. (8.9.14) to determine the potential function at 
point A in region II that is confined by the Mach lines issuing from 
points D and G, the tips, (side edges) and partly the trailing edges. 
We shall write Eq. (8.9.14) in the following form: 


r A 5 a 

rn' = aVo ° i) f dr f 

inMocE(k) J /p— r J 

r K S B' 



(8.9.15) 


By analogy with (8.9.8): 

s B ' = r F /m = r A m 


(8.9.16) 




Ch. 8. A Wing in a Supersonic Flow 


369 


Point K is on a tip whose equation is z — II 2. In the coordinates 
r and s, the equation of a tip in accordance with (8.9.4") is 

r — s = -M x l/ 2 (8.9.17) 

Therefore, for point K, the coordinate is 

r K = s K — M x l/2 = s A — M oJ/2 (8.9.18) 

Taking also into account that sb' = r A m, after integration of 
(8.9.15) we obtain 


, _ aVoo (n+1) /" 

T II V, If T? lb\ V 


nMooE ( k) 


(< 


-)] (sA — r A m) (8.9.19) 


Introducing instead of r A , s A and m the relevant values from 
(8.9.4') and (8.9.10), we find 


/ OtPoo .. A n-j-\ r, , / x A , \ 

911 == '7t r (ir V -t-V- 2z a)(^-+^a) 

The velocity potential for point A in region III is 


Tin = 


OtVoo (fl -f~ i) 
knMooE (A:) 


■rx A 

— _ f 

^ V r A — r J 


V S A — s 


(8.9.20) 


(8,9.21) 


Points K' and G' are on the tips whose equations are 2 = ±1/2 
(the plus sign is for the starboard and the minus sign is for the port 
tip). In the coordinates r and s, the equations of these tips in accord¬ 
ance with (8.9.4) have the form: 


r — s = —Mool/2 for the starboard tip j ^ ^ 
r — s = M aJ/2 for the port tip j 

Consequently, for points K' and G ', we have, respectively: 
r K’ = SK' — Mooli 2 = s A — Mool/2 1 
s G . = r G / - M 00 H 2 = r A — M ooll2 ) 


(8.9.22) 


(8.9.23) 


After the integration of (8.9.21), with a view to the values of the 
limits (8.9.23), we obtain 


ccV00 {ti -j— 1 ) 
nMooE (k) 


V ( rA ~ i 


-)(s A -r A (8.9.24) 


We introduce into (8.9.24) the values of s A and rx from (8.9.4'): 

Tin — aV 2 Z^) l) (8.9.25) 

By calculating the partial derivatives with respect to x A , we find 
the components of the disturbed velocity u — d(f'Jdx A (n — I, II, 


24-01715 
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Fig. 8.9.2 

Wings with subsonic leading 
edges and tips and with super¬ 
sonic trailing edges: 
a —hexagonal wing with a dovetail; 
6—plate with a straight trailing 
edge (a pentagonal wing) 


(a) 



X 


lb) 



x 


Fig. 8.9.3 

Distribution of the quantity 
Ap/a — (pb — Pu)/a near a tip 
of a pentagonal wing with 
subsonic leading edges (sec¬ 
tion 4.4) 


Ap/os 



III) and determine the pressure coefficients in the corresponding 
regions on the bottom and upper sides of the wing: 


P i== 

Pu = 
Phi = 


2 dcpj 2a cot 2 x x& 

l'°° dx A A (k) |/” x 2 A cot 2 x — z 2 a 

2 _ ac Pn _ a | / (» + l)(i — 2 za) 

Fcx> dx A nt (k) V 2a' (za + 2 a tan x) 

2 ^iii _ Q 

V oo dx,\ 


> (8.9.26) 


Here the plus sign on the right-hand side of the equations corre¬ 
sponds to the bottom side, and the minus sign, to the upper one. 

The above relations for calculating the pressure coefficients can 
be used not only for triangular wings with a Y-shaped appendage 
(Fig. 8.9.1), but also for similar wings with a dovetail and wings 
with a straight trailing edge (pentagonal plates shown in Fig. 8.9.2). 

The change in the quantity Ap/a = (pb — p u )/a near a tip as 
a function of the distance from the leading edge (in per cent of the 
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Fig. 8.9.4 

Curves characterizing the change in (he lift (a) and centre-of-pressure ( b) 
coefficients for a pentagonal wing , 


chord) calculated by the above formulas for a pentagonal wing with 
Mac — 1.12 is shown in Fig. 8.9.3. On the surface of the tip Mach 
cone, a pressure discontinuity is observed due to the action of the 
corner point of the wing. The pressure is constant on the part 
between the tip and the tip Mach cone. 

We use the known pressure to determine the lift and moment 
coefficients: 


(Pb — p u )dxdz (8.9.27) 

\ (p b —p,r) xdz dz (8.9.28) 

V 

where S w and b 0 are the area and the root chord of the wing, re¬ 
spectively, and p b and p u are the coefficients of the pressure on the 
bottom and upper sides determined by formulas (8.9.26). 

According to the values of m z ^ and c ya , we can determine the 
centre-of-pressure coefficient c v = x v ib 0 = — m 2 ,c y . Figure 8.9.4 
shows theoretical curves characterizing the change in c y and c p 
for a wing in the form of a pentagonal plate. In this figure, the parts 
of the curves for which V Mi, — 1 <C tanx correspond to 
subsonic leading edges. A feature of the graphs characterizing the 
change in c y& is the absence of noticeable salient points on the cor¬ 
responding curves in the transition to supersonic leading edges (i.e. 
when Mlo — 1 = tan x). 


F a 


m 


y .> "" q x S, v 

= _ 5 ,. 

a q x S K b 0 


w.U 


^ W b() ^ 
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8.10. Flow over a Hexagonal Wing 
wfh Supersonic Leading 
and Trailing Edges 

To calculate the flow over arbitrary planform wings (including 
hexagonal ones with supersonic leading edges) in regions I and II 
(Fig. 8.10.1a, b) we can use the corresponding results for a triangular 
wing with the same leading edges (see Sec. 8.3). 

According to these results, the pressure coefficient for point 
A (x A , z A ) in region / between the leading edge and the Mach lines 
issuing from the vertex of the wing and points D and G on its tips 
is determined by the formula 

Pi = ±2a/(a' Vl — n% ) (8.10.1) 


that has been obtained from (8.3.23) provided that a has been sub¬ 
stituted for k. In the same condition, we find the corresponding 
relation for the pressure coefficient in region II confined by the Mach 
lines issuing from the vertex and the same points D and G. By 
(8.3.34), we have 


Pn = + 


a'it y 


^= r (i.- sin - 1 1/4^) (8.10.2) 


The flow over the remaining part of the hexagonal wing 
(Fig. 8.10.1c~/t) can be calculated with the aid of Eq. (8.3.1) for the 
velocity potential of the sources and sinks. We transform this equa¬ 
tion to the following form in the new variables r and s [see (8.9.4)] 


T* — 


OC I 00 
Jt ft! 00 


55 


_ dr ds 

V(rA —r) (s A —s) 


(8.10.3) 


where r A and s A are the coordinates of point A on the surface of the 
hexagonal wing. 

The coordinate lines r and s are directed along the Mach lines. The 
wing surface is divided into eight regions by these Mach lines, as 
well as by the lines of weak disturbances issuing from points G 
and D, and also from intersection points G' and D' of the coordinate 
lines r and s (the Mach lines) with the tips. For each of these eight 
regions, the velocity potential is calculated with the aid of Eq. 
(8.10.3). 

Let us consider arbitrary point A in region III (Fig. 8.10.1c). 
When determining the velocity potential for this region, we must 
take into account the sources both on the surface of the wing (on 
areas S x = AD X D 2 A’ and So = A'DoD) and outside of it (area 
S 3 = A'DD"). 
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Using (8.2.13), let us write the expression for cp'm at point 
A ( x , 0, 2 ) in the form 

Q(l, Qdldt. 


rp iii 


1 

2ji 


n 


Y(x- 


(8.10.4) 


Sl+S2+S3 — ?) 2 -“' 2 (^s) 2 

On the wing area S 1 + S 2 , the source strength is known and equals 
Q = 2v = 2aV x , therefore 

-aUx, f f dldt. 


•Pm : 


55 




al'c 


55 T 

Si * 


- ir-~a' 2 (z 
dl d? 


-;> 2 


/ (x — £) 2 — a' 2 (z — t) 2 


i f f <?(S. Qd 
2jl -U /(z-i) 2 -a 


d l dj 
2 (x- 


■ 0 * 


(8.10.4') 


where Q (|, £) is a function determining the law of source distribu¬ 
tion in region S 3 outside the wing. 

We can perform integration if we know the function Q (£, £). 
To determine it, let us use the boundary condition (8.1.20), in accord¬ 
ance with which the potential function on plane xOz in the region 
between the tip and the Mach line issuing from point D is zero. For 
point A' belonging to this region, the condition of the equality to 
zero of the potential function by analogy with (8.6.2) has the form 


0: 


-a.V a 


-4r55 


55 

Si 


dtdt, 




<?(!. l)dldj 


y (x — iy z — a' 2 (z—cy 1 


A comparison of this equation with (8.10.4') reveals that to cal¬ 
culate the velocity potential at point A(x, 0, z), it is sufficient to 
extend integration to region S 1 in the main formula (8.10.4), i.e. 

^ f f (8.10.4") 

1 n JIJ V(x _ g) 2 -cx' 2 u-u 2 

By this formula, the overall action on point A of the sources on 
sections S 2 of the wing area and S 3 of the area outside the wing equals 
zero (see [17]). 

Using expression (8.10.4") transformed to the form (8.10.3) in 
the coordinates r, s, we obtain 


cpm 


nil/ oo 


A 

S A 

( 

dr 

J 

l 7 r A r J 

"a' 

S D3 


ds 


/«A- 


(8.10.5) 
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where in accordance with (8.9.8) for point D s on the starboard tip, 
we have 

s D:j = r D Jm = r/m (8.10.6) 

We find the lower limit r A > of the integral from the equation 
z = 1/2 for the tip. In the coordinates r and s, this equation has the 
form of (8.9.17). Consequently, the coordinate 

r A > = sa* — Mocl/2 =' s A — Moof/2 (8.10.7) 

With a view to (8.10.6), the integral 

I - 7 =- = 2}A A -^-=- 7 L-/r- SA m 

r/m ’ A V m 

where m = (n — 1 )/(n + 1); m = (1 — m)/(n -f- 1). 

Hence 


—2a V, 


xVoc f / r — s A m 
VT r A r A -r 


By calculating the integral, next inserting into it r A > from (8.10.7), 
and taking into account expressions (8.9.4') for r A and s A , and 
also the values of m and m, we find the potential 

cpni = {| /(l - 2z a ) \(x A + a'z A ) — a'l (n + 1)1 

+ 2 (3? 4 —tan' 1 t/~ (ll , + 4 La ~ 2 l A ! w " 1 (8-10.8) 

a V 2 (* A +a z A ) — l (n+1) a \ J v ' 

We determine the derivative dq>ui/dx A and find the pressure coeffi¬ 
cient: 

r 2 <hphi 

V x ’ dx A 


Jia' Y \- 


tan-* l/ ^An + \)(l- 2za) _ 

l,a V 2.(z A + a'z A )— i(n + l)a' (8.10.9) 


The velocity potential for point A in region IV (Fig. 8.10.1(f) 
is determined by the action of sources distributed over area AJOTR. 
We divide this area into two parts, namely, S l = OTRQ and S 2 = 
= OQAJ, and find the potential at the point being considered as the 
sum of the potentials due to the action of the sources on areas S j 
and <S 2 . By using formula (8.10.3), we obtain 


— a l oo 


dr ds 
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— aPo. 
3T M oo 


dr 


X 


ds 


a. V a 


r R 

r A 


/ r A —r 


/®A- 


f .... dr - . - c 

J /r»—r J 


ds 


JiMoc J i/Ya— r J /sa- 

0 r A Sj» ' A 


(8.10.10) 


We determine the integration limits s T - and sj> with the aid of 
(8.9.8). For point T' on the starboard leading edge and point J' 
on the port one, we have 

s T - = r^Jm = rim , Sj- = rym = rm ( 8 . 10 . 11 ) 

With a view to these values of the limits, we calculate the inte¬ 
grals: 

S A 

f ds 2 , /- 

J —= ~ = T7^ Vr-s A m 


s T 

•A 

5 

sJ. 


/«A — * Y 

= 1/ 

V s A —s 


SA 


Accordingly, 


<Piv = 


— 2a P, 


nMooV 


,r= r A 
2aP 00 / 


( i/ IzzO^Ldr 

™ j ^ r A r 


nMo 


]V 


r — s A /m 

rA—r 


dr 


where r R is determined by formula (8.9.23): 

r R == s R — M col 12 = s A — MooII2 

Integration and substitution of the values for s A and r A from 
(8.9.4'), and also rn = —m = (n — 1 )l(n + 1) yield 
— 2a P« 


cpiv ; 


a'ji /1 


== {( x a z a tanx t ) [-tan-* j/ 


+ 1) (*A— a'z A y 


(1—re) (xA+a'zA) 


tan~* l/" a '(" + 1 ) ( ; + 2 z a) 1 

V 2 (a: A +a'z A )—a'i (re+l)J 

z A ) [2(x A + a'z A ) — a 
+ (x A + z A tan x t ) tan-* ]/} (8.10 12) 


+ V(J — 2z a ) [2 (x A + a'z A ) — a'l (n -f 1)] (n + 1) a' 
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Upon calculating the pressure coefficient piv — — (2iV J) dtp [\ldx A 
and using here the formula tan" 1 x — tan" 1 y = tan" 1 \{x — y)'( 1 + 
-f- xy)\, we find 


P iv = 


: 4a 


a'lt 1 — n 2 L 


> an "‘ V 2wr= 


-1) U~2-a) 


i x A — a r z A ) — a’l (n -j- 1) 


-tan- /££] 


(8.10.13) 


Let us consider region V. For point A in this region (Fig. 8.10.1c), 
the potential is 


cp v =■ 


— aha 
JliU oo 


A A 

f dr 1* ds 

J UrA-r J /si 3 

r U S X' 


(8.10.14) 


By this formula, the velocity at point A is induced by the sources- 
on section ANPU of the wing area. The inner integral in (8.10.14) 
whose lower limit = m, is 


*L==2Vm V r ~— 

J V s A - s y m 


S N' 

Consequently, 
<Pv = 


-2aU» V 


— . A 

m 


n Mo 


l , / £—£a/to 

J V r A — 


dr 


Since ru= s A — M x l! 2, then, going over to conventional coor- 
dinates x and y and taking into account that m = (n — 1 )i(n + 1) 
and m = — m, after integration we find 


cp v 


2aV yi — n 


Moon y 

Moo (ia+ Z A tan x t ) 
a' (n — 1) 


__ ]/”(za -y) "f «'za) a r ( „_ 


1) 


tan 


(*A + a' 


Z A— i /2 


Pat k ’za)/ «’ ( ,! — t) ~r i/2 


} (8.10.15) 


After finding the derivative with respect to z A , we determine 
the pressure coefficient: 


Py=~ 
X tan" 1 j/" 


4a 


2 £q/y __ 

V x dx A jxo s' 1 — rc 2 

a' (za—U 2) ('?—!) 

+ a'z A + (i/2) (re — 1) a' 


(8.10.16) 
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In region VI, the velocity potential is determined as follows 
(Fig. 8.10.1/): 


9vi 


— CL T oo 
JlAfcc 


Si+S 2 


dr ds 

V( r A ~r) (s A — s ) 



— OCI oc 

r A 

f dr 



JljMoo 

J V r A — r 

r B( 


^- 

X 

ds aFoo 

r n[ s a 

C . dr -- C 

ds 

|/* —$ JTiHoo 

j r A — r J 

r Bi s Ei 

V / sa — s 


(8.10.17) 


In accordance with (8.9.4) and (8.9.7), the limits of the integrals 
in expression (8.10.17) have the form 


y=mr, s El = r El 


M.00I M-ool 

~2~ = r A 2~ 


r B - = r E » = s^'Jm = s E Jm = (1/m) ( r A — M x l/2) 
r Bl = s A -MoJ/2 


(8.10.18) 


As a result of integration, we establish the corresponding relation 
for (fyi in the variables r A , s A . Using their dependence on x A 
and z A , we find the velocity potential as a function of these coor¬ 
dinates. By calculating the derivative dcpvi ldx A and inserting it 
into the formula pvi = —2 (dcpv I /<9x A )/F 0C , we obtain the following 
expression for the pressure coefficient in the region being considered: 


Pv i 


rfc 4a 


ma' ]/1 — n 2 


tan 


■ V 


a' (« — 1) (z a — l! 2) 

x A +a'z A + — 1 )«' 


tan 


V a Hi 


— a'z A ) — (1/2) a' (re + 1) 


(i/2 + z A ) (n + 1) 

For point A in region VII (Fig. B.lO.lg), we have 

f r dr a 

•U, „ V( r A — r ) 


tp \ 11 


— aVc 
J\M cc 


S^ + S 2 +iS3 


'A S A 

—aPcc f dr 


Foe f dr ^ 
J l/V a — r J 


dr ds 

~ r ) (®A — «) 
ds 


Y t A—i 

r j' S V 


(8.10.19) 


■IjWoo 


/s A —s 
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r y 

at'oc f 

dr 

,S A 

— f 

d 4 

JTitfoc J 
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Vr A - 

7 J 

S V" 

V * A — * 

0 

al oc f 

dr 

S A 

- [ - 

ds 

xMoo J 

r w 

Vr A -r 

) 

s w „ 

Ys a — s 


( 8 . 10 . 20 ) 


S\ 


,? = r A — M x l/2, /-.,' = (!/>«) ( r A — ^7jr-) ] 


)■ ( 8 . 10 . 21 ) 
Sv» = mr, s w ~ = r'm, r^- = s A — MaJ!2 J 

The following pressure coefficient corresponds to the potential 

(8.10.20) calculated according to the values of the integration limits 

( 8 . 10 . 21 ) : 


zt 4a r, —it/ 1 H~ h t 

Pvtt -== tan 1 1/ - 7— 1 —1' 

ita' Y l — » 2 L * 1 11 ' 


x x ~a z A 

.r A -l-a'z A 


_ tan -l 1 / a 0/^ Z A> ( ,l 1 * 


1 


x A - 7 -a'z x —(l‘ 2 )o.‘ (n— -1) 
,/~(x A -\-a,'z A ) — (l/2) a' (n -‘-l) 


oc' (//2 + sa) (n-t-1), 


4- tan' 1 | 

. , /* 1—n /" ii — a':i 1 

— tan 1 1/ - r 1 —-r^ 2 - 

► /l 1 • x A — a Z A J 


( 8 . 10 . 22 ) 


Let us now consider region VIII (Fig. 8.10.1/2) for whose points 
the region of integration simultaneously intersects regions Q 2 and 
Q 2 ; disturbances manifest themselves in these regions that are pro¬ 
duced by the flow over both tips DE and GH. To evaluate the velocity 
potential for point A that belongs to region VIII, it is sufficient 
to extend integration in formula (8.10.3) to the region S = + S 2 

hatched in Fig. 8.10. ih. Here the integral calculated over region S 2 
in formula (8.10.3) must be taken with the opposite sign, i.e. with 
the plus sign. Accordingly, we have 


Here 


c f \ u i — 


71 M x 


fC- drdf - - 

v v ir A —r) (s A — S) 


aY oc i r clr ds 

nMx •' V(r A — r ) (*- A — s) 

C2 


(8.10.23) 


r A 3 A 

I* A ~ f 


1 * (• dr ds 

f dr 

(' ds 

J J vVa— r) (s A — s) 

) yv~ 

J / S A —« 

S i 

r H l 

f Fi 


(8.10.24) 
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S 2 


dr ds 


V( r A — r) (sa — s) 
ds 


JJ 
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J J V (r a — r 
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) («A~S) 
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V^( r A r ) (*A- 
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'"A- 


y s a- 




r A- 




(8.10.25) 


,Z/2 


J (8.10.26) 


S L l ■ ” r Ff 

The integration limits have the following values: 
r F ( = r Hl = s A — McJ/2, s l 1 = sf(= Sf x = '’a— ^ = 

r F " = jnsY'[—ms Fl = m (r A — M X U2), sk y — rim 
provided that 

s Fi = r A — AfcZ/2, r Hl = s A — MooZ/2 (8.10.26') 

With a view to these values of the limits, we calculate integrals 
(8.10.24) and (8.10.25), and then find the velocity potential (8.10.23). 
The following pressure coefficient corresponds to this potential: 

4a 


Pvm 


a'u y 1 
— tan -1 j/ - 


[ tan ~‘ /-K- V 


(^A ~~ a 'z A )-l~(l/^) K ' 
a' (J/2-f- z A ) (« +1) 


fA 


a OO Z a 


*A + a'zA 

-tan- / 4 =|/ 


■- /-TTV /• 

: ] 


a; A —a ZA 


a' (1/2 —za) (w + 1) 

^A + k'za ] _ (l/2) <*' (a — 1) 


*aH a z A 

(8.10.27) 


The above method of calculating the pressure distribution can 
be related not only to hexagonal wings with a V-shaped appendage 
(see Fig. 8.9.1), but also to other planforms, namely, to a wing with 
a dovetail and a pentagonal plate (see Fig. 8.9.2) provided that the 
tips are subsonic, while the leading and trailing edges are supersonic. 
The corresponding change in the quantity Ap/a = (p^ — /> u )/a 
near a tip with the distance from the leading edge (in per cent of the 
chord) evaluated for a wing with a pentagonal planform at = 
— 1.61 is shown in Fig. 8.10.2. The coefficient Ap/a is constant 
in the region between the leading edge and the Mach cones issuing 
from the vertex and tips of the wing, on the section confined by the 
tips and trailing edges, and also by the Mach wave reflected from a 
tip. A break in the curve characterizing a change in the pressure 
drop coefficient occurs on the Mach lines and is a result of the break 
in the configuration of the wing tip. 

The found pressure distribution and formulas (8.9.27) and (8.9.28) 
are used to determine the lift, moment and centre-of-pressure coeffi¬ 
cients. Figure 8.9.4 shows curves characterizing the change in the 
values of c y& and c p for a pentagonal wing. These values should be 
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Fig. 8.10.2 

Distribution of the quantity 

Ap/a = (ph — Pa)l a near a li P 
of a pentagonal wing with 
supersonic leading edges (sec¬ 
tion AA) 



determined provided that > nv ]/ML — 1 > tan Xj, i.e. if the 
leading edge is supersonic. If a wing has subsonic leading edges (see 
Fig. 8.9.1), the flow over the section of the surface between the edges 
and the Mach lines issuing from points E and H is affected by a vortex 
sheet. The calculation of this flow is associated with solution of 
integral equation (8.2.16) and the use of boundary conditions (8.1.15) 
and (8.1.16). Such a solution is treated in detail in [171. 


8.11. Drag o! Wings 

with Subsonic Leading Edges 

Let us consider the calculation of the drag of swept wings with 
subsonic leading edges in a supersonic flow at an angle of attack. We 
already know that the disturbed flow normal to the leading edge is 
subsonic near such wings. Such a flow is attended by the overflow 
of the gas from the region of increased pressure into the region where 
the pressure is reduced and is the cause of the corresponding force 
action on the wing. To calculate this action, we can use the results 
of investigating the disturbed flow of an incompressible fluid near 
an airfoil in the form of a flat plate arranged in the flow at an angle 
of attack (see Sec. 6.3). 

The drag coefficient for a thin wing with subsonic leading edges 
in a supersonic flow is 

c x a = ac ya — c XtT (8.11.1) 

in which c x £ is the coefficient of the wing suction force depending 
on the sweep angle x of the leading edge and the number M x : 

c X ' T = T/iq^S*) (8.11.2) 

where T is the suction force, q x — p t x>F' <x> /2 is the velocity head, 
and' S w is the area of the wing planform. 
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Fig. 8.11.1 

To the calculation of the suc¬ 
tion force for a triangular wing 
with subsonic leading edges 



To determine the force T, we can use the relations obtained in 
Sec. 7.6 for an infinite-span swept wing. This follows from the fact 
that in accordance with (7.6.18) and (7.6.19), the suction force 
depends on the change in the axial component of the velocity in the 
close vicinity of the leading edge of the airfoil being considered, and 
also on the local sweep angle, and does not depend on the behaviour 
of this velocity far from the leading edge. 

Using (7.6.18), we obtain 

1/2 

T = 2np 0 oKl + tan'' i x— M% j c 2 dz (8.11.3) 

o 

where c is a coefficient determined from (7.6.19). 

Let us determine the drag for a triangular wing. For this purpose, 
we shall use expression (8.8.39) for the disturbed velocity. Assuming 
that cotx = z/x ]. e , we find 

_ _ aVoo (zAl.e ) 2 _ 

[E (k) \/ 1 — (zi.e/z) 2 ] 

where x x , e is the distance to the leading edge, z and x are the coor¬ 
dinates of a point on the wing (Fig. 8.11.1). 

Introducing the value of u 2 into (7.6.19) and taking into account 
that lim (x/x Le ) = 1, we have 
x->-X].e 


r ctVoo 

] 2 lim z ~ ( x ' x '-e) 2 ( x ~~ x l.e) 

t T aTc» T 

L E ( k ) . 

J x^x he (*■ — *J.e) (* + *].e) 

Z L E (k) \ 


Introducing this expression into (7.6.18) and integrating, we find 

1/2 

t- ...... [-gtg-]* 2 y r +ml j zdz 
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Fig. 8.11.2 

Change in the factor \ T in 0 
formula (8.11.5) for calculating 0.2 0 0.2 JA 25 0.3 

the suction force tan it ~tanit 

The suction force coefficient by (8.11.2) is 

c x .t = l — t "~ } 2 Ji Vi + tan- x- ML (8.11.4) 

Taking into account expression (8.8.44) for c v , we have 

c x.t — (Cy a 4ir) Y 1-f tan 2 x — M» (8.11.4') 

According to this formula, the suction force coefficient is pro¬ 
portional to c\ & , i.e. c X:T — c T c\ r The proportionality coefficient, 

equal to c T = (l/4it) j/l + tan 2 x — Mi, for a triangular wing, 
changes when going over to another planform and depends not only 
on x and M^, but also on the taper ratio rp v and the aspect ratio 
Investigations show, however, that the influence of these additional 
parameters is not great, and the suction force for an arbitrary plan- 
form wing can be calculated with the aid of (8.11.4'). 

With a supersonic leading edge (M™ cos x > 1), and also when the 
leading edge becomes sonic (tan x = cot u„ = —- 1), the 

suction force coefficient equals zero. With a subsonic leading edge 
(M^ cos x < 1), the quantity c x T = 0, but experimental investiga¬ 
tions show that its actual value is lower than the calculated one. 
This is especially noticeable at large angles of attack or sweep when 
local separation of the flow (burble) occurs in the vicinity of I he 
leading edge and no further growth of the suction is observed. The 
decrease in the suction force can be taken into account by the cor¬ 
rection factor A t in accordance with which 

Cx.t ~ Ct (8.11.0) 

Experimental data on the change in the quantity A r are contained 
in Fig. 8.11.2. According to these data, the suction force at subsonic 
velocities lowers less than in supersonic flow upon an increase in the 
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angle of attack because at such velocities the separation of the flow 
from the leading edge is less noticeable and the suction is greater. 
According to experimental investigations, at subsonic velocities the 
correction factor in (8.11.5) is determined by the formula (see [18]) 

A r=(c“ a w) _1 — 1 /(jtX w ) (8.11.6) 

No suction force appears on wings with a sharp leading edge, i.e. 
the coefficient c x , T = 0. Let us consider the total drag of a wing, 
which in accordance with (8.11.1), (8.11.5), and (8.8.44) can be 
written as 

c 2 

c *a = ac v a ~~ c * • T ^ ' 4k cot x * 2E ^ ~ At /l — cot 2 x (M^ — 1)] 

Having in view that the aspect ratio of the wing is 

K = l 2 /S w = 4 cot x (8.11.7) 

we obtain 


cf _ 

Cx = [2 E (k) - A r /l- cot 2 x (Ml -1)1 (8.11.8) 

Let us consider sonic flow. If M x -*■ 1, then E (k) 1, and, con¬ 

sequently, the drag coefficient is 

c x A = c lJ(nK) (8.11.9) 

Expression (8.11.9) coincides with formula (6.4.16) for the coeffi¬ 
cient of the induced vortex drag of a finite-span wing (provided that 
8 = 0). Hence, the physical nature of the drag force arising in a flow 
over a triangular wing with subsonic leading edges is due to induction 
by the vortices formed behind the wing. Accordingly, the quantity de¬ 
termined by (8.11.8) is called the induced drag coefficient. 

If the leading edge is sonic (tan x — YMl — 1), the second term 
in the brackets in (8.11.8) is zero, while E (k) — E (0) = ji/ 2; con¬ 
sequently, the induced drag coefficient is 

= c x , i = clJK (8.11.10) 

For a very thin wing (x it/2), we may assume that cot x « 0 
and E (k) « E (1) = 1. In this case, expression (8.11.8) coincides 
with (8.11.9). 

In addition to triangular wings, formula (8.11.8) may be applied 
to wings having the form of tetra-, penta-, and hexagonal plates with 
subsonic leading edges, and supersonic trailing and side edges 
(tips) (see Fig. 8.8.4). Particularly, for tetragonal wings, the coeffi¬ 
cient Cy a in (8.11.8) is found from (8.8.51). 
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8.12. Aerodynamic Characteristics 
of a Rectangular Wing 


Supersonic flow over a thin finite-span rectangular wing at a small 
angle of attack is characterized by the influence of the leading super¬ 
sonic edge and the subsonic tips (side edges) on the disturbed flow near 
the surface. The simultaneous influence of the leading edge and one 
tip is present within the limits of Mach cones issuing from wing cor¬ 
ners 0 and O' (Fig. 8.12.In) if the generatrices of these cones intersect 
outside the wing. If these generatrices intersect on the surface of the 
wing (Fig. 8.12.16), in addition to regions II and II' where the in¬ 
fluence of one tip is observed, zone III appears in which both tips 
act simultaneously on the disturbed flow. 

In region I on the wing between the leading edge and the Mach 
cones, the disturbed flow is due to the influence of only the leading 
edge. Here the pressure coefficient is determined by the formula for 
a flat plate: 

Pi = (8.12.1) 

We shall use the method of sources to calculate the disturbed flow 
in region II (Fig. 8.12.1n). The velocity at point A in this region is 
induced by sources distributed over wing section ACOE. The total 
action of sources BCO and OBD on point A is zero, and, consequent¬ 
ly, integration in (8.10.3) must be performed over region ABDE. 
Accordingly, the velocity potential at point A is 


<Pn = 


—■ al oo 
.Xftfoo 


ff 

*! V 

ABDE 


dr ds 

VV..\ — 0 ( S 'A — *) 


— OC T' oo 

JlA/oo 


ds 


dr 


V*A- 


r F 


V’A -r 


( 8 . 12 . 2 ) 


Point F is on the leading edge whose equation is x = 0. Hence, 
by (8.9.4), for this edge we have 


r = —(M<x,/2) z, s= (MJ 2) z (8.12.3) 


Consequently, the equation of the leading edge in the coordinates r 
and s has the form 


r = 


—s 


(8.12.4) 


Therefore, for point F, the coordinate r F = r = —s. 

Point B is on the tip whose equation is z = 0. Hence, by (8.9.4), 
for this tip we have 

r — (Moo/2a')x, s = (M x /2a') x (8.12.5) 


25-01715 
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Fig. 8.12.1 

Rectangular wing in a linearized supersonic flow 


We can thus write the equation of the tip in the form 

r --= s (8.12.6) 


For point B, the coordinate s B = r B = r A . 

Performing integration in (8.12.2) with a view to the limits r F = 
= —s and sb = r A , after introducing the values of r A and s A from 
(8.9.4'), we obtain 


<Pn 


— 2aP a 


fl/ iA ( lA _ a ’ z ) tan -1 1 / . -- V 1 

L V a' y A A/ ' a' r x A — azAJ 


x A - cc za~ 

(8.12.7) 


Let us calculate the corresponding pressure coefficient: 

( 8 . 12 . 8 ) 

On the boundary of the two regions I and II separated by a Mach 
line, the pressure coefficient determined by (8.12.8) equals the 
value (8.12.1). Indeed, since the equation of this boundary is z A = 
= x A tan |x oo “ x A la , from (8.12.8) we find 


Pn — ±:(Aa/na') ix/2 : p z 

It follows from (8.12.8) that at the tips of the wing, the pressure 
at the points along the lines whose equation is z/x — const is con¬ 
stant. These lines can be considered as the generatrices of conical 
surfaces and, consequently, the flow in the indicated region of the 
wing can be considered conical. 

Let us calculate the aerodynamic coefficients of a wing. The lift 
force acting on an element of area of the end part of the wing is 


dY = (p b - Pa ) (p x Vl/2) dS (8.12.9) 
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A glance at Fig. 8,12.1a reveals that the elementary area is 


dS ■= 4 dy 

l C'*S" y 1 


(8.12.10) 


where y is the angle measured from the wing tip. 

Introducing into (8.12.9) the values of p h and — p u from (8.12,8), 
the value of dS from (8.12.10), and substituting tany for z A /x A , 
we have 


4 ab- P«l 


«' tan 7 dy 
1 —a' tan y cos 2 ' 


Dividing this expression by the product of tlie wing area confined 
within the Mach cone (5n -- b- 2a') and the velocity head (</«,= 
— pooFL'2) and performing integration, we obtain the lift coefficient 
for the wing tips: 


— I tan -1 ]/ g ' *»» V dy 

.1 t 1— a' tan y cos 2 y 


Integration by parts yields 


c'y — 2a'a' =- 2a YMy, — 1 


( 8 . 12 . 11 ) 


Let us determine the lift coefficient c yU for the end parts of the 
wing related to its total area S u = lb: 

c,n~c; 21 32 -'- . c]j -j-L. (8.12.11') 

where k W r=l/b. 

The lift coefficient for wing section I related to the area S T of this 
section is 


?y — 4a/a' —■ 4a ]Y — 1 


( 8 . 12 . 12 ) 


The lift coefficient for this section related to the total wing sur¬ 
face is 

, Sh , (Sii-T^nd , /, | \ 

— k — —) < 81213 > 


The total lift coefficient is 

4a 

^ c,jU Cyl -'yfirTr 

The wave drag coefficient is 


(l ——- j = :■ ) (8.12.14) 

1 2/.vvl1' ’ 


_ 4 a- / ( 

Cy& Y'm* — 1 ( 


Yto%. — I 


(8.12.15) 


25* 
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Fig. 8.12.2 

To the determination of the 
aerodynamic moment for a rec¬ 
tangular wing 



We can calculate the coefficient of the moment about the z-axis 
according to the known data on the pressure distribution and the lift 
coefficients for individual parts of the wing: 

m z& = M zj{q ooS w b) (8.12.16) 

The moment M Zl of the pressure forces distributed over the sur¬ 
face of the wing can be found as the sum of the moments of the lift 
forces about the z-axis acting on various parts of the wing (Fig. 8.12.2). 
Taking into account that on the triangular parts of the wing the 
point of application of the lift force coincides with the centre of mass 
of the area of the relevant part, we have the following expression 
for the moment: 

- M z& = 2Yi l) + | Yi 2 ’ + 2Y„ (8.12.17) 


where Y<p, Y<P, and Y n are the values of the lift force calculated 
for parts CDB (HEF), EFCB, and ADB ( GHE ), respectively. By 
(8.12.11) and (8.12.12), we have 


IT 


Yi 2 ’ --= c. 
Y n = c: 


, PooTL 

y 2 

, p°°vi 
y 2 


y 


Sn = ~zr ■ 
•S’efcb 
‘S'ii — ■ 


4a P°°^ 2 


>11 


±L._^ (lSw _4 Sll ) ' ( 8 - 12 ‘ 18) 


a' 2 
2 a P 00 ! « 
2 2 ~ 


>11 


Introducing (8.12.7) and (8.12.18) into (8.12.16) and taking into 
account the value S n — S Vi /(2X w a), we have 

r (<- .. ■/?-— ) (8.12.19) 


m 7 


-2a 


V 


3>- W Y«la- 1 
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The coefficient of the centre of pressure is 


3K- VMl-i -2 

3 ( 2 *.*. YM %-1 - 1 ) 


( 8 . 12 . 20 ) 


If the number M x for the flow over the wing shown in Fig. 8.12.1a 
is reduced, then at a certain value of this number the tip Mach cones 
intersect inside the wing. Here region III appears (see Fig. 8.12.16) 
in which the disturbed flow is affected by the leading supersonic edge 
and both subsonic tips. The nature of the flow in regions I and II 
(II') is the same as in the corresponding zones I and II (II') of the 
wing whose diagram is shown in Fig. 8.12.1a. 

Let us consider the flow at point A of region III (see Fig. 8.12.16). 
The region of influence of the sources on this flow coincides with 
wing section ABDD'B'. The latter can be represented as the sum of 
areas HBDD' and AHD'B'. With this in view and according to 
(8.10.3), the velocity potential at point A is 


Tin 


-aVc 


.-(.Wo 


[H T 

HBDD' 1 


dr els 


< c a — r ) Ha — s) 


f r dr eh 1 

AHD'B' J 


We can determine the integration limits directly from Fig. 8.12.16. 
Hence, 


— ct\ oo r 

S H 

( 

r A 

ds f dr 

-T.Wo. L 

j 

-B 

Ysa — s J V r A— r 

r F 

S .A 

_L_ f * 


r A 

J /s A - 
S H 

-S 

r J Vr A -rJ 

'B' 


We calculate the first two integrals by analogy with (8.12.7), and 
the other two independently of each other because the region of 
integration is a parallelogram (see Fig. 8.12.16). With this in view, 
we have 

Tin = - { — V(r A + s h )(s a -sh) 

+ V 2 r A (s A - r A ) — (s A + r a ) (tan" 1 l/ 

\ r r A i 

— tan" 1 y "2 7 V ) + 2 V( s a — $h) (r A — r w ) } (8.12.21) 


Examination of Fig. 8.12.16 reveals that the coordinate «h = S D' 
and in accordance with (8.12.4), the quantity s D > = — r D '. Conse¬ 
quently, s H = —i'D’ = — I'B'. 
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Point B' is on the starboard tip whose equation is 2 — l. From 
(8.9.4"), we can find the equation of this tip in the coordinates 
r and s\ 


r — s = —MoJ (8.12.22) 

Hence for point B' 

r B , = s B , — M^l = s A -f M x l (8.12.23) 

Accordingly, we have 

sh = — r B - = —s A + M ,*,1 (8.12.24) 

Introducing into (8.12.21) the coordinates r A and s A from (8.9.4') 
and r w and % from (8.12.23) and (8.12.24), we find 

<Pni = ~~~r~ {V l(x A —ct'z A )—a'l] (Z — z A ) a' 

+ y a'z A (x A — a'z A ) - x A [tan” 1 ]/ - 

-t»"-*/^Sr]) (8 12 25) 

Using the formula p = — (2/V x ) dq>' U i!dx A , we find the pressure 
coefficient as a result of simple transformations: 


P\u 


4a 


■tan 


rb 4a 
ji a' 

/• ~ 


tarr 


V 




a z A 


1 V 


U— Za) a 


X A— a z A 
dr 


2a 


(x A - T a'z A ) —ad 


(8.12.26) 


The first and second terms in this expression are the pressure 
coefficients p n and p u > for the tip parts of the wing, respectively, 
while the third term is the pressure coefficient pi for region / where 
there is no influence of the tips. 

The flow over a rectangular wing is of a still more intricate nature 
if it has a low aspect ratio and the quantity KVMl - 1 < 1. 
In this case (see Fig. 8.12.1c), new wave regions appear that are 
formed as a result of intersection of the disturbance waves incident 
on and reflected from the tips. For example, the disturbances travel¬ 
ling from section OH of the port tip reach the starboard one on section 
O'H' and over it propagate alongMach \inesO'0"-H'H" in the opposite 
direction. This gives rise to new wave zones IV and V in which the 
nature of the flow changes substantially. This flow can be calculated 
by using the method of sources set out above and taking into con¬ 
sideration the indicated intricate nature of formation of the dis¬ 
turbance zones. 
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Fig. 8.12.3 

Curves characterizing the change 
in the derivative of the lift 
force coefficient (a) and the 
centre-of-pressure coefficient (b) 
for a rectangular wing (the 
aspect ratio = l/b) 


Cp=Xp/b 



The known pressure distribution and formulas (8.9.27) and 
(8.9.28) are used to calculate the coefficients of the lift force and 
moment, while the expressions c p = — ni z Jc y and c* = ac y& 
are used to calculate the coefficients of the centre of pressure and 
drag of the wing being considered. Curves characterizing the change 
in the lift and centre-of-pressure coefficients of a rectangular wing 
with a various aspect ratio have been constructed in Fig. 8.12.3 
according to the results of such calculations. 


8.13. Reverse-Flow Method 

Let us consider one of the methods of aerodynamic investigations, 
the reverse-flow method, that establishes relations between the 
aerodynamic characteristics of thin wings with an identical planform 
and located in oppositely directed flows. 

Let us assume that one of such wings is in a forward flow at the 
angle of attack a v and the other in an reverse flow at the angle of 
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Fig. 8.13.1 

To the explanation of the reverse-flow method: 
1 —forward flow; 2 —reverse flow; 3 —combined flow 


attack a 2 (Fig. 8.13.1). According to the theory of linearized flow, 
the excess pressure at a point of the surface is p — p 0 » = —p=oF=oU, 
while the pressure increment between the bottom and upper sides is 

A p —— p j, p y ^ p ooF oo (tz „ u b ) p a,k 30 A u (8.13.1) 


The magnitude of the drag force produced by the pressure incre¬ 
ment is dX a — Ap a dS. Accordingly, the force for wing 1 in the 
forward flow is 


X 


al 



a t dS 


(8.13.2) 


and for wing 2 in the reverse flow is 


X 


a2 — 



(8.13.3) 


The magnitudes of the pressure increment A p u A p z and of the 
local angles of attack ot l5 oc 2 are measured at the same point. 

In the following, we shall disregard the suction force that can 
develop on the subsonic leading edge. This does not change the 
results. Since the flows in the vicinity of the wings are nearly uni¬ 
form, by superposing them we can obtain a new flow with parameters 
satisfying the linearized equation for the velocity potential. We 
shall perform the superposition so that the free-stream velocities 
are subtracted. Now the contour of the new wing 3 (Fig. 8.13.1) 
coincides with the configuration of the given wings 1 and 2 , but the 
camber of its surface is different. 

This camber is determined by the local angle of attack a 3 equal 
to the sum of the angles of attack; 

cc 3 = v 3 /V oo == v-JV oo -|- u 2 /F oo == —l - ^2 ( 8 . 13 . 4 ) 

In accordance with (8.13.4), the vertical components of the ve¬ 
locity v at the corresponding points of the surfaces are added. The 
horizontal velocity components upon superposition are subtracted, 
therefore for the combined wing 3 we obtain A u 3 = A u 1 — A u 2 . 
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Hence the pressure increment between the bottom and upper sides 
of this wing is A p s = p x V x Au 3 = p^T'oc (A;^ — A u 2 ), or bv 
(8.13.1): 

A p 3 = A p x — Ap z (8.13.5) 

The drag of wing 3 is 

X a3 = j ij (Api — Ap 2 ) (a t a.,)dS (S. 13.fi) 

s 


A drag in a wing is associated with a disturbed flow behind it. 
The latter is an infinitely long vortex sheet cast off the trailing edge. 
It is clear from physical considerations that there is strict corre¬ 
spondence between the disturbed state behind the wing and the drag 
force. Particularly, the force X al and the disturbed state behind 
wing 7, as well as the force X a2 and the disturbed state behind wing 2 
are in such correspondence. 

The flow near wing 3 obtained as a result of superposition of the 
flow patterns near wing 7 and wing 2 has the property that the dis¬ 
turbances ahead of it are the same as for wing 2, and behind it, the 
same as for wing 3. Hence, the drag force of combined wing 3 equals 
the difference between the drags of wings 7 and 2 , i.e. 


x a3 = x al -x a2 = 



s 


(8.13.7) 


Equating the right-hand sides of (8.13.6) and (8.13.7), we obtain 


A p l a 2 dS = \ Ap z a t dS (8.13.8) 

J J 
s 

This relation is the fundamental expression of the reverse-flow 
method. 

Going over to pressure coefficients in (8.13.8), we can write this 
relation as 

Ap l a 2 dS = j j A p 2 a l dS (8.13.8') 

s 

where the pressure increment coefficients are A p 1 = p lb — p lu 
and Ap 2 = Pz b — P 2 U - 

Using our right to choose the angle of attack arbitrarily, let us 
adopt the same constant values of and a 2 for all points on a wing 
surface, i.e. a x = a 2 = a - We therefore find from (8.13.8') that 

j j Ap l dS= j j A p 2 dS, or r ai = y a2 
s s 


J 



Hence, the reverse-flow method allows us to establish that the lift 
force of a flat plate in forward (Y al ) and reverse (Y a2 ) flow is the same 
at identical angles of attack and free-stream velocities. 



Aerodynamic 
Characteristics of Craft 
in Unsteady Motion 


In the steady motion of craft, the aerodynamic forces and moments 
are independent of time and are determined for fixed rudders and 
elevators and for a given altitude and velocity only by the orientation 
of the craft relative to the velocity vector. Unsteady motion, when 
a craft experiences acceleration or deceleration and vibrates for 
various reasons, is the most general case. In inverted motion, this 
is equivalent to an unsteady flow of air over a craft. With such 
a flow, the aerodynamic properties of a craft are due not only to its 
position relative to the free-stream velocity, but also depend on the 
kinematic parameters characterizing motion, i.e. the aerodynamic 
coefficients are a function of time. 

In unsteady flow, a craft experiences additional forces and mo¬ 
ments. Their magnitudes in a number of cases are quite small in 
comparison with those encountered in steady motion. Particularly, 
in an axial accelerated supersonic flow over a body, the drag grows 
only insignificantly, which may be disregarded in practice (according 
to Frankl). 

Many important problems relating to the motion of craft, including 
unsteady motion, can he solved by using the aerodynamic charac¬ 
teristics for a steady flow. A number of problems, however, are solved 
only by finding the aerodynamic characteristics with account taken 
of the unsteady nature of the flow. 

The major problems include that of the dynamic stability of 
a craft. A craft has dynamic stability in given flight conditions if 
the deviation of the kinematic parameters produced by disturbing 
forces diminishes with time so that the disturbed motion attenuates 
and tends to the initial programmed flight. 

If this condition is not realized, we have dynamic instability of 
a craft. Dynamic stability (or instability) is investigated on the basis 
of the equations for disturbed motion including time-dependent 
aerodynamic characteristics (what are called non-stationary aero¬ 
dynamic characteristics). 
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The concept of controllability, i.e. the ability of a craft to respond 
to the controls and change its position in space and the corresponding 
flight characteristics sufficiently rapidly and without appreciable 
vibrations, is associated with the concept of stability. 

The problem of control is solved on the basis of equations of motion 
including non-stationary characteristics of a craft with account taken 
of the action of the control surfaces. These problems include the 
investigation of an unsteady flight for establishing and evaluating 
the manoeuvrability of a craft, i.e. its ability to change its speed, 
direction of flight, and orientation in space within a given interval 
of time. 


9.1. General Relations for 

the Aerodynamic Coefficients 

The aerodynamic forces or moments acting on a craft depend on the 
kinematic variables characterizing its motion. For a given configura¬ 
tion and altitude H of a craft, these forces and moments are deter¬ 
mined by the flight velocity V — —(V„ is the free-stream veloc¬ 
ity in inverted flow), the angular orientation relative to the velocity 
vector V (the angles a and p), the angles of deflection of the control 
surfaces arranged in three mutually perpendicular planes (6 r . 6 e 
and 8 a are the rudder, elevator, and aileron angles, respectively), 
and also the angular velocities of rotation about the body axes 
(Q t , Q ;/ , Q 2 . Fig. 9.1.1). In addition, in the general case it is neces¬ 
sary to take into account the influence of the angular and linear acce¬ 
lerations, (Q v dO.Jdt . Q y dQ„.dl, Q 2 -- dQJdl, \ r x dV x idt ), 
of the rate of change in the angle of attack and the sideslip angle 

(a - da/dt, fl — d$idt). and also of the rate of change in the angle 
of deflection of the control surfaces (5,. — d8 v 'dt. 6 e = dbjdt, 

8 a "= dbjdt). Accordingly, the following general relation holds for 
a force or moment: 

T /, (F*. a, (1, 8 r , 5 C . 8 a , Q v . Q 2 , 

V», a, P, 8 r , 6 e , 6«, Q,, Q y , Q : ) (9.1.1) 

The aerodynamic force and moment coefficients are functions of 
dimensionless variables corresponding to the dimensional quantities 
in relation (9.1.1). As examples of such variables corresponding 
to the velocity V x and altitude H , we can consider the Mach number 
Mac = Foe /a oe and Reynolds number Re — Foo/poo/p* (here a ^. 
pec. and p oo are the speed of sound, the density, and the dynamic vis¬ 
cosity, respectively, of the air at the altitude H , and l is a typical 
dimension of the craft). 
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Fig. 9.1.1 

Designation of kinematic vari¬ 
ables characterizing the motion 
of a craft 



We can write the other dimensionless variables in the following 
form: 


6r(e. a>= 5 r(e, a^'F’*,, a=a 1,'Voo, P = P//Foo 
o, (Oj, = Qyl/Voo, (ti z = Q z l/V „ c , V x 
0 J X - Q jz.'Vt,, to,, = Qyiyvi, w 2 = Q z l z /Vlo 

Hence, for an aerodynamic coefficient in any coordinate system, 
we have 

c /2 Rftooi cc, p, 5 r , 8 t ,, 8 a , co x , to^, oo z , 

Foo, a, p, d r , 8 e , 6 a , o) x , to,,, to 2 ) (J. 1.3) 

The variables M x , a, P, 8 r , §„, 6 a , <o x , co^, and co 2 determine 
the coefficients of the aerodynamic forces and moments due to the 
instantaneous distribution of the local angles of attack. Here the 
variables M 0 o, a, p, 8 r , 8 e , and 6 a characterize the forces and 
moments depending on the velocity, the angle of attack, the sideslip 
angle, and the control surface angles, while the variables a x , a y , 
and oj 2 determine the forces and moments due to the change in the 
local angles of attack caused by rotation. 

The time derivatives F„, a, p, 8 r , 6 e , 6 a , oj x , u y and w 2 deter¬ 
mine the additional forces of an inertial nature and appearing upon 
the accelerated motion of a body. This motion accelerates the air 
particles on the surface in the flow. 

When investigating the motion of craft characterized by a small 
change in the dimensionless kinematic variables, the aerodynamic 
coefficients are written in the form of a Taylor series in which the 
second-order infinitesimals may be retained. Assuming the number 
Re to be fixed, we shall present, particularly, such a series for the 
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normal force coefficient: 
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... , 2 C, 


y 

Aco t Aojy ■ 


(9.1.4) 


Here the coefficient c y0 , the derivatives o't* — dc y !dM a „, c“ = 
= dcy/da, cP = 3Cy/dp and others are calculated for certain initial 
values of the variables. If these values equal zero, one must assume 

that Aa — a, Aa = a, etc. 

The derivatives can be considered as the rates of change in a coeffi¬ 
cient of any force or moment depending on the number M x , the 
angle of attack or the sideslip angle, the control surface angles, the 
angular and linear velocities, and also on their time derivatives. 

The derivatives being considered are aerodynamic characteristics 
used in the investigation of a flight and first of all in solving stability 
problems. This is why such characteristics are usually called sta¬ 
bility derivatives. 

The stability derivatives in (9.1.4) do not depend on the time and 
are determined by the values of the dimensionless kinematic vari¬ 
ables at the point of a trajectory for which the aerodynamic coeffi¬ 
cient being considered is expanded into a Taylor series. For unsteady 
motion, the values of these coefficients are not only determined by the 
values of the kinematic variables at a given instant, but are also 
dependent on the history of the motion, i.e. on how it occurred in 
the preceding period. In an appreciable number of problems of 
practical interest, we can determine the law of motion beforehand 
with a high authenticity and thereby substantially simplify the 
investigation of non-stationary aerodynamic characteristics. The 
calculations are simplified, particularly, if the kinematic variables 
determining the nature of motion change harmonically, i.e. the 
values of these parameters can be written in the form 

qt = q * cos (9.1.5) 

where q t is the set of dimensionless kinematic variables, q* is the 
amplitude, and p t is the circular frequency of the oscillations. 

In accordance with (9.1.5), the time derivative is 

q- t = dqjdt = — q*p * sin p- t t 
where we have introduced the Strouhal number 

Pi = PtMV oo 


(9.1.6) 

(9.1.7) 
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For example, if q t — a, q* — a 0 (tlie amplitude of the oscillations 

with respect to the angle of attack), q t — (da/dt) liV a „ = a, p* -= 
= Pa, and Pi = Pa, then 

a=a 0 cos/7 a f, a == — a 0 p* sin p a t (9.1.8) 

Important solutions from a practical viewpoint have been obtained 
for the particular case of harmonic oscillations. They allow one 
to determine the basic aerodynamic characteristics for the unsteady 
motion of wings, bodies of revolution, and separate kinds of aircraft. 

Expressions (9.1.3) and (9.1.4) for the aerodynamic coefficients 
relate to a craft with an undeformed (rigid) surface. It must be taken 
into account here that in real conditions such a surface may deform, 
for example, because of bending, which leads to an additional change 
in the non-stationary characteristics. Considered below are problems 
on the determination of such characteristics without account taken 
of deformation, i.e. for inelastic bodies in a flow. The results of 
investigating unsteady-flow aerodynamic characteristics for the 
more general case of deformed surfaces are given in [4, 19], 

9.2. Analysis 

of Stability Derivatives 
and Aerodynamic Coefficients 

The first seven terms in Eq. (9.1.4) determine the static, and the 
remaining ones, the dynamic components of the aerodynamic coeffi¬ 
cients. The static components correspond to steuly conditions of flow 
over a craft in which its velocity is constant, while the angle of 
attack, the sideslip angle, and also the control surface angles are 
fixed. The dynamic components appear in non-stationary motion 
attended by acceleration or deceleration of the flow over a craft, its 
rotation, and a change in time of the control surface angles. 

In accordance with the above, the derivatives , c“, cfj, and c y r 
are called static stability derivatives, and the remaining ones, (c“* 

Cy°°, c''-, c§r, etc.), the dynamic stability derivatives. 

As can be seen from (9.1.4), the aerodynamic coefficients are deter¬ 
mined by the corresponding first and second order stability derivatives. 

The first order ones include the values of Cy x , c“, c^, c§, cjj, and 
the second order ones, c“P = d~c y ida dfi, c“ 0) .\= d-c y jda d<o x , etc. 

An analysis of (9.1.4) reveals that the aerodynamic coefficients 
are determined by two groups of derivatives, one of which depends 

on the control surface variables (cff, cf/ , . . .), while the other 

is not related to them (c“, c“, . . .). The magnitude of a coefficient 
depends on the action of these controls. This is due to the change 
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in the angle of attack and sideslip angle upon deflection of the control 
surfaces. The values of the angles a and p correspond to the position 
of static equilibrium of a craft. 

To retain the given flight conditions, the control surfaces must be 
fixed in place. Such a flight with “fixed” control surfaces becomes un¬ 
controllable. Its conditions are determined completely by the sta¬ 
bility derivatives that depend on the intrinsic aerodynamic 
properties of a craft if controls are absent or are fixed in place. 

Derivatives such as c r f n cP, cfy , . . ., determined as a result of 
differentiation of the aerodynamic coefficients with respect to 
a, p, 6 r (static stability derivatives) relate to the first group of 
derivatives. The partial derivatives of the coefficients with respect 
to one of the variables m x ., ta y , a> 2 form the second group of what 
we call rotary derivatives (for example, c" c . cjj'i, m ^ : , . . .). This 

group also includes derivatives similar to cf n c|j, cfr, and also acce¬ 
leration derivatives determined as the partial derivatives of the aero¬ 


dynamic coefficients with respect to one of the parameters Too, 


(!>*, (Oy, or (o z . 

If the non-statiouary disturbances are finite, non-linearity becomes 
a noticeable feature. It is reflected in expansion (9.1.4) where there 
are several second-order terms. The latter are determined by stability 
derivatives of the second order (for example, c*P and c“‘ ,)v ) that are 
in the fourth group. 

Investigations show that the influence of the derivatives on the 
aerodynamic coefficients is not the same and that a practical sig¬ 
nificance is a feature of only a part of such derivatives, among which 
second order derivatives form a quite small fraction. This influence 
is analysed in each specific case depending on the aerodynamic con¬ 
figuration of a craft and the conditions of its motion. As a result, we 
find the derivatives which the aerodynamic coefficients (or the cor¬ 
responding forces and moments) depend on and the influence of 
which of them may be ignored. For each coefficient, we can reveal 
the characteristic trend associated with such a relation. Let ns con¬ 
sider, for example, the longitudinal (axial) force coefficient, the 
expression for which will be written in the form 


■ c x - 1 ■ c.v C 6p -+■ cf- P 2 -\ c[' 8 ' ph r - c v ‘8f 


_ v 0 "V ^ “r Vv up -p (, (1 . | j - r u x | jvj ,, — l. iV u, (d.2.1) 

where c. v0 is the value of c x at a -- p = 6,. = 8 r — 0, cf\ .... c'J'V 
are the second-order partial derivatives of the longitudinal force 
coefficient with respect to a' 2 , .... a6 e (for example, c*“ — 


— cf-cjd a*). 

In accordance with expression (9.2.1), the longitudinal force coeffi¬ 
cient is a quantity not depending on the rotary derivatives or the 
acceleration derivatives. This quantity is determined in the form 
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■of a quadratic dependence on the angle of attack and the sideslip 
angle, as well as the elevator and rudder angles. Here the components 

c.2 c. 2 

of the coefficient c x depending on the derivatives c° e and c° r are 
of significance when control surfaces are present in the form of mov¬ 
able wings or empennage whose deflection may lead to a substantial 
change in the longitudinal force. 

The normal force coefficient can be written in the form of the linear 
relation 

c y = c y0 + C“a + (9.2.2) 

where c y0 is the value of c y at a = 6 e = 0. 

Relation (9.2.2) is suitable for small values of a and 8 e . The larger 
these angles (beginning approximately from values of 10°), the more 
does the non-linear nature of the dependence of the coefficient c y 
on them manifest itself. The non-linear nature increases with a 
decrease in the aspect ratio of the lifting planes, and also with an 
increase in the Mach number (Moo > 3-4). In accordance with 

(9.2.2) , when determining the normal force coefficient, no account 
is taken of the influence of the sideslip, rudder, elevator, and aileron 
angles, and also of the rotation of the craft and its acceleration. At 
the same time, when a movable wing (empennage) is present, the 
quantity c^6 e differs appreciably from that for conventional con¬ 
trol surfaces. In the latter case, this quantity may be negligibly 
small. 

The lateral force coefficient c z (in body axes) can be calculated by 
analogy with the normal force coefficient c y , i.e. by using formula 

(9.2.2) in which the angle of attack and the elevator angle must be 
replaced with the sideslip and rudder angles, respectively: 

c 2 = c 2 p p + c 2 r S r (9.2.3) 

According to this expression, when (3 = 8 r = 0, the lateral force 
coefficient equals zero, which corresponds to symmetry of a craft 
about the vertical plane xOy. 

The pitching moment at a given number M 00 for a flight depends 
mainly on parameters such as the angle of attack a and the elevator 

angle 8 e , the rate of change in these angles a and 8 e , and also the 
angular velocity Q z . The influence of other parameters, in particular 
of the sideslip angle, the aileron angle, and the angular velocities 
or Q y , is not great and is usually disregarded. 

In accordance with the above, for the pitching moment coefficient 
we can obtain the following linear relation suitable for small values 
of the indicated variables (in a body axis coordinate system): 

m z = m z0 a + m z e 8 e -f- m z z io z 4-a + m^ e 8 e (9.2.4) 
where m z0 is the moment coefficient when a = 5 e = a> 2 = a= 6 e = 0. 
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A glance at the above expression reveals that the pitching moment 
coefficient is determined by two static stability derivatives m“, mge 

and three rotary derivatives m® 2 , m“, mfe. 

By analogy with the pitching moment, the yawing moment may 
be considered to depend mainly on the sideslip and rudder angles [I 

and 6 r , the rates of their change in time |j, 6 r , and also on the angular 
velocity £2 2 . Such a relation exists for axisymmetric craft. If sym¬ 
metry is disturbed, however, account must also be taken of the in¬ 
fluence of the angular velocity Q*. This can be done, for example, 
with the presence of a non-symmetric vertical empennage when 
the upper panel upon rotation about its longitudinal axis creates 
a lateral (side) force that produces an additional moment about the 
vertical axis. 

Deflection of the ailerons also produces a certain yawing moment, 
which is associated with the longitudinal forces differing in value 
on horizontal wings upon deflection of the ailerons (this is similar 
to the appearance of a small pitching moment upon the deflection 
of the ailerons on vertical wings). Investigations show that such 
an additional yawing moment is usually very small in modern 
aircraft. Accordingly, the yawing moment coefficient may be expres¬ 
sed by the following linear relation: 

m v = mj)f) + my r 6 r -f- x (o x + rn^/Wy -f- (9.2.5) 

In accordance with this relation, the yawing moment at p = 
= 6 r = . . . = 0 equals zero. This is always observed in aircraft 
symmetric about the plane xOy. By (9.2.5), the yawing moment 
coefficient is determined by two static derivatives mg, mgr and four 

rotational derivatives m^u, mg, and mgr. 

A rolling moment (a moment about the longitudinal axis Ox) is 
due to the asymmetry of the flow caused by sideslip and control 
surface deflection angles or rotation of the craft. For a given craft 
design and a definite flight speed (number M 0 o), this moment can be 
considered as a function of the angle of attack a, the sideslip angle (I* 
the elevator, rudder, and aileron angles 6 e , 6 r , 6 a , and also of the 
rotational velocities Q*, Q 2 . Accordingly, the rolling moment 

coefficient can be written as 

m x = m^P + mx r 8 r + m* a 6 a -j- m“ p cc|3 + m x &T a§ r 

+ -f m**<» x + m^oy, + m x '‘ v cao y + (9.2.6) 

According to this expression, the rolling moment at |3 — 8 r = 
= § a = • • • = 0 equals zero, which corresponds to an ideal design 
of the craft produced without any technological errors. When study- 

26-01715 
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ing the motion of a real craft, particularly rolling motion, account 
must be taken of the presence of such errors, especially of those asso¬ 
ciated with inaccurate wing installation, which has the maximum 
influence on the rolling moment. 

Inspection of (9.2.6) reveals that the rolling moment is determined 
as the function of derivatives not only of the first, but also of the' 
second order (mg, mg'', . . ., m“P, mg 6 r ,...). Therefore, such 
a function is non-linear, which occurs even with small angular values- 
of a, p, 6 e , 5 r , 8 a > and small velocities to*, w y , &> 2 . At the same 
time, the rolling moment coefficient when performing approximate 
calculations may be found without taking into account the influence 
of the rates of change in the angle of attack and the sideslip angle, 
and also of the acceleration, this influence being negligible. 

All the derivatives determining the aerodynamic coefficients are 
functions depending mainly on the number M «>, and also on the geo¬ 
metric configuration and dimensions of the craft. In a more general 
case, these derivatives depend on the arguments determining the 
aerodynamic coefficients, particularly on the angle of attack and 
the sideslip angle, the angular velocities and the relevant accelera¬ 
tions, and also on the acceleration of the translational motion. Such 
a relation is found separately in each case for a given kind of motion 
of a craft. 

A part of the considered stability derivatives characterize the 
aerodynamic properties of a craft regardless of the action of the con¬ 
trol surfaces (c“, m“, m“«, . . .), whereas the other part is associated 
with their deflection (cge, mge t mga, mge. . . .). Each of these deriv¬ 
atives has a physical meaning and may be helpful in studying the 
motion of a craft. 

The static derivatives c“ and eg characterize the property of a 
craft to change the normal and lateral forces depending on the angle 
of attack and the sideslip angle, whereas the derivatives ege and 
egr characterize the same property, but associated with the deflection 
of the corresponding control surfaces. These derivatives are important 
for controlling the motion of the centre of mass of a craft in the 
longitudinal and lateral directions. 

The static second-order derivatives c“ 2 , eg 2 , c® e , and cg r deter¬ 
mine the additional increment of the longitudinal force due to de¬ 
flection of a craft through the angles a and p, and also to the con¬ 
trolling action of the control surfaces. The derivatives c“ 6 e and cg 6 r 
characterize the influence on the longitudinal force of the interaction 
of the angle of attack and the elevator angle, while cg 6 r characterizes 
the influence of the sideslip and rudder angles [in accordance with 
this, the quantities c“ 6 ea§ e and cg®rp5 r in (9.2.1) are called inter¬ 
action terms]. 

The static stability derivatives m“, mg, and mg characterize an 
important property of a craft such as the stiffness of its longitudinal. 
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sideslipping, and lateral motions, while the derivatives /n , m®r, 
m®.r, and m®a characterize the effectiveness of the corresponding 
control surface. 

The rotational derivatives act on the motion like damping vari- 
abl es, and they are called, respectively, longitudinal damping coeffici¬ 
ents (to“z, m a z , ni%e), yawing damping coefficients (m“v, mg, mjr), 
and rolling damping coefficients (m®x). 

The components m a y x co a . in (9.2.5) and m' x yw y in (9.2.6) are, respec¬ 
tively, the coefficients of the spiral yawing and rolling moments. 
These moments appear because a craft combines translational motion 
with rotation about the axes Ox and Oy , i.e. performs spiral motion. 
The investigation of this complicated motion is associated with the 
calculation of the rotary (spiral) derivatives to"* and m%v. 

Formula (9.2.6) for the rolling moment coefficient includes inter¬ 
action terms determined by second-order stability derivatives. For 
example, the derivative is related to the change in the rolling 
moment caused by the additional angles of attack on the port and 
starboard wing panels during flight with side-slipping. A similar 
effect characterized by the derivative m“®r is produced by deflection 
of the rudder. An additional rolling moment may also be caused by 
a change in the sideslip angle upon deflection of the elevators. The 
magnitude of the lateral moment depends on the second derivative 
m|®e. Rotation of a craft about the Oy or Oz axis may lead to an 
additional change in the angle of attack and the sideslip angle on 
opposite panels of lifting surfaces and to the relevant spiral rolling 
moments characterized by the derivatives ira®".'/ and m|j co -. 

From the more general expression (9.1.4) for the aerodynamic coeffi¬ 
cient, we can see that it also dependson the other stability derivatives 
that were not taken into account in the considered expressions- 
In separate kinds of motion, the influence of such derivatives may 
be substantial. 

One of these motions is associated with the rolling of a craft at 
a sufficiently high angular velocity £2 T . Such rotation produces 
the Magnus effect consisting in that with the presence of an angle 
of attack and a sideslip angle, forces and moments appear that are 
proportional to the products aQ x or [3Q X , the direction of the forces 
coinciding with a normal to the planes containing the angles a and (3. 
Accordingly, the increments of the lateral force coefficients are 
Ac z = c““-* a<o x , and of the normal force ones are Ac y — cg“*|3(o x . The 
increments of the yawing and pitching moment coefficients are, re¬ 
spectively, A m y = and A m z = m£ <0 *[3a) x . In these expres¬ 

sions, the quantities c«“* and m“ <0 * are called the Magnus stability 
derivatives. - 

The origin of still another group of forces and moments is asso¬ 
ciated with the simultaneous rotation of a craft about two axes and 
is of a gyroscopic nature. Gyroscopic forces and moments are pro- 
26 * 
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Fig. 9.3.1 

To the conversion of the aerody¬ 
namic coefficients and their 
stability derivatives from one 
reduction centre to another 



portional to the product of two angular velocities. For example, 
upon the simultaneous rotation about the axes Ox and Oy, these 
additional forces and moments are proportional to the product 
Q-rQy, and the corresponding aerodynamic coefficients, to the pro¬ 
duct of the dimensionless variables to *® y . This is why the derivatives 
of a coefficient with respect to (o x a> y (c®*“!/, , etc.) are known 

as the gyroscopic stability derivatives. 


9.3. Conversion 

of Stability Derivatives 
upon a Change in the Position 
of the Force Reduction Centre 

Let us consider the conversion of the pitching moment and normal 
force coefficients, and also of the relevant stability derivatives cal¬ 
culated with respect to a reduction centre at point 0 for a new posi¬ 
tion O x of this centre at a distance of x from 0 (Fig. 9.3.1). A similar 
problem is solved, particularly, when determining the aerodynamic 
characteristics of an empennage relative to the centre of mass that 
is the centre of rotation of a craft in flight and coincides, consequent¬ 
ly, with the centre of moments. 

Assuming that the pitching moment coefficient at a = Q z — 0 
equals zero ( m z0 = 0) and that the airspeed is constant, let us form 
a general expression for this coefficient relative to the lateral axis 
passing through point 0: 

m z = mfa + + to“ z w z -f- m“ z co z (9.3.1) 


in which] the] derivatives m“, m“, . . ., are known. 

We can obtain a similar expression for the new reduction centre: 

m zi = m%a 1 + mfl + m“ 4 zl « z i + (9.3.2) 

Here the derivatives mfi, m“L . ■ . are to be found in terms of 
their corresponding values obtained for the reduction centre 0. 
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For this purpose, let us first consider the relations between a , a, (o 2 , 
co 2 , and a lt a lt (o 2l , (o 2l . A glance at Fig. 9.3.1 reveals that 

= a -f Aa = a — a> z x 

where x = xll, (o 2 = Q Z IIV X , and, consequently, a 1 = a — (o 2 x. 
The angular velocities and their derivatives do not change upon 

a change in the reduction centres, i.e. co 2l = (o 2 , and (o 2l = co 2 . 
Using these relations, let us reduce the formula for the moment 
coefficient: 

m z = m“ 1 a 1 + m“iaj 4- m^ zl (o zi -\-mfzi(o zl (9.3.3) 

expressed in terms of the new kinematic parameters (for point 0 4 ) 
to the form 


m z = m“ia + m“ia + (r>K 2 ' — rn^x) to 2 -p (nF”z 1 — m°;x) co 2 (9.3.4) 
By comparing (9.3.1) and (9.3.4) we find 

m z 1 = m z , m a i = m a , m zl ~ m z + m z x, m zl =~- m * + m x x 

z c 1 z z z z 1 z 7 z z z 

With this in view, expression (9.3.3) acquires the form 

m z — m z a 4 -j- /ra“ 0 Cj -f (m‘° 2 + mpr) (o 2l + (nF’ >2 4- m“z) (o 2l (9.3.5) 

The obtained moment coefficient can be expressed in terms of 
its value found for the new centre O x by means of the formula m z = 
— m zi + CyX (Fig. 9.3.1). Here formula (9.3.2) can be substituted 
for m zl , and c y written in the form of a relation similar to (9.3.5): 


Cy — Cy(X, l -p c“ 


(c w «- 

' V 


Cyx) co 2l + (c A■: 


CyX) “hi 


(9.3.6) 


By comparing the expression obtained for 7?i z = 7?t zl -p c y x with 
the corresponding relation (9.3.6), we find formulas for the stability 
derivatives relative to point Op 


m’n = m? - c*x, = m“ 2 + « - c'A) ■ 

m a ■ 


-c x r 2 


m a \ 

zl 


(9.3.7) 

cAr, ra“ 21 = m“ z + (m a — c“ 2 ) x — c“a: 2 

The new stability derivatives of the normal force coefficient are 
obtained by comparing Eq. (9.3.6) and an equation similar to (9.3.2): 

c »i = c yf a i + + c y l 1 <i>zl + c „j 1(0 zl 
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in which we assume that c yl = c y (because upon a change in the 
reduction centre the aerodynamic force does not change). The com¬ 
parison yields 


c v l 


c a } = c a , 
yl y ’ 


C f 1 ■■ 


: + C„X 


C fl 


v i 


■ cPx 
y 


(9.3.8) 


Similarly, we can convert the aerodynamic characteristics for 
a rear arrangement of the new reduction centre. 


9.4. Particular Cases of Motion 

Longitudinal and Lateral Motions 

To simplify our investigation of the motion of a controllable craft 
and facilitate the finding of the required aerodynamic characteristics, 
including the stability derivatives, we shall use the method of resolv¬ 
ing the total motion into individual components. The possibility 
of resolution into longitudinal and lateral motions in principal 
is due to the symmetry of a craft about its longitudinal axis. The 
longitudinal motion (pitching motion), in turn, consists of the 
translational displacement of the centre of mass in the vertical flight 
plane (the trajectory differs only slightly from a plane one) and 
rotation about the lateral axis Oz. In such motion, good stability 
in roll is ensured, and variables such as [3, y, a > x , and u> y may be con¬ 
sidered negligibly small (the surfaces controlling rolling and yawing 
are virtually not deflected). 

Upon lateral motion in the direction of the axis Oz, the centre of 
mass moves, and the craft experiences rotation about the axes Ox 
and Oy (here the control surfaces function that ensure yawing and 
rolling motion). 

When investigating longitudinal motion, we usually consider the 
aerodynamic coefficients in the form of the following functions: 

C x - C x (il/oo, 0*, ^e)» Cy == * Cy (d/oo, CX , 6g) 1 

^ \ (9.4.1) 

c z — 0, m x = 0, m y — 0, m z — m z (Mac, ox, 6 e , a, 8 e ) I 

To study lateral motion, we use the coefficients in the form of 
Cy—Cy (Mco, cx, 6 e ), c z =c z ($/=», (3j 8 r ) 
at x m x [Moo, cx, (5, 8 e , 6 r , § a , co x , co y , (o z ) 

my = niy (df oo, [3, 6 r , (o x , co^, |3, 6 r ) 


(9.4.2) 


Ch. 9. Aerodynamic Characteristics in Unsteady Motion 


407 


It must be had in view that longitudinal motion is studied inde¬ 
pendently of lateral motion, whereas the latter is considered with 
account taken of the parameters of longitudinal motion, which are 
determined beforehand. Particularly, the magnitude of the control 
normal force c y is found. 


Motion of the Centre of Mass 
and Rotation about It 

The division of the total motion of a craft into these two modes 
is possible if we assume that the control system functions perfectly 
and during the entire flight ensures the equality of the moments 
M x , M y , and M z to zero. Such a craft and its control system are 
considered as inertiafree ( fast-response). The assumption on the absence 
of inertia signihes that when control surfaces are deflected, the angle 
of attack and the sideslip angle instantaneously (or sufficiently 
rapidly) take on values corresponding to a statically stable position 
of the craft. In these conditions, the motion of its centre of mass 
in the plane of flight is investigated independently. When perform¬ 
ing such investigation, we shall write the aerodynamic coefficients 
in the form 

c x ~c x (Moci Pi 8 r ), c y ~c lt {M oo, ct, 8 e ) 
c z — c z {Moo, p, 6 r ) 

m y = m y {M oc, p, 8 r ), m i =m z (M *, a, 6 e ) 

Assuming that m y = m z = 0, we can find the elevator and rudder 
angles corresponding to the required angle of attack and sideslip 
angle, and to the given trajectory. 

The possibility of using such a method of investigation of the 
trajectory is based on the low sensitivity of displacement of the centre 
of mass to the rotation of the craft about this centre up to the instant 

Table 9.4.1 


Motion 

Variables 

a 

p 



Q Z 

®e 

®r 

®a 

Pitching and rolling 

+ 

m 

4- 

■ 

+ 

+ 

H 

+ 

Pitching without 









rolling 

+ 


*— 

1 . 

+ 

+ 

■ ■ 

— 

Rolling without 









pitching 



+ 





+ 

Motion without 

H 



■ 



■ 


pitching and rolling 

■ 

m 

■ 

I 

■ 

■ 

■ 



(9.4.3) 
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when the craft occupies a position of statically stable equilibrium. 
This motion due to deflection of the control surfaces or random distur¬ 
bances can be studied independently of the longitudinal motion of 
the craft. Table 9.4.1 shows the different modes of these motions and 
the corresponding control surface angles 6 e , S r , 6 a , the angle of 
attack a, the sideslip angle (3, and also the angular velocities 

9 y , 9 2‘ 

The investigation of a particular mode of motion can be simplified 
by excluding the influence of accelerations. This is justified in prac¬ 
tice when the motion develops sufficiently slowly. When it is neces¬ 
sary to take the acceleration into account, one can introduce a cor¬ 
rection to the aerodynamic coefficient in the form of a term equal 
to the product of the first stability derivative with respect to the 
acceleration and the relevant dimensionless acceleration. 


Pitching Motion 

Of special interest is pitching motion, which is called the principal 
mode of motion. Longitudinal oscillations that are described quite 
well by a harmonic function such as (9.1.6) usually appear in this 
motion. According to this law, the time derivatives of the angles 
of attack and trajectory inclination are 

a = Asinp a t, d = Q z = B sin p$t (9.4.4) 

where A, B are the amplitudes, and p a , pa are the frequencies of 
oscillations of the corresponding derivatives. 

We can consider three modes of motion each of which is described 
by a harmonic function. 

The first mode (Fig. 9.4.1a) corresponds to the condition a = 0, 

d = Q z = B sin p$t. In this mode, the axis of a body, coinciding 
with the direction of flight (a = 0), performs harmonic oscillations 
along the trajectory. 

The second mode of motion (Fig. 9.4.16) is characterized by the 
fact that the axis of the body retains its orientation along the trajec¬ 
tory so that Q z = == 0. Here, however, the angle of attack changes 

to follow the harmonic change in its derivative a. 

The third mode of motion (Fig, 9.4.1c) is characterized by a recti¬ 
linear trajectory with the angle between the axis of the craft and 
the trajectory changing sinusoidally. In this case, the angles d 

and a are equal and coincide in phase so that a — d = Q z . Impor¬ 
tant derivatives in this motion are c“ -f- c“* and m“ -f- m“ 2 . 

All these three modes of motion, which are of a quite intricate 
nature, are encountered comparatively frequently. Two other modes 
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(e) 



Fig. 9.4.1 

Particular cases of motion of a craft: 

a—at a zero angle of attack; b— with constant orientation of the craft (ft = const); c—along 
a straight trajectory 



Fig. 9.4.2 

Modes of motion of a craft: 
a—perfect loop; b —free fall 

are simpler, but are encountered less frequently. Each of them allows 
one to understand the distinction between the modes of motion 

characterized by two conditions; a = 0, Q z 0 and a =?=■ 0, Q z = 0, 

and accordingly to gain an idea of the derivatives m“ and 
The three modes of sinusoidal motions indicated above can be 
treated as combinations of these two modes. 

The first of them (Fig. 9.4.2a) is characterized by the fact that the 
angle of attack between the instantaneous direction 3 of the vector 
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Fig. 9.4.3 

Banking of a craft 

— Foe and body axis 1 does not change and, consequently, the deri¬ 
vative a = 0. In this motion, however, a varying angle d forms 
between fixed direction 2 and axis 1. Therefore Q z = d&ldt 0. 
In a particular case when Q z = const, the trajectory in Fig. 9.4.2a 
characterizes the motion of a craft performing a perfect loop. 
Figure 9.4. 2b shows a second mode of motion corresponding to 

the conditions a ^ 0 and Q z 0. This motion may occur if free 
fall with a velocity of w = gt (where g is the acceleration of free 
fall) is superposed on the longitudinal motion. Here the angle d 
between the fixed direction 2 and body axis 1 remains constant, 
while the angle a changes (between the instantaneous flight direc¬ 
tion 4 and axis 1). Consequently, the derivatives d = Q z = 0 and 

a, 0; in the given case the derivative a = const. 

In a more general case (for example, in sinusoidal motions), it is 

• 

necessary to use both derivatives mf and mf z . If one of the consid¬ 
ered modes of motion dominates, only one derivative is signifi¬ 
cant, and it is exactly what should he used. Figure 9.4.3 shows 
a wing for which translational motion along its longitudinal axis, 
at a zero angle of attack, is supplemented with rotation about this 
axis at the angular velocity Q z = dy/dt. The non-zero variables 

<a x and <o x correspond to this mode of motion. If the rotation about 
the axis Ox is steady, then to* =/= 0, while the derivative <o x = 0. 



9.5. Dynamic Stability 


Definition 

An analysis of the derivatives of the aerodynamic moments 
with respect to a or (I allows us to establish the kind of static sta¬ 
bility. This analysis is not sufficient for estimating the flight per¬ 
formance of a moving body, however, because it does not allow one 
to establish the nature of the body’s motion after the removal of 
a disturbance and to find the variables determining this motion. 
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Actually, if we know, for example, that the derivative m'} is 
negative and that, consequently, thd centre of pressure is behind 
the centre of mass, we can arrive at a conclusion only on longitudi¬ 
nal static stability. But we cannot establish, for example, the 
amplitude of oscillations of the angle of attack at a certain value 
of the initial disturbance and how it changes in time. These and 
other problems are studied by the theory of the dynamic stability 
of a craft or of the stability of its motion. This theory makes it 
possible, naturally, to study not only the oscillations of a craft, 
but also the general case of the motion of a craft along its trajectory 
and the stability of this motion. The theory of dynamic stability 
uses the results of aerodynamic investigations obtained in conditions 
of unsteady flow in which, unlike static conditions, a body exper¬ 
iences the action of additional time-dependent aerodynamic 
loads. 

The concept of dynamic stability is associated with two modes 
of motion of a craft, namely, undisturbed (basic) and disturbed. 
Motion is said to be undisturbed (basic) if it occurs along a definite 
trajectory at a velocity varying according to a given law at stan¬ 
dard parameters of the atmosphere and known initial parameters of 
this motion. This theoretical trajectory described by specific flight 
equations with nominal parameters of the craft and control system 
is also said to be undisturbed. Owing to random disturbing factors 
(gusts of wind, interference in the control system, failure of the 
initial conditions to correspond to the preset ones, deviation of 
the actual parameters of a craft and its control system from the 
nominal ones, deviation of the actual parameters of the atmosphere 
from the standard ones), and also because of disturbances due to 
deflection of the control surfaces, the basic motion may be violated. 
After removal of the random disturbances, a body moves during 
a certain time according to a law differing from the initial one. 
This motion is called disturbed. 

If the forces or moments produced upon a deviation from undis¬ 
turbed motion are such that they return the craft to its initial trajec¬ 
tory, the motion is stable, otherwise it is unstable. Figure 9.5.'la 
shows a stable flight in which a craft after leaving its trajectory at 
point M because of a disturbance continues its motion with a con¬ 
stantly diminishing deviation from the initial direction of flight; 
Fig. 9.5.16 shows an unstable flight characterized by an increasing 
deviation. 

In the general case, the motion of a craft is determined by kine¬ 
matic parameters that are functions of time such as the velocity 
V oo (t), the angle of attack a ( t ), the sideslip angle (3 (f), the compo¬ 
nents of the angular velocity [Q* (£), Q y ( t ), Q z (£)], and the pitch¬ 
ing, yawing (course angle) and rolling angles [fl ( t ), (f), and 

y ( t)l 
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f«) (b) 




Fig. 9.5.1 

Modes of motion of a craft: 

1 — stable; 2 — unstable; A — amplitude of oscillations 

Let us assume that the values of the same variables F^ (t), a 0 (f) 
etc. correspond to a given undisturbed motion. If at sufficiently 
small initial deviations (at the initial disturbances) AFSo, Aa°, . . . 
(here AF^> = F£! — F£>, Aa° = a' 0 — a 0 , . . .) the subsequent 
deviations AF* = V x — F2o, Aa = a — a 0 do not exceed certain 
preset values, the motion is stable. If these deviations increase 
unlimitedly, the motion is unstable. A flight may occur when the 
deviations neither attenuate nor increase: here neutral stability of 
motion is observed. 

Such a definition of stability is associated with investigation of 
the response of a craft to disturbing actions provided that these 
actions impart initial deviations to the variables of the undisturbed 
flow, while the following motion is considered already without 
disturbances. In such motion, the control surfaces remain fixed. 
This mode of disturbed motion due to initial disturbances of the 
variables is called proper or free. The proper motion of a craft can 
conditionally be considered as a new undisturbed motion. 

The stability of free motion of a craft can be investigated by 
analysing the differential equations describing this motion. If the 
lateral variables and the time derivatives of the longitudinal variables 
in the undisturbed flow are not great, we may consider longitu¬ 
dinal and lateral motions independently and, consequently, study 
the stability of each of them separately. When the nature of motion 
changes abruptly, for example, when a manoeuver is executed, 
such a resolution of motion into its components is not justified, 
and the solution of the system of equations of longitudinal and 
lateral motion must be considered jointly. This solution makes it 
possible to establish the nature and influence of the aerodynamic 
coefficients on stability in the most general form. 

If the intensity of action of random factors is not great, the disturbed 
trajectory differs only slightly from the undisturbed one. This 
allows one to use the method of : small perturbations that is based 
on linearized equations. 
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Stability Characteristics 

Let us consider the characteristics of dynamic stability, and also 
the role and place of the aerodynamic coefficients (stability deriva¬ 
tives) in investigating the dynamics of a flight using the example of 
translational motion of a craft also performing rotation (oscilla¬ 
tions) about the axis Oz (Fig. 9.4.1c). 

We shall write the equation of such disturbed motion in the form 


where 


a + ( a i + ^ 2 ) a + a 3 a = 0 


(9.5.1) 


a x = —m°-qooSllJ z , a 2 — — m*q 00 SHJ z 
a 3 ~ — m*q ao SHJ z 


(9.5.2) 


Here J z is the principal central moment of inertia of the craft 
about the axis Oz that is one of the principal central axes. 

Taking into account that = m“, we obtain for the sum of the 
coefficients 


flj -\- — 


- 2 m*qJSUJ t 


(9.5.3) 


With a view to the value of the coefficient a 3 (9.5.1) can be 
written as 

aJ z /(q x Sl) — 2am“ — a/n“ = 0 (9.5.4) 

Assuming that the coefficients a ; are constant, we find a solution 
of Eq. (9.5.4) in the following form: 

a = C i e p i t + C 2 e p ^ t (9.5.5) 

Here p x and p 2 are the roots of the characteristic equation p 2 + 
+ (a x + a 2 ) p a 3 = 0 determined by the formula 


p u 2 = —0.5 (a, + a 2 ) ± V 0-25 (a, -f- a 2 ) 2 — a 3 (9.5.6) 

We find the constants C 1 and C 2 from the conditions that can be 

determined by the derivative a — a 0 and the zero disturbance 
a = 0 at the instant t = 0. For these conditions, the constants are 

C l — C 2 = 0.5a 0 [0.25 (a, -1- a 2 ) 2 — a 3 ]~ 1/2 
and the solution becomes 


a=0.5<Vr‘e“V ( e bt -e~ bt ) 
where b = YK — a 3 , ^ = 0.5 (a a -)- a 2 ). 


(9.5.7) 
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Let us consider static stability when the derivative mf < 0 
and, consequently, a 3 > 0. If we have in view here that in real 
conditions the damping moment is considerably smaller than the 
stabilizing one and that therefore | a 3 | > A.J, we obtain the rela¬ 
tion 

a = a 0 b~ l e~ } ‘ lt sin bt (9.5.8) 

in which b —V \ a 3 \ — A,j. 

Examination of (9.5.8) reveals that the change in the angle of 
attack has the nature of periodic oscillations. Since the quantity 
is always positive, these oscillations are damped ones; consequent¬ 
ly, we have to do with oscillatory stability. 

Let us consider the characteristics of this stability. The period 
of the oscillations is 

T = 2n (|| q x SlJ ; 1 - Jt?)" 1/2 (9.5.9) 

and their frequency is 

(0 = 2 ji/r = (\m«\q x S l j; 1 -^) 1 ' 2 (9.5.10) 

The oscillation frequency is influenced mainly by the degree of 
static stability, whereas the influence of damping is not great. 
The nature of action of these factors is different. An increase in the 
degree of static stability leads to a higher frequency, while an increase 
in damping, conversely, leads to its diminishing somewhat. 

The logarithmic decrement is 

e = (9.5.11) 

where 

% i= \m«\ qca SlJ- z l (9.5.12; 

The larger the coefficient mf (or m® z ), the greater is the logarith¬ 
mic decrement and the more rapidly do the oscillations damp in 
time. 

One of the important characteristics of oscillatory motion is the 
time to damp to half amplitude: 

t 2 = %~ 1 In 2 (9.5.13) 

When investigating oscillatory stability, the quantity can be 
considered as an independent characteristic of this stability called 
the damping coefficient. A glance at (9.5.12) and (9.5.13) reveals that 
its magnitude does not depend on the degree of static stability mf. 

Let us consider the wavelength of oscillations 


%.= TV oo=2jiF 0 o/y r K|— 


(9.5.14) 
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In practice, it is expedient to ensure aerodynamic properties of 
a moving body such that the damping coefficient is sufficiently 
great because here the time t 2 is short, although the wavelength 
grows somewhat, which is not desirable. Good practice dictates 
decreasing of this length. To do this, it is necessary to increase the 
stabilizing moment, which, in turn, leads to such a positive phe¬ 
nomenon as a decrease in the amplitude of oscillation. 

In the case being considered, a body has static stability that 
also produces in it longitudinal oscillatory stability. A similar analy¬ 
sis can be performed for the case when such static stability is ab¬ 
sent, i.e. when the derivative mf > 0. Solution of (9.5.4) yields 
a relation for a indicating the undamping aperiodic nature of motion. 
Hence, static instability also gives rise to instability of motion. 

In this case, agreement can be observed between static and dynam¬ 
ic stability or instability. Such agreement is not obligatory, 
however, for the general case of motion of a craft. One may have 
a statically stable craft that, however, doesnothave dynamic stabil¬ 
ity and in its tendency to the position of equilibrium will perform 
oscillations with an increasing amplitude. Such cases are observed 
in practice in some aircraft at low-speed flight, and also in flying 
wings with a small sweep of the leading edge. 

It must be noted that the overwhelming majority of aircraft 
owing to special devices have static stability, i.e. the ability to 
respond to disturbances so as to reduce their magnitude at the 
initial instant. This property is of major practical significance 
regardless of how an aircraft behaves in the process of disturbed 
motion. Free development of the disturbances is usually attended 
by deflection of the control surfaces to return the craft to its preset 
flight conditions. The use of these control surfaces is a necessary 
condition for ensuring the preset motion of a statically unstable 
(with fixed control surfaces) aircraft. 

The concept of stability presumes the existence not of two sepa¬ 
rate kinds of stability—static and dynamic, but of a single stability 
reflecting the real motion of a craft in time and its ability to retain 
the initial flight conditions. Since the dynamic coefficients of the 
equations depend on the parameters of the undisturbed flight, the 
same aircraft can have different dynamic properties along a tra¬ 
jectory, for example, its motion may be stable on some sections 
of the trajectory and unstable on others. 

Unsteady motion is described by equations whose dynamic coef¬ 
ficients depend on the design of the craft. Unlike craft of the aero¬ 
plane type, such coefficients for bodies without an empennage, or 
with an only slightly developed empennage (fin assembly), corre¬ 
spond to unstable motion characterized by slow damping of the 
oscillations. This requires the use of means of stabilization that 
ensure greater damping. 
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9.6. Basic Relations 
for Unsteady Flow 


Aerodynamic Coefficients 

Let us consider a flat lifting surface moving translationally at 
■a constant velocity in the absence of sideslip ((5 = 0) and of an 
angular velocity Qj,. The projection of the area of an aircraft or its 
separate elements (wings, fuselage) onto the plane xOz may be such 
a surface. The aerodynamic stability derivatives obtained for this 
surface are very close to those that would have been found for real 
bodies in an unsteady flow. 

The normal aerodynamic force, and also the pitching and rolling 
moments are due to the pressure difference Ap — — p u on the 

bottom and upper sides of the lifting surface (Fig. 9.6.1) and are 
•determined by the formulas 


Y = ^ jj Apdxdz, M z — j A px dx dz , 

<S) 

M x = — ^ j A pzdxdz 


(S) 


(S) 


(9.6.1) 


in which integration is performed over the area 5 of the lifting 
surface. 

Let us introduce the pressure coefficient p = (p —p x )/goc = 
= 2 (p — poo)/(pooVlc) and the dimensionless coordinates 

| = x!x h and £ = z!x k (9.6.2) 


related to the length x k of the lifting surface. 

Now we obtain the following relations for the force and moment 
coefficients at any unsteady motion of a lifting surface with the 
dimensions l: 

f/(2x fe ) Sj 

%-i3 = ^ .( 

0 £ 0 


m z 


M z 

q x Sx h 


2*1 

S 


W2x k ) Sj 

5 j A ~pldldl 


0 5o 


> 


m x 


M x 

q°°Sx k 


2^ 

S 

0 



(9.6.3) 
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Fig. 9.6.1 

To the determination of the 


aerodynamic coefficients for a 
lifting surface 



Here £ 0 and are the dimensionless coordinates of the leading 
and trailing edges of the lifting surface, respectively. 

For a non-standard coordinate system in which the axis Ox is 
directed from the leading edge to the trailing one, the signs in for¬ 
mulas (9,6.3) should be reversed. 

Let us find relations for the aerodynamic characteristics of the 
lifting surface cross sections. For the normal force, longitudinal 
moment, and rolling moment of a section, we have, respectively 

*i *i 

dY = l A pdxdz, dM z = \ kpxdxdz, 

J *) 

XQ XQ 

dM x = — ^ Apzdxdz (9.6.4) 

*« 

The corresponding coefficients are as follows: 



where x is a chord of a lifting surface element in the section z = 
= const being considered. 

We calculate the integral in (9.6.5) over a given section from the 
trailing (li = xjx h ) to the leading (£„ = x^x h ) edges. We can 

27-01715 
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represent the difference of the pressure coefficients in (9.6.3) and 
(9.6.5) on the basis of the Taylor formula [see (9.1.4)] in the form 
of a series expansion in terms of the kinematic variables: 

?j = a(T), q 2 = w x {x) = Q x (t) IIV X 

q 3 — (£> z (t) = Q z (t) l/Vooi gq = a = da/dt, q, = u> x = dwjdx ■ (9.6.6) 
q 3 = oj 2 = dfojdx x = Voot/l 

(here l is the characteristic geometric dimension). 

This expansion has the following form: 

3 ■ • - 

Ap= 2 {p 9i qi + p nt qi) = p a & + P a a+ P ax (o x 

i=i 

-\- p ax w x -f p“' z (o 2 -f- p az G> z (9.6.7) 

where p a = A p a , p a = A p a , etc. are the derivatives of the differ¬ 
ence of the pressure coefficients. 

By (9.6.7), the aerodynamic coefficients can be written as 

3 

c y — 2 ( c w i 7i + 

i— 1 

m z = 2 ( m< ! i qi + ni' t q,) ' (9.6.8) 

• . 

m x = 2 (m^qi + m^q,) 
i= 1 

In formulas (9.6.8) for the non-stationary aerodynamic coeffi¬ 
cients expressed in the form of series, the values of the stability 

derivatives that are coefficients of q t and q t must correspond to 
expansion (9.6.7) for the quantity A p. Accordingly, the relevant 
derivatives take on the following values: 


c q i = 
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Assuming that the craft length x h has been adopted as the charac¬ 
teristic geometric dimension, we obtain from (9.6.3), (9.6.7) and 
(9.6.8) expressions for the derivatives of the aerodynamic coefficients 
in terms of the derivatives of the difference of the pressure coeffi- 
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cients: 


m2x h ) s 0 




c 5 * 
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2 x l (• r * 2ar| p p “ 

■=- J ) p 1 <*£• ^ 5 

0 Si 0 5j 
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j \p q ^dZdt 
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The above expressions are linear relations between the aerodynamic 

derivatives and the dimensionless kinematic variables q t and q t 
that ensure quite reliable results provided that the values of these 
variables are small in comparison with unity. 

In linearized problems on the unsteady flow over lifting surfaces, 
such relations are exact for a harmonic law of the change in the 
kinematic variables (see [4, 191). 

Let us consider some features of the stability derivatives. Since 
we are dealing with motion in the absence of sideslip and an angular 
velocity about the axis Oy (p = 0, Q, y — 0), here the derivatives 
of the aerodynamic coefficients with respect to the parameters p 
and Q y evidently equal zero. In addition, we have excluded the 
coefficients of the longitudinal and lateral forces ( c x , c z ) and also 
the yawing moment coefficient m u from our analysis because inde¬ 
pendent investigations are devoted to them. It must be had in view 
here that when analysing the stability of a craft, these quantities 
are of a smaller practical significance. 

For a lifting surface that is symmetric about plane xOy and moves 
translationally in the absence of rotation (Q r = 0), the pressure is 
distributed symmetrically; therefore, the corresponding derivatives 

equal zero: m qt — 0, m q J- — 0 (i = 1, 3). 

With rotation about the axis Ox , the pressure is distributed asym¬ 
metrically about symmetry plane xOy, hence the aerodynamic loads 
produced by the angular velocity <o A . are also asymmetric, and, 
consequently, the following stability derivatives equal zero in this 
case: 


27* 


c ( ° x — 0, c ‘" x —n m l3lx — O m 0)< '_0 

y 1 y — z — w, 2 
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Cauchy-Lagrange Integra! 

Let us consider the basic expression of the theory of unsteady 
flow relating the parameters of the disturbed flow (the velocity, 
pressure, density) and the potential function (1). For such a flow, 
curl V = 0, and, consequently, the local velocity vector can be 
written in terms of the potential function as V = grad C>. With 
this in view, the equation of motion (3.1.22") can be given thus 

+ S rad — -jT grad p (9-6.10) 

Considering that the gas flowing over a body is a barotropic fluid 
whose density depends only on the pressure, i.e. p = p ( p ), we can 
introduce a function P, assuming that 

P=^dp/p(p) (9.6.11) 

Accordingly,] 

(1/p) grad p = grad P (9.6.12) 

We can therefore write (9.6.10) as 

grad ( d&ldt + F 2 /2 + P) = 0 

Hence we obtain an equation suitable for the entire space of 
a disturbed flow near a lifting surface including the vortex wake: 

dcb/dt + F 2 /2 + P = F ( t ) (9.6.13) 

where F ( t ) is an arbitrary function of time determined with the 
aid of the undisturbed flow variables for which d<t>/dt = 0. 

Assuming that F 2 = Ffo and P — Poo, we find 

F (t) = V 2 J2 + Pc„ 

Consequently, 

M> Idt + V 2 12 + P = Viol 2 + Poo (9.6.14) 

This equation is known as the Cauchy-Lagrange integral. For an 
incompressible medium, we have p<*> = p = const. Therefore, P = 
= p/p x and P x = p cx,/p<x>. Hence, 

dd)/dt + FV2 + p/p co = Viol 2 + p co/p co (9.6.15) 

For an isentropic flow of a compressible gas in the region of a con¬ 
tinuous change in the thermodynamic properties, we have plp h = 
= pjp h oo (where k — c p /c v = const is the adiabatic exponent). 
As a result, we obtain 

n k P jy k poo 

k-l “ ’ ~ T^T 1 poo 
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Therefore, the Cauchy-Lagrange integral will acquire the fol¬ 
lowing form: 


dU) , P- , k p 1 30 | k p?o 

-jfi 2 " + *_1 JT = TT "+■ k—l ' ~p^T 


(9.6.16) 


Assuming that the flow over a body is nearly uniform, we 
linearize Eq. (9.6.16). The square of the velocity is 

F 2 = F 2 + VI + V:= (Foe + u ) 2 + v 2 + w 2 

where u, v, and w are infinitesimal components of the disturbed 
velocity (u <c F,*,, v F<x>, and w << F«>). Excluding the second- 
order infinitesimals, we obtain F 2 = F|> + 2V X u. In a nearly 
uniform flow, the excess pressure p — p x = p' of the gas at any 
point in space is also small. With this in view, we find the linearized 
value of the difference of the functions P — P x . For an isentropic 
flow, this difference is 

P — Poo = [k/(k — 1)1 (pip — Poc/'Poo) 

We determine the ratio pi p from the adiabat equation p/p h — 
— p oo/p^r in accordance with which 

p/p = (poo/poo) ( p/p<x,y ll ~ 1 ' >/h 

Introducing p = p^ -f- p into this expression, we obtain 

p/p = (poo/poo) (1 + p7poo) (A ~ 1)/ft 

Expanding this expression into a binomial series, we find with 
an accuracy within linear terms that 

P __ _P°°_ I J , fc—1 P' \ 

p " p® \ ‘ k poo I 

Accordingly, 

P — Poo = p’/poo — (p — P=o)/poo (9.6.17) 

Hence, a linearized expression of the Cauchy-Lagrange integral 
suitable for investigating nearly uniform unsteady flows has the 
form 

p — poo = —poo (Foo dtp tdx + dep /dt) (9.6.18) 

where cp = d> — (Doo is the additional disturbance potential (d>oo is 
the velocity potential of the undisturbed flow). 

In the above form, the Cauchy-Lagrange integral holds both for 
a compressible and an incompressible fluid. Equation (9.6.18) has 
been obtained for a coordinate system whose axis Ox is oriented 
toward the trailing edge. If the axis Ox is oriented in the opposite 
direction, the sign of the derivative with respect to x has to be re¬ 
versed: 


p — p co = p co (Foo dep/dz — dep Idt) 


(9.6.18') 
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Let us introduce the pressure coefficient p, the difference of its 
values for the bottom and upper sides Ap, the dimensionless poten¬ 
tial cp, and also the relative coordinates and time: 


p = (p — p°o)lq 00 , Ap — p b — p u 
l = xlx h , 1 ] = y/x k , £, = z/x k , x = V x tlx h 

<P (x, y, z, t) = VoaX k cp(£, r|, £, t) 


(9.6.19) 


When these dimensionless quantities are taken into account, 
the Cauchy-Lagrange integral becomes 

p = -2 (fcpldl + d~<p/d t) (9.6.20) 

Having in view that from considerations of symmetry, the veloc¬ 
ity potentials on the upper and bottom sides are identical in magni¬ 
tude, but opposite in sign, i.e. cp (x, y, z , t) = —cp (x, — y, z, t), 
we obtain the following formula for Ap: 

Ap--=p 6 — p u = — 4 (dcp/d|-j- dcp/dr) (9.6.21) 


Let us represent the expressions for cp and Ap in the form of linear 
dependences on q t and q t : 

q>= 2 (cp g, 'g , /+9 9, 'S r /); Ap = 2 (p‘‘gt + p qi qt) (9.6.22) 

i— 1 i=l 

We shall insert these relations into (9.6.21) with a view to the 
aerodynamic coefficients not depending on the time: 

2 (f.N,+P J 4>--4[2 ( a -f j.+^i.) 


i=l 


i— 1 


2 


(9.6.23) 


For harmonic time dependences of the kinematic variables (q ; = 
= qf cos pit), the derivative 


dq t ! dx — qi— — (p*) 2 g; 

where p* = piX k /V » is the Strouhal number (i = 1, 2, 3). 

With a view to the obtained value for q t , we find the following 
expressions for the derivatives of the difference of the pressure 
coefficients from (9.6.23): 

/i = _-4[V'7^ + (p!) 2 9 9 iJ; p«i= -4(dy q i/dt + y q i) (9.6.24) 
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In accordance with the above relations, the values of p cii and ph- 
are determined by the derivatives of the dimensionless potential 
function with respect to the relevant kinematic parameters. 


Wave Equation 


Let us obtain an equation which the velocity potential cp satisfies. 
For this purpose, we shall transform the continuity equation (2.4.2) 
with account taken of the expressions 


dp 1 dp dp _ 1 dp 

dx a 2 ox ’ dy a 2 dy ’ 

dp 1 dp 

dt a 2 Ot 


dp 1 dp 
dz a 2 dz 

(9.6.25) 


These expressions relate to a barotropic fluid for which the 
density is a function of the pressure [p = p (p)], and the square of 
the speed of sound a 2 = dp/dp. By (9.6.25), the continuity equation 
becomes 


1_ 

7 




dx 


dy ' dz I p dx 


4. i_L. JLl _l. li.. _££. = o 

p dy p dz 


(9.6.26) 


Let us exclude the dynamic variables from this equation, retain¬ 
ing only the kinematic ones. To do this, we shall use the Cauchy- 
Lagrange integral (9.6.18') from which we shall find expressions for 
the pressure derivatives with respect to the corresponding coor¬ 
dinates x , y, z, and also the time t related to the density: 

(1/p) dpldx, (1/p) dp/dy, (1/p) dpldz 


For this purpose, we shall differentiate (9.6.18) consecutively 
with respect to x, y, z, and t: 


1 

dp 

— p* r v 

d 2 (p 

d 2 q) \ 

V 

dx 

-pi/ 00 

dx 2 

dx dt ) 

1 

dj>_ 

— ( V 

d 2 cp 

d 2 <p \ 

p 

dy 

— 1 V oo 

P v 

dx dy 

dy dt j 

1 

<>P _ 

_ P°° ( v - 

dtp 

d 2 tp \ 


dz 

'71 ” 

dx dt 

dz dt ) 

1 


— Pjllv 

p V °° 

d 2 (p 

d 2 (p \ 

p 

at 

dx dt 

dt 2 j 


(9.6.27) 


We shall write the relation for the square of the speed of sound a 2 
in a linearized flow on the basis of the Cauchy-Lagrange integral. 
Since 


P-Po o 


ft / _p_ __ p°° \ 

ft — 1 Ip P=o / 


1 


ft —1 


{a^-alo) 
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then with a view to (9.6.17) and (9.6.18'), we have 

a 2 — at, + (k — 1) (Foo dcp Idx — dcp Idt) (9.6.28) 

We can represent the velocity components in (9.6.26) in the form 


V x = V x + d(p/dx,\ V y = dcp Idy, V z = dcp/dz (9.6.29) 


Let us introduce (9.6.27)-(9.6.29) into continuity equation (9.6.26). 
Disregarding second-order infinitesimals and assuming that the 
density ratio p<x>/p « 1, we obtain 


M M 2 \ , f* 2( P , f' 2< P i 2Afoo <9 2 cp 1 d 2 cp __ n 

1 °°> dx2 '■ dy2 -r dz 2 ' floe ’ oxen 2 ’ dt 2 


(9.6.30) 


where Moo = VoJaoc is the Mach number for an undisturbed flow. 
The obtained equation is called the wave one. It satisfies the veloc¬ 
ity potential cp of an unsteady linearized flow. If in a body-axis 
system of coordinates, the longitudinal axis Ox is directed from the 
nose to the tail, the sign of the term {2M x la x ) d 2 (p/dx dt in (9.6.30) 
must be reversed. 

With a view to the notation (9.6.19), the wave equation in the 
dimensionless form can be written as follows: 


(1 -M») 


3 2 <p 

w 


3 2 cp d 2 cp 
5p 2 ' +_ a£ 2 ' 


+ 2 ML 


d 2 cp 

Wd 7 


ML 



(9.6.31) 


To determine the aerodynamic characteristics of a craft, it is 
sufficient to solve wave equation (9.6.31), finding the potential of 
the disturbed velocities cp. The solution for the function cp must 
satisfy the boundary conditions on the surface in the flow, the 
conditions on the vortex sheet, and also at infinity. 

The boundary condition on the surface of a craft reflects the require¬ 
ment of a flow without separation (a smooth flow), in accordance 
with which the normal component of the velocity on the wall is 
zero. This signifies that the velocity of the disturbed flow dcp Idy + 
+ Q x z -j- Q, z x must cancel the corresponding component aVoo of the 
velocity vector Fcx, on the surface in the flow. Consequently, 

dcp Idy + Q x ( t) z + Q z (if) x + a (t) V x = 0 (9.6.32) 

or in the dimensionless form 

dcp/di] + (d* (t) £ + to* (t) l + a (t) = 0 (9.6.32') 

The condition on the vortex sheet formed behind a craft is stated 
as the requirement that there be no difference of disturbed pressures 
on its upper and bottom sides. According to this requirement, we 
obtain the following expression on the basis of the Cauchy-Lagrange 
equation: 


dcp b /d£ — F<x> dcp b /dx = depjdt — V x dqjdx (9.6.33) 
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or in the dimensionless form 

dcp b /dr — dcp b /dg = dcp u /dT — dcp u /d| (9.6.34) 

In accordance with the condition at infinity, we assume that the 
fluid is undisturbed, i.e. all the disturbances produced by the craft 
vanish. Accordingly, the potential of the disturbance and its de¬ 
rivatives equal zero, i.e. 

cp = dcp/dx = d(pldy — dtpldz — 0 (9.6.35)' 


9.7. Basic Methods of Solving 
Non-Stationary Problems 

Method of Sources 

This method is one of the most widespread ones in the theory of 
flow over craft or their isolated elements (wings, fin assembly, 
empennage, body). It establishes expressions relating in the general 
form the required potential function cp satisfying wave equation 
(9.6.31) to the geometric parameters of a lifting surface and to the- 
values of the derivatives dcp/dy at points on it. The physical meaning 
of the method of sources was considered in detail in Chap. 8. We 
shall give a general scheme of the derivation of a formula for the 
potential q> as applied to the conditions of supersonic unsteady 
flow over a preset lifting surface. 

The basic idea of the method of sources consists in replacing 
a flat surface with a system of continuously distributed sources of 
varying strength that induces the same field of velocities and pres¬ 
sures as in an unsteady flow over the given surface. This method 
is based on the expression for the retarded potential of a stationary 
fluctuating strength source at the instant t [see (2.9.14)]: 

cp* (x*, y*, z*, t)=q/r* 

r* -- y x* 2 -f- y* 2 + z* 2 

Here q ( t ) is the varying strength of the source determined at the- 
instant t' = t — r*/a <X) (where is the speed of sound). 

Hence, this strength q (t — r*/a x ) is taken for the instant when 
a sonic disturbance wave emerges from the source and reaches point P 
with the coordinates x*, y*, z* at the considered instant t 
(Fig. 9.7.1). 

When selecting any doubly differentiable function cp ( t '), expres¬ 
sion (9.7.1) satisfies wave equation (9.6.31). 

Let us assume that beginning from the instant t — 0, point source 
0 begins to move from point O* at the velocity F*. Hence, at 
any instant t, section 00* is filled with sources changing according: 


(9.7.1). 
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Fig. 9.7.1 

To the determination of the velocity potential of non-stationary sources 


to the law q (t — t*), where t* is the instant a source originates at 
a point N (Fig. 9.7.1). The retarded potential at point P ( x*, y*, z*) 
■due to these sources can be written in the form 


cp' ( x *, y*, z*, 



(9.7.2) 


where r' — YY* + V <*><*) 2 + y * 2 + z* 3 is the distance between 
points P and N, t[ and t\ are the integration limits taking into 
account the sources from which the disturbances arrive at point P 
at the instant t. 

Let us consider a moving coordinate system for which x = x* + 
+ V x t, y = y*, and z = z*. We shall assume below that r 2 = 
— oo it f"^) r , In this case for V oo & ooj we can find the 
following expression for the potential: 


■cp' (x, y, z. 



(9.7.3) 


where 

r l = Y(x — M x r 2 ) 2 — a' 2 (y 2 + z 2 ) 1 

-- > ( y -7-fi) 

Mc»= Vooldoo, a 1 J 

The upper limit of the integrals r' = a x (t — t*) — r' is deter¬ 
mined by the instant t\ at which point 0 moves to point E on nor¬ 
mal PE to the Mach line. The first term in (9.7.3) takes into account 
the influence on point P of the sources on section AE (the leading 
front of the sound wave), and the second, on section BE the 
trailing front of the wave). 

Let us consider the case when a source is located only at moving 
point 0, and at the instant t point P is influenced by the disturban- 
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ces from the spherical waves occurring at the instants t\ and t" v 
We shall find the potential at point P by formula (9.7.3) as a result 
of a limiting process, assuming r 2 0. We shall presume that 

r 2 r a 

= .( *'(lt) dr » = (9-7.5) 

0 u 

where t 1 — t — A^; t 2 — t — Af 2 ; At x , At 2 are intervals during 
which the signal is transmitted from the origin of coordinates to a 
point (a.-, y, z) with the wave front and its rear surface. 

With a view to (9.7.5), we have the following expression for the 
velocity potential: 

q(x, y, z, t) = q(t l )/r+q(t 2 )/r; r = Y x 2 — a' 2 (y 2 4- z 2 ) (9.7.6) 

Here q (t^/r determines the potential due to the source at point A 
and q ( t 2 )/r , at point B (Fig. 9.7.1). 

We consider that at the instant t — 0 sources with a strength of 
q (x, z, t) appear simultaneously on the entire area occupied by 
the lifting surface. The potential produced by such sources at a point 
with the coordinates x lt y ly z x can be written as 


<p(*i» v i. 



q (x, z, tj) dr dy 
r 


\\ 


q (. f , z . to) dx dz 
r 


where r — Y (xi — x) 2 — a' 2 [y'{ — (zj — z) 2 ] is a conditional dis¬ 
tance between the points (x t , y x , z x ) and (x, 0, z). 

The integration regions a x (x,, y x , z x ) and a 2 {x x , y x , z x ) are the 
parts of plane xOz confined within the branch of the Mach (character¬ 
istic) cone issuing from the point (x 1: y x , z x ). This branch is deter¬ 
mined by the equation 

a' 2 y\ = (x t — xf — a' 2 (z x — zf 


As a result of differentiating (9.7.7) with respect to the coordi¬ 
nate y x , we find an expression for the strength of a source: 


q(x, z, t) = 


l r oKf(*,.!/, . 2 ,. 1) 1 

2ji L dy 1 Jy=0 


(9.7.8) 


The instants t x = t — A^ and t 2 = t — Af 2 in (9.7.7) are deter¬ 
mined according to the following values: 


A t x - 


Mi 


I' ooCC 

M 2 


4 


Mo 


) 


4, 5 = T^A( X <- X +Trr) 


(9.7.9) 


r = Y(x l — xf — a' 2 [y\ -J- (z t - z) 2 ] 
Relations (9.7.8) and (9.7.9) are derived in [19]. 


I 
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When solving problems on the unsteady flow over flat lifting 
surfaces, we may assume that y 1 = 0 because to determine the aero¬ 
dynamic characteristics, we must find the values of the potential 
function on this surface. 

The velocity potential cp [see (9.7.7)], in addition to the conditions 
on the surface of bodies, must satisfy the conditions on the vortex 
sheet and at infinity, and also the Chaplygin-Zhukovsky condition 
in accordance with which a flow does not bend around a trailing sub¬ 
sonic edge, but is cast off it. In accordance with this condition, dis¬ 
turbed velocities near such edges change continuously, therefore the 
derivatives dcp/dz, d(p/dy, and dfp/dz are continuous. The Chaplygin- 
Zhukovsky condition for the supersonic flow over a lifting surface 
with subsonic trailing edges is used in the form 

i im 4^42. 

dy x=x* 

lim cp (x, 0, z, £) = (p(a:*, 0, z, t) 

X-*X* 

where x* (z) are the coordinates of points on the trailing edges, 
and cp ( x *, 0, z, t) is the value of the potential on these edges. 


(9.7.10) 


Vortex Theory 

When solving problems on the unsteady incompressible or subson¬ 
ic compressible flows over a body, it is good practice not to seek 
directly the velocity potential satisfying the wave equation (as in 
the method of sources for supersonic velocities), but to use what is 
known as the vortex theory, which does not require the finding of cp. 
According to this theory, the disturbed motion near a lifting surface 
can be studied with the aid of a vortex pattern including the bound 
and free vortices that produce the same distribution of the veloci¬ 
ties and pressures as the given surface in the flow. 

Let us consider a non-stationary vortex pattern using the example 
of a lifting surface with a rectangular planform (Fig. 9.7.2). The 
motion of such a surface is characterized by a constant velocity V <*, 
and small velocity increments due to additional translational or 
rotational modes of motion. These velocities cause a change in the 
local angles of attack, and also in the angle of attack as a whole, 
which results in corresponding changes in time of the lift force 
of the sections and, consequently, according to Zhukovsky’s formu¬ 
la, of the circulation T it) as well [see formula (6.4.6)]. This circula¬ 
tion is due to the rectilinear bound vortex core used to model the 
lifting surface with a rectangular planform. 

Assume that the circulation during the time A t changes by the 
value AT. In accordance with the Helmholtz theorem, in an ideal 
fluid the circulation of the velocity over closed contour C (Fig. 9.7.2) 
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Vortex system: 

2—lifting surface; 2—hound vortex 
with varying circulation; 3 —sheet 
of non-stationary vortices 



Fig. 9.7.3 

Vortex pattern of rectangular 
lifting surface 



passing through the same particles does not depend on the time. 
Consequently, when the circulation T (<) changes, a system of free 
vortices with the circulation —Ar appears behind the lifting surface 
that compensates the change in the circulation up to its initial 
value. Accordingly, a vortex sheet forms behind the lifting surface 
that consists both of longitudinal vortices parallel to the vector V «, 
and moving along with the flow, and of lateral (bound) vortices that 
are stationary relative to the lifting surface. 

The intensity of vortex filament distribution in the sheet along 
the longitudinal axis Ox is y = — dT/dx = — (l/Voo) dT/dt. It fol¬ 
lows from coupling equation (6.4.8) that the circulation is propor¬ 
tional to the lift force coefficient c y . With a linear dependence of c y 
on the angle of attack ( c y = c y a), the circulation is also a linear 
function of a, i.e. T = (where T a = dT/da = const). Therefore, 
the strength of the vortex sheet y = — (r a /Foo) daldt depends 
on the rate of change in the angle of attack. 

Figure 9.7.3 shows a vortex pattern modelling a rectangular 
lifting surface. It consists of straight bound vortices with a vortex 
sheet cast off them. 

For a lifting surface of an intricate planform, the vortex pattern 
consists of a number of bound vortex filaments each of which is 
replaced with several discrete bound vortices from which a pair 
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Fig. 9.7.4 

Vortex model of intricate lifting 
surface: 

1 —discrete ohlique horseshoe 'vor¬ 
tex; 2 —vortex filaments consisting 
of discrete ohlique vortices; 3 —vortex 
sheet 



of free vortex filaments is shed. Such vortex patterns are called ob¬ 
lique horseshoe vortices (Fig. 9.7.4) 

Let us consider the Kutta-Zhukovsky theorem allowing us to 
determine the aerodynamic loads acting on a surface element in 
unsteady flow. This theorem relates to circulation flow that is at¬ 
tended by the appearance of a trailing vortex and circulation over the 
contour enveloping the lifting surface. 

According to the Kutta-Zhukovsky theorem, the pressure differ¬ 
ence on the bottom and upper sides of a surface element in a linear¬ 
ized flow is 

Ap = p b — p u = pooyFoo (9.7.11) 

where y = (1/Foo) dV/dt is the linear strength of the bound vortices, 
and Too is the velocity of translational motion. 

Formula (9.7.11) is an application of the Kutta-Zhukovsky theo¬ 
rem to an arbitrary unsteady flow over a thin lifting surface and 
indicates the absence of the influence of free vortices on the aero¬ 
dynamic loads. From this theorem, particularly, there follows the 
absence of a pressure difference on a vortex sheet consisting of free 
vortices. 

Let us write the strength of a vortex layer in the form of a series: 

Y = V«S (Y ,, ?i + Y ;, ?i) (9-7.12) 

i=i 

Introducing this quantity into the formula for calculating the 
difference of the pressure coefficients 

Ap = 2 (p b - p„)/(p«Fi) = 2y/V „ (9.7.13) 

we obtain 

Ap=2 £ (y q i q . + y r 'i qi ) 
i=i 


(9.7.14) 
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Fig. 9.7.5 

Vortex model for non-circula- 
tory flow. 

1 —lifting surface; 2 —discrete closed 
attached vortices 



Comparing this expression with the second formula (9.6.22), 
we find expressions for the derivatives of the pressure coefficient 
difference in terms of the corresponding derivatives of the linear 
strength of the bound vortex layer: 

p q i=2y q i, p q i= 2y q i(i= 1, 2, 3) (9.7.15) 

The above relations are exact if the kinematic variables change 
harmonically. 

For circulation problems, the Chaplygin-Zhukovsky condition on 
the passing off of the flow from the trailing edge of a surface and 
on the finiteness of the velocity at this edge is satisfied. According 
to this condition, the strength of the bound vortices on the trailing 
edges is zero, i.e. 

y ( x , z, t) — 0 (9.7.16) 

When bodies move at very low speeds, or when oscillations occur in 
the absence of translational motion, a scheme of 11011 -circulatory flow 
is realized. Here no wake forms behind a body, and the circulation 
over an arbitrary contour enveloping the lifting surface is zero. 

Accordingly, a vortex layer equivalent to the lifting surface is 
represented as a system of closed vortex filaments of const ant strength 
(Fig. 9.7.5). Some results of studying non-circulatory flow, in partic¬ 
ular the derivation of Zhukovsky’s theorem for such flow, are 
given in [4, 19]. 


9.8. Numerical Method of Calculating 
the Stability Derivatives for 
a Wing in an Incompressible Flow 

Velocity Fieid of an Obiique 
Horseshoe Vortex 

The numerical method of calculating the stability derivatives 
for a wing in an unsteady flow is based on its replacement by a vor¬ 
tex lifting surface which, in turn, is represented by a system of 
oblique horsheshoe discrete transient vortices. 
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fig. 9.8.1 

Oblique horseshoe vortex in an unsteady flow: 
l, 2 —free vortices 


Let us consider the velocities induced by such vortices. With 
non-stationary motion of a wing, the circulat ion (strength) of a bound 
vortex varies with time, i.e. T = T (* 0 ). In accordance with the 
condition of constancy of the circulation over a closed contour, 
this change in the strength is attended by the casting off of free 
vortices carried away behind the wing together with the flow. The 
velocity of casting off the free vortices equals the free-stream veloc¬ 
ity Voc, while all the vortices are in the wing plane xOz. The axes 
of the bound vortices and of the free ones cast off the wing are paral¬ 
lel, while the strength of each of these vortices 1 and 2 (Fig. 9.8.1) 
at the instant of shedding equals the strength of the bound vortex 
at this instant. 

Let us determine the velocity induced by a bound vortex of 
strength T ( t 0 ) = (where T is the dimensionless magnitude 

of the circulation, and 6 is a characteristic linear dimension) at 
point M (;r 0 , 0, z 0 ). According to the Biot-Savart relation, the 
magnitude of this velocity is 


W ' = (cos Kl + cos = 


TooT COSG^+COSCCj 
4ji !j 0 cos x — S 0 sin x 


(9.8.1) 


where £ 0 = x 0 /b, ? 0 = z 0 /b. 

The relevant value of the velocity produced by the free vortices 
is determined by the formula 


/ 1 + cos Pi 
'o.5f„— 


Pi , 1 + cos M 

So +f b5r„+s 0 J 


(9.8.2) 


where Z 0 = IJb. 

The total velocity induced by the bound and free vortices is 
W = W' + W". It will be more convenient in the following to 
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Fig. 9.8.2 

To the determination of the 
velocities induced by a vortex 
sheet and free vortex filaments 
of varying strength: 
l, 2 —free vortices 



use the dimensionless value of the velocity: 

w' (£ 0 , t 0 , x) = W (dit/F^D - cos v.! -l-cos c t g — (9.8.3) 

VSOI boi / v ' g 0 cos y . — to sin x 


w" (?o, to, y) = W" (4-t/Focr) = - ( 


1+cos fh , 1 — cos jig 


) (9.8.4) 


The corresponding value of the total dimensionless velocity is 
w(g„. So. x) = W (-WFooT) = w' do. So* *0 + w " (So, So. «) (9.8.5) 


The values of the geometric parameters determining the induced 
velocities (the cosines of the angles a lt a 2 , (3 l5 (1 2 ) depend on the 
coordinates of point M Ixn (£ 0 ), z o (So) 1 and the angle of inclina¬ 
tion x of an oblique vortex (Fig. 9.8.1). These values are given in [4]. 

Let us consider an elementary vortex layer of width dx at a distance 
of x from the bound vortex (Fig. 9.8.2). The linear strength of 
this layer at the instant t 0 is determined by the magnitude of the 
derivative 

< 9 - 8 '6> 

We shall write the strengths of the free vortex filaments r x {x, t 0 ) 
and r 2 (x, t 0 ) in the section x — const as functions: 


r,(j, i,) =r, (t,—■ | 

r s (*. j 


The elementary velocity dV' induced at point M (a: 0 , £ 0 ) by 
a vortex layer with a strength of dr o = y ( x , t 0 ) dx is determined 


28-01715 
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with the aid of the Biot-Savart formula (9.8.1): 

y(z, t 0 ) dx (cos Oi' + cns a") 
4 ji [(z 0 — x) cos x— z 0 sin x] 


dV'-- 


<zr 0 (x,t B ) 
4n h‘ 


(cos a’ -f- cos a") 


By integrating with respect to | from 0 to infinity and going over 
to dimensionless coordinates, we obtain 



oo 

1 P y (at, 4) (cos tt' + cos a") 

4it J (£ 0 — §) cos x —sin x 5 
o 


(9.8.8) 


Here the cosines of the angles a’ and a“ are determined from 
Fig. 9.8.1 as a function of the dimensionless coordinates £ 0 , 
the angle x, and the relative span of a vortex l 0 = IJb. 

The velocities dV '' and dV" 2 induced by elements of the free vortex 
filaments 1 and 2 are determined by the Biot-Savart formulas (see 
Fig. 9.8.1) as follows: 


dV\ 


I\ sin 3'dr JT7 „ f 2 sin $"dx 

* aV» — 2jrrf 


The geometric variables in these expressions are determined with 
the aid of Fig. 9.8.2. For example, 

sin fT = (0.5Z 0 — z 0 )/r lt r 1 =Y ( x 0 — x) 2 + (0.5Z„ — z 0 ) 2 


We find the values of sin (3" and r 2 in a similar way. Integrating 
with respect to x from —0.5Z 0 tan x and 0.5Z 0 tan x to oo and passing 
over to dimensionless geometric variables, we obtain 


V"i =- 


1 

4it b 


j 

0.5Z o tan x 


£i (£, £p) ( t >.5l 0 t 0 ) d % 

[(?o-S) 2 +(0.5l„-£o) 2 ] 3 / 2 


V 2 


1 

inb 


J 

- 0.57 o tan x 


r. 2 (z, t 0 ) ('I.5) 0 + Lo) dl 
i (? o -?) 2 + (0.5Z„ + S„) 2 ] 3 / 2 


(9.8.9) 


The total velocity induced by the bound vortex, the vortex sheet, 
and the free vortices is 

v = w + v' + v; + v; (9.8. io> 

Let us consider a harmonic change in the circulation 

r 0 (t) = V*,bT sin pt (9.8.11) 

where p is the angular frequency and T is a dimensionless constant. 

In accordance with this law, we shall write the circulation (9.8.f>) 
in the form 

V ( x, f 0 ) — —bTp cos pt x = — V^p*T cos ( pt 0 — p*%) (9.8.12) 
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We shall represent formulas (9.8.7) for the circulations as follows: 

r t (*, g = v.,bv sin [ P (< 0 - ■ J -- * )] 

r 2 g, t 0 ) = r»6rsin [ P (t 0 - )] 

Introducing the Stronhal number p* — bp/V 0a and the dimension¬ 
less quantities | = x;b and l 0 = l 0 !b, we obtain the generalized 
expression 

Fi (2) (x, t n ) — Fco bT sin [pt 0 — p* (l =f 0.5Z~ 0 tan x)] (9.8.13) 

where the minus sign corresponds to the quantity I\, and the plus 
sign to r,. 

After inserting the obtained values of the strength y (x , t u ) and 
of the circulations r i(2) (x , f 0 ) into (9.8.8) and (9.8.9), respectively, 
we find expressions for the induced velocities W' . V', V", and F" 
iu the integral form for a harmonic (sinusoidal) change in the circu¬ 
lation. It is not difficult to see that the total induced velocity 
V — II' — V + F" + V.l can be represented in a general form 
in terms of the dimensionless velocity function v (| 0 , C 0 , x, p*, t 0 ): 

V ' =1 zr v &' &>• *« P*’ to) ( 9 . 8 . 14 ) 

where, in turn, 

n=-u (1) (£ 0 , to, p*)sin pt 0 + v<-m 0 , £ 0 , x, p*) cos pt Q \ 

V (D = w ’ (S 0 , £ 0 , x) + p*v'i (£ 0 , l 0 , x, p*) + v'i (t 0l £ 0 , x, p*) i (9,8.15) 
vM^p*v' 2 (l 0 , t 0 , X, p*) + v 2 (g 0 , £ 0 , X, P*) J 

We determine the dimensionless velocity w' from (9.8.3), and 
we find the functions v[, v'(, u', and u" from an analysis of integrals 
(9.8.8) and (9.8.9) after introducing into them, respectively, the 
harmonically changing quantities y hr, t 0 ) and r ](2) (x, t 0 ). 

The above relations describe a sinusoidal change in the strength 
of a bound vortex. If this change is cosinusoidal, i.e. 

To ( t ) = F^r cos pt (9.8.16) 

then we have 


y (x, t 0 ) = bVpsin pt = V x p* sin (pt — p*l) 1 
(2 ) (ah g==Fochrcos[pf u -p*(^0.5Z 0 tanx)l ) (9-8-17) 

With a view to the above, instead of the first of expressions (9.8.15) 
we have the general relation 

v = id 1 ) (£ 0 , £ 0 , x, p*) cos pt 0 — u <2 > (£ n , £ 0 , x, p*) sin pt c (9.8.18) 


28 
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One of the important problems in unsteady aerodynamics is the 
one on the harmonic oscillations of craft with small Strouhal num¬ 
bers (p* -> 0). For such numbers 


(^oi So' 0) — ^ ~\~vi 


dv( 2 ) 

dp* o 


^2 (U 


*•’ *> °) +$ 


(9.8.19) 

(9.8.20) 


The last derivative is used directly for calculation of unsteady 
flow parameters. The finding of this derivative, and also of other 
functions determining the dimensionless induced velocities is 
described in [4]. 


Vortex Mode! of a Wing 

A vortex model of a wing in the form of a flat lifting surface 
in an unsteady circulatory flow is shown in Fig. 9.8.3. If a wing 
has curved edges, they are replaced approximately with a contour 
formed of segments of straight lines. Hence, in a most general case, 
a lifting surface has breaks. 

Let us divide the entire area of a wing into zones by drawing 
sections parallel to the axis Ox through the breaks in the contour. 
Let us further divide each segment 4 between the breaks into N& 
strips and number their boundaries from right to left (the boundary 
having the number p — 0 coincides with the tip of the wing, and 
having p = N with the longitudinal axis). Usually the values 
of the width of a strip l p , p . x differ only slightly from one another. 

Let us consider the strip between the sections p and p — 1 in 
any of the zones 8. We shall denote the dimensionless coordinate 
of the leading edge in the section p by £ 0 . p> and of the trailing one 
by Up. 

The relative chord of the section is 

bp — b p /b 0 = g * p 5o p 

Let us assume that a strip consists of n cells. For this purpose, 
we shall divide each chord in the relevant section into n parts by 
means of points with the coordinates 

U.p = £o,j>+0.5l>p (1 — cos-^-) 

iv.p-i = Up- i + 0.56p_! (1 — cos 
v = 0, 1 , 2, ... , n 

The cells arranged along the line v separating them along the span 
of the wing form panels whose number is the same as that of the 
cells in a strip ( n), We shall designate the boundaries of the panels 


(9.8.21) 
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Fig. 9.8.3 

Vortex model of a wing in an unsteady circulatory flow: 

1 —wing; 2 —oblique horseshoe vortex; 3 —cells; 4 —strip’, o —panels; S—vortex wake 


by v (for the leading edge v = 0, for the trailing one v = V.J. We 
shall designate the coordinates of points at the intersections of 
the lines v and p by the subscripts v and p. 

Hydrodynamically, the plane of the wing is equivalent to a vortex 
surface that is approximately depicted by a system of bound discrete 
vortices. Each of such vortices evidently consists of oblique horseshoe 
vortices adjoining one another, while the total number of these 
vortices coincides with the number of cells in which they are accom¬ 
modated. 

We shall characterize the bound vortex filaments by a serial 
number p counted from the nose. Let us introduce for the sections 
dividing the plane of the wing along its span, in addition to the 
numbers p, the serial number k counted from a tip where we assume 
that k = 0. Accordingly, O^A: ^ N. 

We shall denote the points of intersection of the lines u and k 
by the same subscripts. We consider here that the coordinates of 
points on the leading edge in section k and the magnitude of the 
chord in this section of each zone 5 are known. 

We shall determine the position of discrete vortices as follows. 
We separate the chords in the sections t, h and £ ft -i with points 
having the coordinates 

In.ft =" lo .ft + 0.5 b h ( 1 — cos — ’ n) 

lu,ft-i = lo. ft -i -0 0.5 b k _ t (1 -cos ■ 2 ^~ * jt ) 

p = 1, 2, . .. , n 


(9.8.22) 
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Points with identical u’s coincide with the ends of discrete vor¬ 
tices. We have the following relations for the dimensionless coordi¬ 
nates of the middles of the oblique bound vortices, their span l h , h -u 
and sweep angles tan x£- ^ 


ft 

5n, h-i 


0.5 (i 


in. it-i) — 0.5 (|o, h + £ 0 , h _i) 


+ 0-25 (b h -t b h -i) (1 — cos 

feu’, ft- 1 = 0.5 (£ u , ft_i), Zft, ft_i — ■ /i -v / ' — = £ 4 , ;,-i ?u, ft 

tan y.] x \ 1 ~ (£4, ;,_i — £ w , ft)/(£4, ft-i £4, ft) 

p= 1, 2, .. . , n\ k = 1, 2, . . . , N 


(9.8.23) 


The coordinates of the centre of another vortex symmetric about 
plane xOy on the port half of the craft and also the sweep angle are 
as follows: 


CT Su, ft-1 — fen, ft- 1 ’ a fen, ft-1 — 

ai 


4, ft 


h-i 


l h, ft- 


1 _ 4 , /z 

1 — ‘ft, ft-i' °*4, ft - 1 — 


— 

bn, 


4 , ft 

— *- 


(9.8.24) 


where the variables for the port side of the wing are designated by 
the factor a. 

For a wing with rectangular edges, the sweep angles of the bound 
vortices are constant (x u = const), and each of them transforms 
into an ordinary straight horseshoe vortex. If a wing plane has 
breaks in its contour, then the corresponding breaks are present in 
the vortex filaments too. 

The circulation of oblique and conventional (straight) horseshoe 
vortices along the span is constant, while free filaments parallel 
to the axis Ox are shed off the ends of the bound vortices. The free 
filaments propagate downstream, and when the flow is circulatory 
they pass away to infinity. In addition, when the circulation of 
the bound vortices changes with time, free vortices of the relevant 
strength are shed off them. 

The vortex model being considered is very convenient for comput¬ 
erized calculations of a flow. This is due, first, to the sufficiently 
simple relations describing the disturbed flow near a wing, and, 
second, to a number of important properties of the system of alge¬ 
braic equations which the solution of the problem is reduced to. 
One of these properties is that the diagonal terms in the matrix of 
the equation coefficients play a dominating role; the solutions 
themselves have a great stability relative to the initial conditions. 

A significant feature of computerized calculations is also the fact 
that the use of oblique horseshoe vort ices instead of the convention¬ 
al ones leads to substantial simplification of the calculations and 
to more accurate results. 
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Calculation of Circulatory Flow 

System of Equations. Let us represent the dimensionless circu¬ 
lation of the oblique horseshoe vortex IV fi , ft _, = r|,, ,,, h _J (V^b 0 ) 
in the following form: 


r n. k> *-i ( T )= S \-K\ ft, *-i 9i (T)-fr^, h} q t (t)] 

2—1 

9i == cc, r — L, v 1 , 

or in the expanded form 

IV h. u-\ ( T ) ~ T[i, h, ft -i a+r“ t ?£t A_i a-f-1',, ' fc _ ( co x 


(9.8.25) 


(9.8.26) 


+ Tufft, 1 ® K -)- , ft_i oj z 4- r u ( ft , ft_j co z ' 

where h. h-i are dimensionless functions not depending on the 

time; the only time-dependent variables are q t and q- t . 

We shall assume that the kinematic variables change according 
to harmonic relations (9.1.5) and (9.1.6) which can be represented 
in terms of the dimensionless time t as follows: 

qi = q* cos p* x, q t = — q*pt sin pfx (9.8.27) 

where q* are the amplitude values of the variables not depending 
on the time, pf = PtbjV x is the Strouhal number ( p { is the angular 
frequency), and t = tVcJb 0 . 

With a view to (9.8.27). the circulation (9.8.25) is expressed as 
follows: 

IV ft, (t) = £ q* [r^ ft, ft_i cos pfr —rji( ft , ft_i pf sin p*x\ (9.8.28) 


By (9.8.6) 


YdU; ft-i.T) = F<x> J qfp* {IV, ft , ft _i sin [pf (t— |{i; ft _i)] 

i=i 


-PiK\ ft, ft -1 cos [p* (t — ft_i)]} 


(9.8.29) 


where is the longitudinal coordinate of the middle of an 

oblique bound vortex. 

The expressions for the circulation of the free vortices (9.8.7) 
have the form 

r t (2) (6£; ft - 1 J) = V qt [T^ t ft, ft-! cos {pf [T - att; it -1 

i= 1 

=F0.5Zft,tanxll; f,-,)]} — ft , ft _i pf sin {p* [r — (gff; £_i 

-+-0.5Z,,, ft_, tan x[, ’, * — i)]}] (9.8.30) 
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Introducing (9.8.28), (9.8.29), and (9.8.30) into (9.8.1), (9.8.8), 
and (9.8.9), respectively, we obtain for a certain control point 
of the wing the induced velocities W ', V, V", and V " 
expressed in terms of derivatives of the circulation. We shall assume 
that the control points are at the centre of the lines drawn through 
points with identical values of v (except for the forward and the rear 
points), i.e. at an identical distance between the free vortices. Hence 
the coordinates of the control points (indicated by crosses in 
Fig. 9.8.3) are determined by the relations 

Sv! I -1 = 0.5 (? v , p + „_,) = 0.5 (| 0 , P + go, P -i) I 

+ 0.25 (b p + 6 p _,)(l -cos 

gv) p -1 = 0.5 (£ p ^ p _i) 

v — 0, 1, 2, , n— 1; p = 0, 1, 2, . .. , N ) 

The relative value of the total induced velocity at this point 
v = ( W' -f V' + V\ + F")/Foo is determined by the dimension¬ 
less velocities u (1 ) and u' 2 ) that are evaluated in accordance with 
general relations similar to (9.8.14) and (9.8.15). 

Let us designate by an (1 > and on' 2 ) the additional velocities at 
the control point being considered produced by an oblique vortex 
located on the port half of the wing symmetrically about the plane 
xOy. The coordinates of the middle of such a vortex are and 

— gtcfe-i-' The values of on' 1 ) and on' 2 ) are determined with the aid 
of (9.8.1), (9.8.8) and (9.8.9), account being taken of the change in 
the direction of the coordinate axes and the transfer of their origin. 
We shall add these values of the corresponding dimensionless 

velocities n' 1 ) and n' 2) for symmetric motion (for q t = a, a> z , and 

• 

even functions T^ ftih - lt T^,*^) and subtract them for asymmetric 
motion (for q t — m x and odd derivatives of the dimensionless circu¬ 
lation). We shall determine the total velocity at a control point with 
account taken of the influence of all the other vortices, i.e. calculate 
it by double summation of the induced velocities over the number 
of strips N and panels n. This velocity is determined by the values 

of the derivatives of the dimensionless circulation and 


(9.8.31) 


r 


a.ft.ft-i- 

To find them, we must use the condition of flow without separa¬ 


tion in accordance with which the total dimensionless velocity at 


a control point induced by the entire vortex pattern of the wing 
equals the undisturbed component determined by Eq. (9.6.32'): 


_ Ty, P , P - t 
^V, p, p-l y 

r cx> 


(W' + V' + V1+Vl) v, p, p- t 
Voo 
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The kinematic variables in this equation can be represented in 
the form of a harmonic relation: 


q*i cos p*Xq (q t = a, <o x , <o 2 


(9.8.33> 


By satisfying Eq. (9.8.32) with a view to (9.8.33), we obtain the 
following three systems of linear algebraic equations for the required 

derivatives of the dimensionless circulation and _ x : 

,v n 

_L V V h, ft-1 (1)M, A, ft-u pT 

4jt Z Z t^v.p.p-i ±o*\, p, p-i ft-i 

= 1 4=1 

* N -a 

j_ 22_ V V (2) 4, ft, ft-1 , (2) 4, ft, ft-1 \ 

■ ZJ \, p, p~i ±ai? Vf p,p-i ) 


ft=l 4=1 


Y r 9i , — n 1 

H, ft, ft-1 — u v, p, p— 1 


!> (9.8.34). 


V V /„<2) 4, ft, ft-1 , (2)4, ft. ft-l\ r’'* 

Zj zj wv, p, p-i ± a Vv,p,p -i 11-4, *. ft-1 

ft=l 4=1 
iV n 

4-n’t V V /„<!)»*, ft, ft-l ,-.,,(1) 4, ft, ft-K r 9j n 

r P i Z Z rv, p, p-1 ± O^v, p, p - 1 ) f 4 , ft, ft - 1 — 0 

A=1 4=1 

p=0, 1, 2, . . . , iV; v — 0, 1, 2.n— 1; 

*= 1, 2, 3, . . . , .V 


The quantity n’lp.p-i is determined in accordance with Eq. (9.8.32) 
as follows: 


' Jv ', p, p~i— i! y v, p, p-1 — —£v|p-i; h’p, p -1 —■—1\-, p-i (9.8.35) 


We find the dimensionless variables in (9.8.34) with a view to the 
relations 


'V, p, p- 


_ ,,(1) Jtl*. *, ft-l f-4, ft, ft-1 1 -.4, ft n *\ 

• 1 u Vfcv, p, p - 1 I fcv , p, p - 1 , ft ft, ft- 1 , r<4, ft -1 ,r 1 1 


„„(!) 4, ft. ft-1 

u , p, p - 1 


(z)4, ft, ft-1 /n> /*4, ft, ft—I 9-4, ft, ft-1 7 . 4 , ft *\ 

P, p-l ~ vK } (€v, p, p-l* Cv, p, p-l» ift, fc-i* ft- 1 * Pi) 

,(i) /tu, ft, ft-i —5-1-1, ft, ft-i 7 

^ \9v , p . p - 1» u , p , p ~ 1» ift, k - i» 

- *4: ft-1, p*) 

£4, ft , ft - 1 


ov '\ P,'p- 1 1 = ^ (2) (£v) . *. ft-1 


p, p-l 


, o£S; 


p, p -1 > 


/„ 


,,4 > ft 
^4, ft-1* Pi ) 


(9.8.36) 


/ 
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The dimensionless geometric parameters in these relations are 
determined in the form 


■ 5 . 4 , ft, ft-1_£V, p s n, ft *4i, A, ft-1 _ f-v.P *-u, 

bv , )), p - 1 — bv , p - 1 bn , ft - 1 1 t,V, p, p - 1 — bv , p - 1 bn , 


ft, ft-i = ^ft. ft-1^0 = bn, ft-i ?n> ft 

In * ft-i —l;n» ft . 

Sn* ft-i ?>4» ft 
s-v, p , *-n, ft 
bv, p -1 i bn, ft — 


i n, ft 
tan ft_i 


n f-n, ft, 

u bv, p. 


£ 

ft- 1 


(9.8.37) 


Each of the three systems of equations obtained includes (n — 1) TV 
linear algebraic equations, whereas the number of unknown deriv¬ 
atives and is nN. To close the system and obtain 

as many equations as there are unknowns, we must satisfy the 
Chaplygin-Zhukovsky condition by which the strength of the nearest 
bound vortex to the trailing edge in each section k, k — 1 must be 
zero. Hence, according to this condition, the derivatives can be 
taken equal to 


r ,f 


4 , ft , ft - 1 |4~ 4* 


:0, r 


4 , ft , ft-i 


4 = 4 * = °- ?;=•(*, co v , CO, (9.8.38) 


Proceeding from (9.8.34) and (9.8.38), we shall compile three 
systems of equations for determining the derivatives of dimension¬ 
less circulation, taking into account the specific values of q t and g*. 
The first system is used for calculating the derivatives 


pa pa 

1 H, ft, ft - 1 » 1 n , ft , ft -1 • 


N n 

1 V V / (i) 4 , ft, ft—i , ci) 4, ft, a-k r a 

2j 2j ( Vv f P..P-l ~ ai v,p,p-1 ) i 4, ft,ft-l 

h— 1 4=1 

N n ^ 

P* V V / (2) 4, A, ft — 1 . _ (2) 4 , ft, ft - 1\ p® A _t 

-— -j— 2j wV, P. P — 1 ! p, P— 1 ) L 4 , ft , ft—1 

h—1 4=1 
AT n 

S V /. (2) 4 , ft , ft —1 : „„(2) 4, ft, ft-1 \ r a 

2 ' , p, p -1 ~h fTn v> p,p-i ) f 4 , ft, ft -1 J 

ft=l 4=1 

N n — 

. + vi v> / (i) 4, ft, ft — i i „.,(!) 4, ft, ft -1\ r a _n 

-i p* 2 2 ( V v,p,p -i ~r av v,p,p-i ) i 4, ft, ft-i P 

ft = l 4=1 

P4, ft , ft-1 {4=4* — 0’ ^ 4 , ft , ft-1 14=4* = ^ 
p == 0, 1, 2, ...,7V; v — 0, 1, 2, ..., n — 1; 
fc = 1, 2, 3, ... , TV 


(9,8.39) 
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We find the derivatives and _ x as a result of solving 

the second system: 

$ a \ 

1 v v /„<i) a, ft, ft — i „„(D a, ft, ft-iv r l0: 

2j 2j ( y v, p, ii-i r ol v, p, v- 1 ) 1 n, /,, k-i 

ft 1 M = i 

-~ g -2 2 w h ’- k - 1 

h =---1 a- i 


j>, p— l 


-<TU 


p ( 2) a > ft, & - 1 ^ p ; 

v, p, p 


, K-l, nM; 

- 1 ) 1 a, * , A -1 


-IV 11 


. i’-l 


v V r„(2) a, ft, ft -1 I ( 2 ) a. ft, ft-1 , poi: 

\V\', p, p -1 or v, p , a -1 } t a, ft, ft — l 

ft=ia^i 


A' n 

V /„<!> 4, ft, ft-1 

2>, P- 

a— i ja— a 


v V /„(*) 4, n, n-i . -..(UH, ft, ft -1\ p(i>: _ A 

P Y 2~. ( y V, p , p - 1 “T OUy , P , ]>- 1 ) J- M 5 /. 5 _ 1 — U 


(9.8.40) 


I 


r£:».*_ila=u* = 0, rii*(/ ( , *—i a-ii*"0 


a, ft, ft -1 la=a* — 1 a , i<, h- 

p — 0, 1, 2. ... , A r ; v — 0, 1,2, . . . , n-1; 

A = l, 2, 3, . . . . A r 

In Eqs, (9.8.39) and (9.8.40), we have chosen the plus sign in the 
parentheses because we are considering symmetric motions in which 
the distribution of the circulation over the span is also symmetric. 

The third system of equations allows us to determine the deriva¬ 
tives A _j and r'}’,'. /!, A - i characterizing the asymmetric nature 

of motion of a craft. Choosing the minus sign in (9.8.34), we can 
write this system as 


1 

4.1 


ft = 1 n—i 

N n 


- & 2 2 a# 

ft=i a-i 


V ,„<i) a, ft, ft-i _ m ,(i) a. ft, ft-i, r (.i.. 

/ i (Tv, j), a -1 ot v> i ) i a, ft, ft -1 

,(2) a, ft, ft-i 


, «-r „„(2) a, ft , ft - 1 \ r»( 

-1 oftv, a, /i- i 1 J- a, ft 
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1 ut v 

:) 4, 
, p. 
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,-l) p 
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iV h 
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| (9.8.41) 
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We find the dimensionless geometric variables in Eqs. (9.8.39)- 
(9.8.41) from (9.8.37). The solution of these equations allows us to 
determine the derivatives of dimensionless circulation for an un¬ 
steady flow over a wing at arbitrary Strouhal numbers. 

Let us consider the problem of motion at low Strouhal numbers 
(p* -> 0), which is of major theoretical and practical significance. 
In accordance with (9.8.19) and (9.8.20), we have 


.,(1) n, 

' V, p, 


ft, ft¬ 
p-1 


u, ft, ft-1. 

: , p, p-l, 


,,( 2 ) ft , ft -1 

y v, p, p-l 


^-ptdv' 


(2) H. 
P, 


/!, ft-1 
P-l 


I dpt 


(9.8.42) 


Introducing these expressions into (9.8.34), we obtain 
lowing systems of equations: 

N n | 


1 V V ( n, ft, ft-1 , „ |i, ft, A-lv ri9i 

2j 2j ( Vv • p. p-ii fft, v, p, p-i) iy k, ft-i 


: , p, p-l 


ft=l 


H=1 


r 9 

, ft, 

ft- 

1 lu= 

S M-* : 

= 0, p= 1, 2, ... 


V — 

l, 

2, 

... 

, n 

i-l *=1, 2, .. 

■ , N 

N 

n 
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V 

(» 
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± ay w p! p-i) I'/, ft. 

ft-1 
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i 








JV 

n 




= 

= — 
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(dv^D’Jif-'/dp* 
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H=*l 




dzodvlp? p 
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. P- 

f-'idpt) T^a.a.! 
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-1 
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* 

0; p — 1, 2, ... , 

iV; 

V = 

1, 

2, 

, , 

, n 

-1 A- = 1, 2, ... 

, N 


\ 


I 

\ 


) 


the fol- 


(9.8.43) 


(9.8.44) 


Consequently, the problem on the oscillations of a wing with 
low Strouhal numbers reduces to solving six (instead of three) 
systems of equations but simpler ones than for arbitrary values 
of p\. The first system of equations (9.8.43) contains no derivatives 


and is solved independently of system (9.8.44) for the 
derivative Its value is used to calculate the right-hand 

side of the equations of the second system (9.8.44), the solution 


yielding the derivative T^ft.ft-i- 

The dimensionless coefficients of equation (9.8.43) and (9.8.44) 
are determined from the relations 


v, 


V, P, P-l : 


v (?v; 


_ H, k , ft - l , 

OVv, P, p-l —^ (bv, 


P, P-U 
M-, ft, ft-1 
P, P- if 


vjj,, ft, ft - l A ft \ 

bV, p, p - 1 , frft, ft - 1 • , ft - 1 ) 


oH,ft,ft-1 ; 

CJ r> V , P, P~ 1» *ft, ft - 1» 


M-, ft 
‘Xp,, ft- 


) 


7 (2)n, ft, ft-1 
m v, » , p-l 

dp| 


^■<2) 

<?pt 


(9.8.45) 
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/y4, h , ft - 1 fH , ft , ft- 1 I 4 ■ « \ 

A \ 5 v, v, p-l > tv, p, p- 1- ‘ft , ft - 1 > X4, ft - 1 ) 

7 <2)n, ft, ft— i ,9) 

ul v, V, P- 1 _ c/d 

op* ~~ dp* 

/?*U ) k , fi — 1 «-j,l , h , ft — 1 7 IX, ft \ 

Vfcv, p, p- 1 ? O^Cv, p t /»-!» ‘ft, ft- 1> ft- 1 / 


Let us write Eqs. (9.8.43) and (9.8.44) with account taken of the 

specific values of q t and gq, and also of the nature of motion, i.e. 
symmetric or asymmetric. 

The system of equations for determining the derivatives r“, 
has the following form: 


1 V\ vi , 4 , ft, ft - 1 , 4 , ft, ft - 1 , wx j 

~ 4 ^ ZJ ZJ wv, p, p-l ~r av v, p, p-l) 4-1 — 1 

ft=i n=i 

Tu, ft, ft - i ln=ix»—0; P = 1; 2, ..., A ; v = 1, 2. .. ., n 1; 
fc=l, 2, ..., iV 


(9.8.46) 


We find the derivative 1^,*,,,-! by solving a second system of 
equations: 

N n j 

V V /„4, ft. k - 1 i r a , . . 


S vt /„>*.«, ft-1 i ft. *-pa 

/ 1 { V v, p, p - 1 T OUv, p, p-l) 1 4, ft, 


ft = l 4—1 

A T n 

- - S 2 

ft=l 4=1 


' V " / fll t2)4, A. *-1 aJ2)n,A,fe-l \ 

S 1 "S 1 1 Wv . P. P~ 1 0 v. P, P-l I 

i Zj f dp* dp* J 

= 1 4=1 

XT",*, ft.i 

IV, A,_ft-i 4=4* = 0’> P = l> 2, ..., A; 

v = 1, 2, ..., 72 — 1; ft = l, 2, A 


(9.8.47) 


We use a third system to find the derivative 


it 1 

1 v V ft,ft -1 - ft, ft-l\ n«: , __£ v . p „ I 

(^v, p, p-l -t- TO v, p, p- lj 1 H, ft t ft - 1 bv,p-l | 


ft=l |X—1 


_n» 

i p,, ft, ft-l |i=n* 


(9.8.48) 


» = 1, 2, .... A T ; v = l, 2, ..n — 1; A=l, 2, . .., N 
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A fourth system of equations is intended for calculating 


/, u, ft, ft-1 , u, ft, ft-1, p<o; 

/1 (V v , p, p— 1 ~i TOv, p, p-l) ± p, , k , k- 1 


pi- 1 
JY n 


S Vl I “■ 'v, P, P-l „ v, P, P-l 1 -pft); , „ , 

Zj I--(9- 8 ^ 

ft=l n=l V * 1 / I 


r^, ft .iU=0; p=l,2, .... N; v=l, 2, 

A: = 1, 2, .... A 

We compile a fifth system for determining the derivatives T“f *... i: 


1 •ei VI / U, ft, ft-1 „..U, A, ft-l\ r,o>v: _ s- v , P 

~7— Zj Zj (Uv, p-l fTli Vi Pi p-l) 1 p, ft, ft—1 fev, P-l 


ft=l p—1 


} (9.8.50) 


r“" ft, *-1 |p=p» = 0; p= 1. 2 v—1, 2 1; 

ft=l, 2, ..., A j 

A sixth system of equations, given below, allows us to find 

p(0t 

f p, ft, ft-1- 

N n . 

S -sn , , p, ft, ft - 1 _,,P, ft. ft - 1\ 

Zj ( y v, p, p-l — CTy v, p, p-l) 1 p, ft, ft-1 

ft=l p=l 


N n . 

=-2 21 

ft=i p=i v 


,5,,<2)p. ft, ft-1 aJ2)p, ft, ft-1 

W v, P, P- 1 „ qt; v , P . p- 1 


1 P, 


(9.8.51) 


r“; a, ft -1 |p=p»—0; p— 1, 2, .. ., A; v 1, 2, .. ., w 1, 
ft=l, 2, ..., A 


Aerodynamic Characteristics 

The values of the circulation derivatives r^A.ft-i and r^A.ft-i 
can be used to calculate the distribution of the pressure coefficients, 
and according to them, the wing stability derivatives. 

Here we calculate the difference of the pressure coefficients for 
the bottom and upper sides in the form of the series (9.6.22): 

_ 1 Z_ • • • • 

Ap == p a a + p“a 4- p ax (£> x + p ax (o x + p“-(0 2 -f p (0z a) 2 


(9.8.52) 
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In accordance with Zhukovsky’s formula (9.7.15), we have 
p a = 2y, p a — 2 y“ ; p u)jc == 2y Wv , 

p 1 ”* 2y“ x ; p“ ; = 2 y“ ; , p m - — 2y <0: (9.8.53) 

Let us consider a cell containing a point with the coordinates 
for which we shall calculate the pressure. We deter¬ 
mine the strength of a bound vortex at this point by the appropriate 
value of the circulation related to the interval between the control 
points A= tx’Jv-i ~ i'-ilp-x in the section 


Y (&*-!. CK:*-i) = r(^:J_i, (9.8.54) 


Let us write the strength of the vortex layer and the circulation 
of a discrete vortex in the form of the series (9.7.12) and (9.8.25): 


a 



(9.8.55) 


Introducing these expressions into (9.8.54), we obtain relations 
for the derivatives 

‘i 1 „«! <U 

Yu, k, ft-i = I n, ft , ft- 1 / Ac|i, h , ft - i, Yu. ft , ft - i 


= IV, ft, ft_i/A|n, ft, (9.8.56) 


With account taken of these derivatives, the expressions for the 
strength of the vortices are determined by the quantities p'^h.h-i 

and p'lL,h,h-i (9.8.53). Let us introduce them into formulas (9.6.5) 
in which A p is replaced with series (9.8.52), the value of x h is taken 
equal to b 0 and x to the local chord b h ,h-v 


Si 3 


''ft, ft - ! .• . , 

So 2=1 
Si ^ 


} 2 (P qi 9i + p qi qi)dl 
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br, 


b? . j .■ 


m x = — ■ 


\ 2 (P qi 9i^ P q ' l <li) I d£; | 


C ;/S 


b “// 

ft-i 


(9.8.57) 
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Let us replace the coefficients on the left-hand side of (3.8.57) 
with their expressions in the form of series similar to (9.6.8): 


3 ’ 

c'j = 2 (Cy^gt + Cy^t) 

4=1 

m'z = 2 {m'^qi + m , '‘ i q i ) 
i= 1 

3 9 9 • 

m’x = 2 ( m 'x t qt + m’ x l qd 
{=1 


(9.8.58) 


As an example, let us write the right-hand side of (9.8.58) for the 
normal force coefficient in the expanded form: 


c 


y 



cT z to* 


(9.8.59) 


Two other coefficients, m z and m' x , are expressed similarly. As 
a result of the indicated replacement of the coefficients c' y , m' z , 
and m' x in (9.8.57) with series and of a transition from integrals 
to sums, we obtain the derivatives of the aerodynamic coefficients 
of the sections in the following form: 
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2 b§ VI rW 


S r’i tu,ft 
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ft, ft-1 a=Uo 
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m ,q l _ _ ~ ,qi f-M, « 

"1.x, ft , ft — 1 — C y ,k,h— 1 fen, ft-1 
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a, ft bn 
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(9.8.60) 


(9.8.61) 


(9.8.62) 


We obtain the stability derivatives for a wing as a whole by 
using the following relations for the total aerodynamic characteris- 
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tics of a wing: 


to/(2 b„) 


c -" = J Sr 5 c 'y b ® d Z 


0 

h/(2b 0 ) 


] m'zb 2 (£) dZ, 


0 

Zo/(2b 0 ) 




(9.8.63) 


We can express the coefficients c y , m z , and m x for a wing in the 
form of series (9.6.8), and their corresponding values c' y , m' z , and 
m' x for the sections in the form of (9.8.58). After using the deriva¬ 
tives (9.8.60)-(9.8.62), we obtain the stability derivatives for awing 

as a whole (cf, c m«, m\t, m q i, and m qi ). 

Going over from integrals to sums, we obtain for symmetric 
motions {q t = a, co 2 ): 

mf = m\i = 0 (9.8.64) 
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h — 1 M.=Mo 
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Ji _ 4b o v 7 .V r' ?i 
s 2 —i ^i ^ 


(9.8.65) 
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} (9.8.66) 


For asymmetric motions {qi = (o x ): 


Cy=Cy=Q 

nu i = mt t — 0 


At 4b? 




A;__4^o_ vi r V r ?i pn, ft 

^ Zi ‘■ft. ft-t Zj ^ n, ft, ft-itn, ft-i 
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(9.8.68) 


I (9.8.69) 


29-01715 
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Let us write these expressions in the expanded form with account 

taken of the corresponding values of q t and g ; , and also of the num¬ 
bers of the bound vortices p 0 = 1 and p* = n closest to the leading 
and trailing edges. 

For symmetric motions (g* = a, a z ): 


m“ = nix = nix Z = = 0 
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(9.8.70) 

(9.8.71) 


(9.8.72) 


j (9.8.73) 

) 


(9.8.74) 


(9.8.75) 


(9.8.76) 


(Ox 4o 0 VI p(0x ft 

— o / \ * ft, ft —1 M-» ft* ft“lT)M'» ft“l 

to 

ft=l |L—1 

The total values of the aerodynamic coefficients can be deter¬ 
mined according to the found stability derivatives, using (9.6.8). 
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Deformation of a Wing Surface 

The above numerical method of aerodynamic calculations related 
to a wing with an undeformed (rigid) surface. In real conditions, 
however, such a surface may deform because of bending or deflection 
of the control surfaces. The flow over a wing with account taken of 
its deformation is considered in [4. 19]. 

The magnitude of the deformation can be expressed in the form 

T1 (l t, T) = h (1, 0 6 (t) (9.8.77) 

where / 6 (£, £) is a time-independent function determining the 
changing form of the surface, and 8 (t) is a time-dependent kinema¬ 
tic variable characterizing the scale of the deformation. 

In addition to q t {q 1 = a, q 2 = a x , q 3 = co 2 ), we can also adopt 
the dimensionless time function q x — 8 (t) as a variable determining 
the unsteady flow of a deformable wing. 

The right-hand side of expression (9.8.26) determining the circu¬ 
lation will additionally include the sum T®,*,*..^ + 

[where the derivative 8 = (db/dt) bJV x \. This will lead to a cor¬ 
responding change in the aerodynamic coefficients, the general 
expression for which can be written in the form of a series 

c = c a a + c a a + c ax (£> x + + c^ z w z 

, , • • 

+ c a>z (o z + c 6 8 r c®6; c — Ap, c y , m x , m z (9.8.78) 

The deformation of a wing changes the boundary condition of 
flow which instead of (9.6.32') acquires the form 

-|L= — cc(t) —<d x (t)£~ co 2 (t) g 

+ -|M(T)-i-/ a (i, £)5 (t) (9.8.79) 

where (d/s/d^) 8 (t) + /a (£, Q 8 (t) = vIV x is the dimensionless 
vertical component of the velocity of an undisturbed flow due to 
deformation of the wing and damped in unsteady flow by the dis¬ 
turbed stream. 

With a view to (9.8.79), we shall write a system of algebraic equa¬ 
tions for determining the circulation derivatives and 

Fjl.ft.ft-i which are then used to find the derivatives of the aerodynam¬ 
ic coefficients, and their local and total values with a view to the 
deformation of the aircraft. The results of solving this problem are 
given in detail in [4, 19]. 


2 9 * 
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influence of Compressibility 
(the Number M x | 
on Non-Statlonary Flow 

In definite conditions, the evaluation of the influence of compres¬ 
sibility on non-stationary linearized flow can be considered by 
solving the problem of incompressible flow over a fictitious lifting 
surface. The solution of such a problem allows us to find expres¬ 
sions relating the corresponding aerodynamic characteristics of 
a wing in an incompressible and compressible flows and take into 
account the influence of the number M x . To consider these condi¬ 
tions, let us use differential equation (9.6.31) for the additional 
velocity potential cp of the disturbed non-stationary flow of a com¬ 
pressible fluid [the symbol cp is given in (9.6.19), where it is assumed 
that x h = & 0 ]. 

We determine the dimensionless coordinates in (9.6.31) in the 
form £ = x/b 0 , r) = y/b 0 , and £ = z/b 0 . 

Let us express the dimensionless velocity potential cp equal to 

cp/(f)F<x>) in terms of its derivatives cp ,! ' = dtp ldq ( and cp ?i ‘ = dq>/dq t 
in the following form (see [4, 19]): 

9 = 90+2 (9 J S'j ( T ) +9 <Zi 9'i( T )] (9.8.80) 

f=i 

where <p 0 is the velocity potential of stationary flow over a wing 
with a finite airfoil thickness at a zero angle of attack. 

Let us introduce the functions ij), and i|) 9 * related to the 
velocity potential and its derivatives by the following expressions: 


cp 9 * = cos co£ -f- p*k 2 i|+‘ sin co£ 

cp 9 * = fr -2 i[3 9 *cos(o|— p*-‘i]; 9 isin(o| 
9o = a l 5 o> ei = Mook 2 pi 


(9.8.81) 


where k — Y 1 

After the corresponding substitution for the derivatives in (9.8.80) 
of their values from (9.8.81) and then introducing cp into (9.6.31), 
we obtain the following three equations: 


k 2 


k 2 




dl 2 

Qt 


<3 2 \|) 


dt 2 


k 2 


d 2 9o , . <? 2 i|) 0 


dr \ 2 


dl 2 


= 0 




5 2 9 


a 2 rp 


dr\ 2 

d 2 ip 9 * 


dr \ 2 


d™ 

d 2 \lf q ' 1 

dt? 


■ (p*i) 2 = 0 


(9.8.82) 


(p ?) 2 cry* = 0 


(9.8.83) 
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Considering one of the basic cases of flow that is characterized 
by low Stronhal numbers (p * —>■ 0), instead of Eq. (9.8.83) we 
obtain 

W r 5 n 2 r 

,, d *-^' 1 Qitfi 

dV- + < 5 > 1 2 + 

Let us consider a rigid lifting surface. Instead of the flow of a com¬ 
pressible fluid over it, we shall study the flow of an incompressible 
fluid over the transformed surface. The coordinates of points in the 
incompressible flow are related to the coordinates of the space of the 
compressible gas by the expressions 

x ic = xlk, z/ic = y , 2 ic = 2 (9.8.85) 

or in the dimensionless form 

Sic = ^-ic/^o.ic ~ hie ~ y icZ^o.ic = 

he = 2,c/fc». ic = yt (9.8.86) 

Let us change the planform of the given lifting surface, using the 
relations between the coordinates in the form of (9.8.86). In accord¬ 
ance with these relations, the dimensionless geometric variables 
of the transformed surface can be written as follows: 

So.ic = hk, | 0>tc . = io b lc (he) = b(C) (9-8.87) 

where £ 0 and £ 0 are the dimensionless coordinates of the leading 
edge; 

b lc = b lc /b oAc , b = b/b 0 , b lc = b/k 

For the centre and running chords in (9.8.87), we have introduced 
the symbols b 0 and b, respectively. 

For wings with straight edges, the planform is usually set by 
dimensionless parameters, namely, the aspect ratio K- = IJbm, 
the taper ratio = b 0 /b i , and the sweep angle of the leading edge 
Xo- The corresponding dimensionless geometric variables of the 
transformed wing in an incompressible flow are: 

^-ic.w = kX w , ■qic.w = hwi ^-lc.w tan Xo.ic = Xo (9.8.88) 

where ^ic,w = = Mb mJ qfc,w = ic* and rjw 

= bjb t . 

Figure 9.8.4 shows the given and transformed wing planes. The 
transformed plane retains its lateral dimensions and is extended in 
a longitudinal direction in accordance with the relation x ic = 
= x/V 1 - Ml o. 


(9.8.84) 
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Fig. 9.8.4 

Geometric dimensions of a wing: 

a —given wing In a compressible flow; b —transformed wing in an incompressible flow 


Let us go over in Eqs. (9.8.82) and the first equation (9.8.84) 
to the new variables £ lc , t) lc , and £ lc related to g, t), and £ by 
expressions (9.8.86). As a result, we obtain 





d 2 ty 0 , 

5 ')? c 1 

0 

(9.8.89) 

dV 2 ' 



- 0- d ^ Ql 4- 


i- H Qi - 0 

*Sf c 

5T lic 

■ m e ~ 

m c ^ 

He 

1 me 

(9.8.90) 


Let us now consider the motion of the transformed lifting surface 
in an incompressible fluid. Let us write the disturbing potential 
of the flow over the surface as follows: 


3 • 

(Die-* [d>0 + 2! ic + < 5, ic k ic)] (9-8.91) 


where is a dimensionless quantity equal to the potential related 
to the product b^icV^. Everywhere in the disturbed region of the 
flow over the surface, the potential must satisfy the continuity 
equation 


<5 2 <hic , 3 2 ®ic , a 2 <p,c n 

m c dv $c 1 atfc 


(9.8.92) 


Introducing (9.8.91) into this equation, we obtain equations 
which the derivatives of the potential of the non-stationary incom- 
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pressible flow over the transformed wing must satisfy: 


d-a > 


q l, ic 




IC 




Ic 


d 2 G> 


q u 


d 2 <S>. 


11 i, ic 




d'CL 




5, lf c 


°^ic 


0; 


(9.8.93) 


By comparing Eqs. (9.8.89) and (9.8.92), and also (9.8.90) and 

(9.8.93), we find that the functions i|) 0 , ^ , and i): 7 * determining 
the velocity potential for a wing in a compressible flow, and the 

functions <D 0 , <Dj' c !,lc , and d>je' ,c determining the potential for 
a transformed wing in an incompressible flow satisfy the same 
differential equations. It is shown in [19] that the boundary condi¬ 
tions are identical. Accordingly, the values of these functions at 
the points related by conditions (9.8.86) are also identical, i.e. 


where 


V* (6, A, C) = ^ic i ’ ic (gic, Ah) Sic) 1 

V i>ic (i- a. o=o^- ic (i ic , Illc , Sic) J 

S = Sic, A = Aic/&) S = Sic/& 


(9.8.94) 


Consequently, for finding the potential function and its deriva¬ 
tives for a compressible flow over a given lifting surface, we must 
solve the equivalent problem on the unsteady incompressible flow 
over a transformed surface with the corresponding boundary condi¬ 
tions. The formulas obtained allow us to directly calculate the 
relevant values for the given surface in a compressible fluid accord¬ 
ing to the found aerodynamic characteristics in an incompressible 
flow for the transformed surface. Particularly, the formulas relating 
the differences of the pressure coefficients and their derivatives 
have the following form: 


Ap 0 = Ap 0 , ic /k, p q i = pH ■ ic /k 
P Q * = Pic ’ ic/k ~ Sic m I°pU ' ic /k 3 


(9.8.95) 


We use these data to find the difference of the pressure coefficients 
at the point of the surface being considered in a compressible flow: 

Ap = Ap 0 + y, (/<'?; + (9.8.96) 

i=l 


Taking (9.8.96) into account, we can obtain the aerodynamic 
coefficients of a wing in a compressible flow, while by using (9.8.84) 
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we can establish the relation between 
this wing and also of the transformed 
fluid: 


the stability derivatives of 
wing in an incompressible 


where 


c q i = 

V 

— » ic/I* ( 

• q i = (c 
y ' i 

m q i 

X 

= m 9i ’. ic /k 2 , 

X, 1C ’ 

m q i = 

X 

m q i 

Z 

= m 9i <. ic /k, 

z , ic ’ 

Q • 

m l — 

z 


2 h 2 

T _ ic 

1 X o 

°W, IC 

■n. 


ic 


2h 2 . 

r 0, ic 

1 Z a 

^w, ic 

il' 

®w, ic 


Pic' ic ifc^lic dUc 


(9.8.97) 


(9.8.98) 


The following formulas for the coefficients of the normal force 
and pitching moment for q t = q t = 0 correspond to the relation 
A p 0 = Ap 0ftc /k between the values of the difference of the pressure 
coefficients in a compressible and incompressible flows: 

Cy Q Cyo,tc^k, ftizo nizo,J k (9.8.99) 


With a view to the stability derivatives (9.8.97) and the values 
(9.8.99), the total normal force and pitching moment coefficients 
or a wing in a compressible flow have the following form: 


Cy = Cy 0 + 21 

i—1 y 

3 • 

m z = m zo + 2 V m q iqi 4 - m q z l q t ) 

: A 


(9.8.100) 


Wejcan write the corresponding rolling moment coefficient m x 
in the form of the third of expressions (9.6.8). 


9.9. Unsteady Supersonic Flow 
over a Wing 

Let us find the solution of the problem of an unsteady supersonic 
flow over a wing in the form of the velocity potential cp (x lt y x , z lt t) 
of a transient (pulsating) source (9.7.7) satisfying the wave equa¬ 
tion (9.6.30). 

Let us consider the expression for such a potential for harmonic 
oscillations of a wing when the kinematic parameters vary in accord- 
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ance with the general relation 

qj = q* exp (ipt) (/ = a, to*, w 2 ) (9.9.1). 

It follows from (9.6.32) that the boundary conditions on a wing 
also vary harmonically. The derivative of the velocity potential 
on a wing (9.7.8) (let ns call it the flow downwash) can he expressed 
by the harmonic function 


dtp 

~dy 


(z, y, 2 . fi( 2 )) 


y=o 


3<p 

~ 


(x, y, z) 


, r ' ,! l(2) 


y —n 


(9.9.2> 


The required disturbance potential is related to the downwashes- 
by formula (9.7.7). The quantities t x and t. 2 are determined in ac¬ 
cordance with formulas (9.7.9) as follows: 

t At^ — t (<zq x ) fI/oo/(n3oCt **) —f- M oof /(& ootx ) ) /q q o\ 

t 2 = t — A t 2 = t — (aqj— a:) M oJia^a' 2 ) — M x r/\a ooa' 2 )} ' ' ' ^ 

After introducing (9,9.2) and (9.9.3) into (9.7.7) for a wing (as¬ 
suming that y = 0), we obtain 


y v z it t)=-±Y\ee m j j [-g- (x, y, z)\^ 


^ ' *• -- *• ' vn - j j L oy '•" 'Ju=o 

<d*i, z.) 

(X, r 

xe _ !P_ ^^ (; p ^ +e " ip ^) 


dx dz 


Taking into account that the sum in parentheses on the right- 
hand side equals 2 cos (pr/a^a' 2 ), and the quantities 

p* — pbJV to = p*M%oia," 2 (9.9.4) 


we obtain the following expression for the velocity potential: 


<p(*i, yi, z ii t) — — — R eq*e i P t 


x 55 2 >]_„« 


iw(x i- x) 

e 6 ° cos 


Cf(xi, Zi) 


\ b^Moo I 


dx dz 


(9.9.5) 


where r = ]A(a: 1 — x) 2 — a' 2 [i/j-p (z t — z) 2 ]. 

With a view to the harmonic nature of motion of the wing, we- 
can write the potential function as follows: 

3 

cp(z, y , z, t) = Voob 0 2j (<p q jq J + (f> t iq j ) 

i= l 
3 

= Foo6oReem' 2 q* hp 9 -' (x, yi 2 ) -t- ip*y q j (x, y, z)| (9.9.6> 

i=l 
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where 


qj=q*e , P t , qj — dq^ldx = (dqj/dt) b 0 IV x — ip*q*e ipt (9.9.7) 

In accordance with (9.9.6), the partial derivative of the potential 
function with respect to y is 


dcp 

~dy 


(x, y, z, t) = V»6 0 Ree*P* 2 9* [-^-(*, z ) 


3=1 


+ tP * V ' Z )] ( 9 ' 9 - 8 ) 

Inserting this derivative into the left-hand side of (9.9.2), we 
obtain the following relation for [dtp (x , y, z)/dy] y ^ 0 : 

[w {X ’ y ’ z) ]„=o = 7oo6# 2 9* (*» ^ 2 ) 

i=l 

+ 4>*-^p(z, z )] ( 9 - 9 - 9 ) 

Introducing this expression into (9.9.5), substituting (9.9.6) for 
the velocity potential on the left-hand side, and t aking into account 
that 

-ioXxi-x) . . , , 

-r- 0) (art— x) . . CO (z,— X) 

e b o = cos——- - tsin—V-- 


we obtain relations for the derivatives of the potential function: 

n q J 

(x. u. zl I 

=0 


V, *) = -V J 5 {[-^T- ( *’ ^ z) ]y=0 


cr(*i, zi ) 


X 


cos »_la^ +p .[^i (l ,o], = „ S in^} 


cto dt/ 


/ cor \ dx t 

X COS -r-r;— - 

\ bfiMoo f r 


q i (x, y, z) = jj {[ (x, y, z)] 

a(-vi,zi) dy 

[tt' 1 ' »■ z) J,_o 


} (9.9.10) 


xcos 


(0 (Z t — z) 1 


. (0 Pi — z) 
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X cos 


fco 1 
cor dz dz 


bnM c* 
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For unsteady motion with small Strouhal numbers (p* -> 0, 
to 0), Eqs. (9.9.10) acquire the form 


tp'h i 


«' z) L 0 

<J 

y ' {[^7"^’ V' Z )]y^ 


dx dz 


j (9.9.10') 


Moo ( x 1 — x) 

a' s b 0 


^ 2 )„ 


ste dz 
i/=-0 r 


Let us introduce the dimensionless coordinates (9.6.19), adopting 
the centre chord (xh = d 0 ) as the characteristic geometric dimension: 

C = z/fe 0 , r) = y/b 0 , C = z/b 0 (9.9.11) 


Considering that to determine the aerodynamic loads it is suffi¬ 
cient to find the value of the potential function on the wing (y = 0), 
let us express (9.9.10') in terms of the dimensionless coordinates 
as follows: 


9 ,/ (Si, 0, Ci) = 


j_ [ f r fop g/ ] 

JT J J L dll Jn=o r 

<J 


»• «~4JH[-9rL. 


ML (Si-5) 


(9.9.12) 


r_Vil 1 d l d l 

7 ' L Jn-oX r 

where r = ^(g* — C) 2 — a' 2 (Ci — C) 2 - 

We can use the found derivatives q'h and ip q i to determine the 
dimensional value of the velocity potential: 

3 

9 (Si, 0, CO = V x b 0 S (Si, 0, Ci) ?/ + 9*' (In 0, Ci) ?/] (9.9.13) 

j—1 


Equations (9.9.12) allow us to find the velocity potential at 
points on a wing plane if within the ent ire region of source influence 
(integration region a) we know the flow downwashes determined by 

the derivatives [dtp q f /dq] n=0 and [dcp'h'/d'q]^,,. The values of these 
downwashes must satisfy the boundary condition (9.6.32) on the 
wing (tj = 0) in accordance with which we have 

dcp a /dq — —1, d<p a /dT] =0 (/ — 1) (9.9.14) 

dip®* /dr) — —Ci, dcp Wx ldr\ = 0 (j — 2) (9.9.15) 

dtp “-/dr) = —Ci, dq>“*/drj =0 (/ = 3) (9.9.16) 
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In addition, the values of the downwashes being sought must 
correspond to the value of the potential function on a vortex sheet 
(9.6.34). In theoretical investigations, (9.6.34) is replaced with 
the following condition on a vortex sheet: 

cp (£, 0, g, t) = q> (£•, 0, g*, t*); t* = t - (g* - g) (9.9.17) 

that allows us to determine the velocity potential cp at a point of 
the vortex sheet (x, z) from its value directly behind the trailing 
edge of the wing (at a point with the coordinates x* and z* = z), 
but at a different instant t* < t. It is shown in [19] that condition 

(9.9.17) corresponds to the requirement of the absence of a pressure 
difference on the vortex sheet. 

Let us expand the left-hand and right-hand sides of (9.9.17) into 
the series (9.9.6): 

2 lv q * (l, 0, g)<?,(T) + cp 9 /(g, o, g)?,(T)j 

i= l 

3 

= S G*» °* £) ?/( T *) + q>*' (I*, 0, g) q,( T*)] (9.9.18) 

i=l 

where by (9.9.1), we have 

9} ( T ) = 7*7; (t) = i 7*/>e ip( 

q . ( T *) = g^PtM.'-O/VooJ. q . (t * } = 

After introducing the values of q, and their derivatives into 

(9.9.18) , we obtain (without the summation sign) 

cp q ’ G, 0, g)4 ip*(p 9 J G, 0, g) 

= 0, g) 0, g) (9.9.19) 

Since e-fp*(l*-I) = cos [p* (g* — 5)] — i sin [p* (g* — g)] 

or at low Strouhal numbers (p* —*■ 0) 

e-ip*(6*-5)=l-ip*(£*-g) 

after introduction into (9.9.19) and separating the real and imagi¬ 
nary parts, we find the following expressions for the derivatives 
on the vortex sheet (excluding the term with p * 2 ): 

cpS; G, 0, g) = qflj (g*, 0, g) y 

cp 9 ;' (6, 0, g) = cp 9 i (g*, 0, g) - (g* - g) cp 9 ;- (g*, 0, g) j (9.9.20) 

Beyond the limits of the disturbance cones (a Mach cone or wave), 
the supersonic flow remains undisturbed, hence the potential func¬ 
tion is constant. Therefore, the additional disturbance potential 
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a —conventional (|, 0, £); b —transformed (| t> 0, E t ); s, r —characteristic coordinates 


in this region, including the Mach wave, equals zero, i.e. 

<P (i, hi £, t) = 0 (9.9.21) 


Simultaneously everywhere in plane xOz except for the wing 
and the wake vortex behind it, the condition is satisfied that 


<P (I, 0, £, t) = 0 (9.9.22) 

according to which the function <p is continuous and odd relative 
to the coordinate y (p). 

Let us consider Eqs. (9.9.12). Their use for numerical calcula¬ 
tions is hindered by that if the equality — | = ±a' (Ci — fe) 
holds, the integrands have a singularity of the order of r -1 / 2 . It is 
therefore necessary to transform Eqs. (9.9.12) to a form convenient 
for such calculations. To do this, we shall introduce a new system 
of coordinates (Fig. 9.9.1): 

it = i/a', rjt = hi it = £ (9.9.23) 

The wing in the new system of coordinates is shown in Fig. 9.9.1 
from which it can be seen that the lifting surface has been made 
shorter, while the transverse dimensions have been kept unchanged. 

Equations (9.9.12) transformed to the coordinates | t , t] t , and £ t 
have the following form: 


cp ?; (ii, f, 0, £,.,) = 


J_ r f r £9 2 l d $* jgj 
n J J L an* Jri ( =o r t 

°t 


<p qj (il, fi 0, El tl ) = 



dtp 1 J 
dTlf - 


n f =o 


(9.9.24) 


_ (il, r f)(p 9/ 1 1 dlt dgt 

& L dv\t rf 

n = v (si,f-s t ) 2 -(ii,f-if) 2 
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To simplify the solution of Eqs. (9.9.24), we shall introduce 
the following relations for the derivatives of the function cp used 
for small Strouhal numbers (p* -> 0): 

<P a M£ f , 0, 0, £ t ) 

M 2 It 

<P q niu 0, St) = F q i (It, 0, St) - ^F q }( St, 0, St) 

After inserting the value of (p q i (9.9.25) into the first of Eqs.(9.9.24), 
we obtain an integral equation for determining the derivative F q j : 


| (9.9.25) 


F« <ii.o. -4 JJ (9.9.26) 

°t 

Let us introduce (9.9.25) into the second of Eqs. (9.9.24): 


- M2 t 

F q >{li.t, 0, St,*)-^-^'(St.t, 0, St.*) 


t f f rr d F qj I M2 odt r 

dF q * "I 

n J J \L dp t Jr)j=0 a' L 

°t 

dpt Ju t =o 

*1 (E it ,-St) 

r -j ^ dh dl t 

a' 

L dpt Jr)j=o/ rt 

Substituting for the derivative F 9 ? on the left-hand side of the 
equation its value from (9.9.26) and having in view that by (9.9.25) 


r 1 _ 

dF 9 ) "I 

L dp* Jn t =o 

- dip J 


we obtain an expression for finding the derivative F 


0 , C ..0 - 


d|t dU 

rt 


(9.9.27) 


We perform our further transformations in characteristic coordi¬ 
nates (Fig. 9.9.1), namely, 

r=(h- £o.o.t) - St, * = (it - io.o.t) + it (9.9.28) 

selected so that only positive values of the variables will be used 
in the calculations. The value of £ 0 ,o,t representing the displace¬ 
ment of the characteristic system of coordinates is determined as 
shown in Fig. 9.9.1 (the coordinate lines from the displaced apex O' 
pass through breaks of the wing at the tips). 
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Fig. 9.9.2 

To the numerical calculation 
of a wing with combined leading 
and supersonic trailing edges in 
an unsteady flow: 

1, 11 —regions for finding the down- 
wash 








m/\*- 


Equations (9.9.26) and (9.9.27) acquire the following form in the- 
characteristic coordinates: 


jpt] , r\ , 1 t f r dF Q} 1 drrfs 


^(r„ 0, s t )=- 27tJ K-C-] 


} (9.9.29) 


n ( =° /(rj — r) (Sj — s) 


For further transformations allowing us to eliminate the singu¬ 
larity in Eqs. (9.9.29), we shall introduce the variables 

v ~Y r i — r , u = Y $1 — s (9.9.30) 

Equations (9.9.29) acquire the following form in the variables 
(9.9.30) 

9 VTtVT t 

F 9} Or, 0, «!)=— \ j Djdvdu 

°J- (9.9.31) 

• V r i V Si 

F qi ( r u 0> s i) == - \ 1 ) Ejdvdu 


where 


> r dF -| Z7 _ r dI ' qj 1 

} ~ L at]* L=o’ L arp J 


(9.9.32) 


To perform numerical calculations, we shall divide the region, 
occupied by the wing into separate cells as shown in Fig. 9.9.2. 
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Let h stand for the width of a cell in characteristic axes. This quan¬ 
tity is the dimensionless distance along the r (or s) axis between the 
edges of a cell for points n, n + 1 for i, i + 1), respectively. It is 
equal to 

h\ = l/(2Nb 0 ) (9.9.33) 

where N is the number of parts into which the wing half-span H 2 
is divided. 

Let r and s be the coordinates of a fixed point (point P x in Fig. 9.9.2) 
at which we are finding the velocity potential (or its derivatives), 
and m and i be the coordinates of the running points used to perform 
numerical integration. Accordingly, 

r x = rh, s r — sh, r — mh, s — ih (9.9.34) 


Assuming that the functions D } and Ej [see (9.9.32)] within 
a cell are variable, let us write Eqs. (9.9.31) in terms of the sum 
of the integrals over all the cells: 


r-lj-lf (m+ l)h p r (i + l)/i 

^( r i, 0. Si)=-4 2 S 5 \ Djdvdu 

m= 0 2=0 y~mk Y'ih 

r-lJ-l Y(jn+T)h l/\z+l)/i 

F Q} (r u 0, 8i)= -§- 2 S J 5 E ) dvdu 

m —o »=o y^n ym 


(9.9.35) 


The integration regions including the projection of the wing onto 
the plane t] = 0, the vortex sheet, and also the sections of the dis¬ 
turbed flow outside the wing and vortex sheet are replaced with a 
sufficiently large number of whole cells producing a conditional 
wing with toothed edges (Fig. 9.9.2). A cell should be considered to 
belong to a section of the integration region if its centre is on this 
section. 

Inside a cell with a sufficiently small area, the derivatives D } 
and Ej can be assumed to be constant and equal to their values 
at the centre of a cell. Accordingly, Eqs. (9.9.35) can be written 
in a simpler form: 

F"l(rk, i) i; 2 

m 7 1 i “ 1 (9.9.36) 

• r s 

F’Urh, 2 2 

m=l i=l 
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where 

Dj, m, i = Dj [(ira — 1/2) h, (i- 1/2) h] 

Ej,m,i=E } [(m - 1/2) h , ( i - 1/2) h) 

B- - r — m-\- 1— Vr — m) (V s —i-j-1— Vs — l) 

r, m, s , i 

Formulas (9.9.36) allow us to determine the values of F q j and 

F q i and, consequently, the derivatives of the velocity potential 
[see expressions (9.9.25)] if within the entire region of source in¬ 
fluence (including the wing plane, vortex sheet, and the disturbed 
flow outside of them) we know the quantities Dj iTriii and 
(the flow downwashes), and also the values of B ~ mi - ; (the kernel 
functions). 

The downwashes are determined differently for the following 
three regions: (1) the wing, (2) the disturbed region confined by the 
leading edges, tips, and surface of the Mach cones issuing from the 
corresponding points of the wing (end regions), and (3) the vortex 
sheet. 

Let us consider the downwashes in each of these regions, having 
in view the case of small Strouhal numbers (p* -*■ 0). For a wing 
with supersonic (or combined) leading and supersonic trailing 
edges, it is sufficient to know the downwashes on the lifting surface 
(section I in Fig. 9.9.2). They are determined by boundary condi¬ 
tions (9.9.14)-(9.9.16), in accordance with which 

Mmi = — 1 (/' = 1); D^mi = h(m— i)/2 (/ = 2) 

D ( 3 % = - a'h — l)/2 -a'| 0 ,o,t (/ = 3) 

E\mi — M%, [h (m -)- i — l)/2 -f-^o, o, <]/ a (/ — 1) 

E < il i = {M% > [h(m + t - l)/2+ go, o, i]/(2a')} 

Xh(m— 1) (/= 2) 

E&i^-MUhim+i- l)/2 + g 0 , o, ;] 2 (/ = 3) 

Section II (Fig. 9.9.2) between the characteristic axes, the leading 
edge and the Mach lines issuing from the vertex of the wing is occu¬ 
pied by an undisturbed flow region; hence, all the downwashes equal 
zero and, consequently, 

D}? m ,i = Ef nti = 0 (9.9.40) 

Let us determine the flow downwashes in disturbed region III 
between the leading edge, the tip, and the Mach cone issuing from 
the points of a break in the wing contour (Fig. 9.9.3), The velocity 
potential in this region (outside of the wing and vortex wake behind 


(9.9.38) 

(9.9.39) 


(9.9.37) 


30-01715 
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Fig. 9.9.3 

To the numerical calculation of 
a wing with subsonic edges in 
an unsteady flow: 

Ill, IV —regions tor finding the 
down wash 



it) in accordance with condition (9.9.22) is zero. Therefore, from 
(9.9.29), we obtain the conditions for region III: 


f“(r„ 0, j'hr 


dr ds 


0 0 
ri s t 


V(ri—r) (s, — s) 




dr ds 


0 0 


/(hi—r) (ij — s) 


■ = 0 


0 


} (9.9.41) 


These integrals can be written in a somewhat different form: 


* 1 T 1 

\ -£=- \ 
J j/si —s J 


or 

r i 


\ — dr - [ 
5 ^ r '~ r o 


D, 
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dr 

— o- 

S t J 
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dr 

Yr !- r 


J y si — s . 

0 l 

) 

5 

Yn~r 

ds 

= o* 

r t s 

[ dr .... ( 

i 

F . - 

ds ! 

Yh— * 


J Y r i — r J 

o r 1 n 


Y*i—* 


0 (9.9.42) 


0 (9.9.42') 


The obtained equalities are Abel equations whose right-hand 
sides identically equal zero. Hence it follows that the inner integrals 
for s — [Eqs. (9.9.42)] and for r = r 1 [Eqs. (9.9.42')] equal zero. 
Accordingly, we obtain the following equations for determining 
the downwashes Z)j ni) in region III (Fig. 9.9.3): 


Si 

f ndii) 

J Uj 

Si—h 

ds 

Si-h 

= - f D, 

Y s i — s 

J J 

0 

r i 


rt — h 


ds 


vV 




(9.9.43) 


r n( m )_ iL. 


J ° 


D 


ds 


rt — h 


1 Vn—r i 


Y r i —r 
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The equations for the downwashes £j in) have a similar form: 


ds 


[ E r 

ds 

Y*i—* 

o 

) 1 


dr 

r x • 

_ ( 

-h 

E, 

dr 

Vn—r 

J 

0 


Vn- 


(9.9.44) 


Assuming the values of the downwashes in the cells to be constant 
and going over from integrals to sums, we find in accordance with 
the variables (9.9.30) the following relations for determining the 
downwashes in a cell (point) with the coordinates r x = rh and = 
= sh: 


Df ll) (rh, ~sh )=- 2 Dj [(m — 0.5) h, (i-0.5)h]B- J 

T\ ’ } (9.9.45) 

{rh, sh)—-— 2 Ej[(m —0.5) h, (i-0.5)h]B- 

to — 1 ’ 

(for points to the left of the axis g t ); 

s-l | 

Df U) (rh, sh)= ^ 2 D } [(m-0.5)h, (i- 0.5) h] B- { j 

! =1 ’ (9.9.46) 

__ 5-1 

E { l u \rh, ~sh)= — 2 Ej[(m — 0.5) h, (i-0.b)h]B- 

i=l ’ 

(for points to the right of the axis g t ). 

In Eqs. (9.9.45) and (9.9.46), we have introduced the notation 


(9.9.46) 


:Vr — — Vr — m, B- .—Vs 


l-Vs-i 


(9.9.47) 


According to the above relations, the flow downwash at a point 
is determined by summation of the downwash values in all the 
cells in the corresponding strip m — const (or i = const). The 
calculations are performed consecutively beginning from the cell 
at the vertex of the wing where the downwash is determined by 
formulas (9.9.38) and (9.9.39). Let us now calculate the downwashes 
on the vortex sheet behind the wing (region IV in Fig. 9.9.3). We 
shall find them from condition (9.9.20), which we shall write in 
the transformed coordinates 


0, St)=«p ,J (Sf, 0, It) 

(It, 0, £t) = <p 7y (It, 0, St)-a'(lt*-lt)<P^ 


(9.9.48) 


3 0 * 
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where |* and £5 = £ are the transformed coordinates of points 
on the trailing edge. 

Relations (9.9.48) can be represented with a view to (9.9.25) 
and the characteristic coordinates (9.9.28) as follows: 


( p q i 


f (r» 0, s t ) = F q J ( 


s*—r* 


f P 


Ml 

2a' 


l 2 

’ 2 

/ r* + s* 

s *— r* 

l 2 

’ 2 

r* + s* 

s*—r* \ 


( r i+Si)F q J (- 

+ a' [■ 


(9,9.49) 


These relations hold for the conditions 

— Cj = s* — r*, r x > r*, > s* (9.9.50) 

where s* and r* are characteristic coordinates of points on the 
trailing edge. 

In addition to (9.9.49), we can use Eqs. (9.9.25) for the vortex 
sheet, which with account taken of (9.9.26) and (9.9.27) have the 
form 


dr ds 


<p q J (r it 0, $i) — 2 ^~ J j D) 

o o 


/(n —r)( Sj — s) 
dr ds 


f (9.9.51) 


o o 


M* 


r l 


4rta' 


( r l + s l) j j D 


dr ds 


0 0 


1 V(ri — r) (Sj — s) 


Replacing the derivatives cp^ and <p 7 / in (9.9.51) with their 
relevant values from (9.9.49), we obtain integral equations for 
determining downwashes on a vortex sheet (region IV in Fig. 9.9.3): 


0 o 

dr ds 

= F q J( 

■ r* + s* 

s*—r* 

V ( r i — r) (Si — s) 

r \ 

2 ’ 

2 

, r i s i 

-L. f \ E . 

dr ds 

-f' Qj 1 

• r* + s* 

s * — r* 

2n J J 1 

0 0 

VVi—r) (s 1 — s) 

\ 

2 ’ 

2 


a' (( r i+si) — (r* + s*)l j^Qj / r* + s* r* — s* \ 

2 l 2 ’ 2 ) 
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Both equations are solved in the same way. Let us consider as an 
example the first of Eqs. (9.9.52). We shall isolate on section IV 
a cell with the sides h and the characteristic coordinates s x = sh 
and r 1 — rh. We shall write the left-hand integral of the equation 
as the sum of four integrals: 

ri si s\-h r\~h 

\ \ Dj , drds ■ = \ \ D ! - r iL= 

J J Y( r i— r ) («!—*) l Yh —s Y r i— r 

n~h s\—h n 

• f ds f n dr 4- f — 1 n dr 

"H.J h Y~‘ J Y^r ' J s J Y~r 


— \ Df -- 

s i~ s \ 


J l /Si - S J 

si-h ri-h 


/ r 1 — r 


(9.9.53) 


As we have already indicated, the entire integration region should 
be divided into cells and the downwashes assumed to be constant 
in each of them. We determine the coordinates of the cells by means 
of the integers m, i, r and s (Fig. 9.9.3). Using (9.9.30), we go over 
to the variables v and u: 

v 2 = (r — m) h, u~ — (s — i) h (9.9.54) 

The first of the integrals (9.9.53) has the following form: 


l-h ri-ft 

Y* 

Ys 

f ds \ D ^ r 

* Ysi— S « 1 Y r i — r 

\ 2 du 

f 2D 

J 

Y% 

J 

VTft 

a - 1 Y<s- m)h 7-1 

Y (r- m)ft 


= 42 J du 2 

.( 

Dj dv 


* Y(s-m+l)h 1 Y(. r -m+l)h 
.7-1 7-1 

= 4^2 S Dj(mh, ih)B- t m - , (9.9.55) 

i=l m= 1 

where 57. m ,l.,- is an influence function determined by the third 
formula (9.9.37). 

For the second and third integrals on the right-hand side of (9.9.53), 
we obtain the relations: 


?l ri - n r- 1 

J ~T7==~ J O j ~i^ = 4h 2 Dj(mh, sh) B- - - (9.9.56) 

-ft * Sl S 0 V r l m=l 

T 17= j D,-^=-Y$D,Crh,Ui t B~-", (9.9.57) 


si -h r 
si-h 
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where 


B- 


: = V r — 


m 


1 -Vt- 
= Vl-l + i-Vs^i 


m\ B-- - . 

r, r, $, t 


For the fourth integral 19.9.53), we have the formula 


- h r\-h 


— = 4hD } (rh, sh) 


(9.9.58) 


(9.9.59) 


By summing all the above values of the integrals, from (9.9.52) 
we obtain relations for numerical calculations of the downwashes 
in a cell with the coordinates r and s (Fig. 9,9.3): 

r - 1 5 - 1 

D? X) (rh, Jh)= - ~ F q J (r*h, J*h) - 2 2 D s (mh, ih)B- <m< -. 

m— 1 i =1 

(9.9.60) 


(rh, sh) — —^-[ F Qj (r*h, s*h) 


a’h 


(r -f s - r * - s *) F 9j ( r*h , s*ft)] - 2 2 E J ( mh - ih ) B m .l. i 

« m— 1 1=1 

(9.9.61) 

We perform numerical integration by double summation over 
all the cells within the confines of an inverted Mach cone issuing 
from the point being considered (rh, sh) excluding the initial cell 
(at the vertex) at which the downwash is determined. Its magnitude 
is found consecutively beginning from the cell on the trailing edge 
with the smallest coordinate r* (for the starboard side) and s* (for 
the port side). The coordinates of points on the trailing edge are 
related to the coordinates r, s by the expressions 

r* — s * = r — s, r* <,r, s* < s (9.9.62) 


The calculations are performed as follows. The smallest values 
of the coordinates r* and s* are used to determine the derivatives 

F g i (r*h, s*h), F g J (r*h, s*h) for the first cell, next the above rela¬ 
tions are used to calculate the downwashes and influence functions 
for the entire region within the Mach cone issuing from the adjacent 
cell (with the coordinates r and s). 

After this, double summation of the products, of the downwashes 
and the influence functions is performed, and the required values 
of the downwashes at a point with the coordinates r and s are found 
by formulas (9.9.60) and (9.9.61). Passing along a strip r — const 
(s = const) to the following cell with the coordinates f(s + 1) h,r), 
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we repeat the calculations and find the corresponding value of the 
downwash in this cell. By performing similar calculations, the 
downwashes can be found on the entire vortex sheet behind the 
wing. 

The values of the downwashes are used to determine the deriva¬ 
tives F q 1 and F q i at each point of the lifting surface. Next cp ? ^, qA/, 
and the corresponding values of the velocity potential cp are found 
(9.9.13). This quantity directly determines the pressure coefficient 
and the difference between its values on the bottom and upper sides 
of the wing [see formulas (9.6.20) and (9.6.21)]. 

The difference of the pressure coefficients (9.6.21) can be written 

as the series (9.6.7). The derivatives p q i and p q i in it are determined 

in terms of the values of F q i and F q J\ by using (9.6.24) and (9.6.25), 
we obtain the following relations: 


pi 

p’H 5. O- 


(9.9.63) 


I 1f2n .-r«' dF q }(\ t , m) * 9F q J (it, tt) 11 

+ M ™ a LM: air-- Wt -j] 


Hence, to find the derivatives of the difference of the pressure 
coefficients p q j and p g j determining the value of A p [see (9.6.21)], 

it is necessary to calculate the derivatives dF q j/di t and dF q i/d£, t . 
There are different ways of calculating these derivatives. In aerody¬ 
namic calculations, particularly, the method of differences is used, 
in accordance with which 

^lT^ A Kif = i-[F qj s + l)-F q i (7, F)] (9.9.64) 

The derivative dF q J/d | t is calculated in a similar way. As a re¬ 
sult, we can write the following relations for the values of p q j and 


P q i- 


p ct > (6, i) = lF gj (7+1, 7+ 1 ) - F 9j (r, 7)) 
p :,q a, Z) = -^r{-ct'F qj (7, 7) 

+ ( 7 + * + !) - ( 7 - «j] 


\ (9.9.65) 


(»■+*) 


■[?1(r+l. 


1) 


F Qj (r. 


*)]} 
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To improve the accuracy of calculating the derivatives (9.9.65), 
it is necessary that the values of F Q i and F q i be found in more cells 

than the number in which p q i and p q i are found. Hence, in this 
case the interval A£ t can be increased m times (where m is an inte¬ 
ger). Accordingly, the derivative 

^lT = ~^h ^ ( r + m ’ s + m)- F Q} (r, s)] (9.9.66) 

We determine the derivative dF q J/d£, t in a similar way. With 
a view to the new values of dF q j/d g t and dF q i/d£, t , we change formu¬ 
las (9.9.65) for the derivatives p q J and p q J. We use these derivatives 
to find by means of (9.6.9) the derivatives of the lift force, rolling 
moment, and pitching moment coefficients. As a result of substitu¬ 
tions of (9.9.63) into (9.6.9), where we assume that x k = 6 0 , we 
obtain relations for these derivatives that can be written as follows: 


a ' c y = c v, t, «' 3 c“ = Cyi , t + MLc“2, 


G) (0 


W. 0), 


Cl Cy - Cy, a 3 Cy - Cy J _ f ^00^2 


(9.9.67) 


a'm z = t , a' 3 m z i, t + Mlc,m z 2 , t 


a'm z 2 =• m Zi z u a ' 3 m z 2 = m z 1 2 1 + 2 , t 

« • • 

(O v C0„ ,, (i)_ <0 „ CO 

a 2 m x x = ffij. t, a 4 m/ = m x f tt + M <x m X 2 i t 


(9.9.68) 


(9.9.69) 


The following symbols have been used in these formulas 


c y, t ■ 


ibfia'K 




l 2 


I J-*^*.*. 

-r/(26o) S 0 . t 
l/(2b 0 ) S? 

Cyi,t= - w J { ^“(Et. Ct)dltdSt 


- i/(2i>o) S 0>t 


„a 

C {/2. t ' 


4b^a' 2 X w r a' 


r/(26 0 ) St 


/ 2 


[m 2 j 5 


r/(2b 0 ) St 

1 1 

-*/<2&o> S 0 . t 


-i/(2bo) 

dF a (h, St) 

«6t 


(gt, tt) 


dEt dCt 


it ditdSt] 


(9.9.70) 
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„® 2 4bga'k w 
c v, t - ji 


i/(26i>) st 


I s 


dF M|t, g,) 

dlt 


dlt dl t 
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4bi5a' 2 X 


Z 2 


-i/(26„) £ 0i t 
1/(2 b 0 ) it 

j j t , St)dg t dEt 


_ 4b 2 a' 2 X w p a ' 
y2 > t /2 [_ Ml 


i/(2b„) ! 0 , t 
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~ — i/(26ii) £ 0 t 

i/(26 0 ) 5* 0) 
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3 4b 2 a 2 X W 
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i/(2bo);io,t 

l/(2bg) St 


z 2 


<i, t = — ■ 4 b °y Xw j 5 (|t ’ St) ^ 


J J - ^-’ -Btgtrfct 


- i/(2b 0 ) i 0 . t 
i/<26 0 ) 


„,a 4bga' 3 X w r a 

m z2, t=-p- 


-i/(2b„) 6 0 . t 

i/(26 0 ) 

ITT S I 

i/(26o) i 0 , t 


i/(2i>o) £ t 

j 1 ap, |; M s<g,<g,] 

-1/(26 0 ) e 0> t 
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4b§a' 2 X v 
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4bjja' 3 A, w 


Z 2 


„/°2 4bjja' 3 X w r a 

m z2, t —-p- 


i/(26 0 ) £ t <„ 

5 5 i£ ^** 

-i/(26„) 6 # , t 

i/(2b 0 ) i? 

j ( F^du CtH^MCt 

-i/(26„) £ 0> t 

t/(2bo) „ 

Kr I J 

!/( 26 o) s„_ t 


I 

} 


I/(2b 0 ) it 

J J i£J lr il1 »*■«•] 

-t/( 26 o)£ 0 , t 


[ (9.9.71> 


(9.9.72> 


(9.9.73> 
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“a- 4bsa' 2 X 

m Xi * t = - 


f/(26 0 ) I* 


$ J dF "If — 

i/(26o) 1 0> t 


f 2 


a x 

Mxi , t : 


4b 2 a'®X w 

Z 2 


2/(26 0 ) 5* 

J J /’’““(It, WEtdStdCt 

- '/( 2h o) i*. t 


| (9.9.74) 


f/(26 0 ) »t 


m X 2 - 


l 2 


[■®ir .« j 


St) 
5it 


StdEt <*Ct 


-!/(26 0 ) 6 0>t 
2/(2b 0 ) <o 

- 5 J x Jt " dlt (9 - 9 - 75) 

-f/(26 0 )S 0 . t 

It must be taken into consideration that the velocity potential 
on the leading edge is zero. Consequently, 


Accordingly, 


F } {l 0 .t, Ct) = f '(Eo.t. St) = 0 


j ^ dl t =F q )(l* t , It) 


(9.9.76) 


b 0. t 

It 
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b 0. t 


| tdgt ^.^ ( I*, £ t) 


«St 


It 


- J **'(Ei, St)dEt 


b o. t 


c. * 

St 
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f J(gt ’ £tl ltdlt = UF qj {ix, St) 


*Et 


S 0. t 


j fl— 1 Stlt dlt = UtF q} (It, St) 


5 0. t 


It 


- J ^ j (St, SOStdEt 


b 0» t 


(9.9.77) 
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J dFh ^' ' t} lldlt = i?F qi {It, it) 

^o» t 

st 

- j ltF q} (l u it)dlt 

*0. t 

In a similar way, we shall write the relevant expressions related 

to the derivatives F^i. Let us go over in (9.9.70)-(9.9.75) to the 
characteristic coordinates s and r (9.9.28). Assuming that the veloc¬ 
ity potential (or the function D) is constant in the cells and replac¬ 
ing the integrals with sums, with a view to (9.9.77) we obtain 
relations for numerical calculations of the derivatives of the aero¬ 
dynamic coefficients. 

These relations, used for finding by (9.9.67) the corresponding 
derivatives of the aerodynamic coefficients of the lift force c“, c“, 
c“ 2 , c“ z , and also for determining from (9.9.68) the derivatives of 

the pitching moment coefficients mf, mf, mf z , mf z can be repre¬ 
sented by the relations: 
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m, t = 


h 

12 U 


m z i, t = 


a 46 0 2 a' 3 X w 

m%t= — ,2 


- 2 t( r * + s *) h / 2 + lo. ( r *> s *) 

r* 

+ h 2 2 F< ° z ( r . «)} 
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{2 [(r* + F*)fc/2 + | 0>0 , t ]F“(>, ~s*) 
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-h^F a (7, s)} 

S 

^ 2 2 I(r + F) h/2 + 0> t ] F a (r, 7) 

s 

{+-£- 2 \(r* + 7*)h/2 
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” s 

- 2 U r * + «*) h/2 +1 0 . 0 . t ] 2 F a (r*, s*)} 

r* 

The aerodynamic derivatives of the rolling moment 
are calculated by the following formulas: 

h 2 [(7* _ ^*) hi2} f“* (t r *, 1*) 


<t = 


l 2 


“s _ 4b 2 a' 3 \ w 
nixi, t —- 


m x t = 
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4bga' 3 ?iv 
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h*'Z'Z[(s-r)h/2] F™ x (r, s) 
s 

h {-^ 2 - 2 K s * — r *) h '2) F < ° x (r*, s*) 


- 2 t(«* — r*) A/2] [(r* + s*) ft/2 + £ 0 , 0 , t ] f“* (r*, s*) 

r* 

+^22 [(«-F)a/2]f“ x (7*, >)} 


(9.9.80) 


coefficient 

’ 

(9.9.81) 
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If we take the wing span l as the characteristic dimension when 
calculating the rolling moment coefficient, and the half-span 1/2 
when determining the kinematic parameter (Oj., then the new values 
of the rolling moment coefficient and the corresponding derivatives 
are determined by the relations 


m xl = m x b 0 /l, m“f 1 = 2m“*(6 0 /Z) 2 , mj 1 = 4m** (VQ* (9-9-82) 


By analogy with (9.9.69), we shall give the following working 
formulas for the derivatives: 


a 'mil 1 = m x iS, = (m“f‘t)i + Ml (m,.f, 1 t ) 2 (9.9.83) 

ixft- - 8a'/, w {bjiy h 2 K~s* - r*) hi2] F** ( 7*, 7*) I 


= 16a '^w (bjlf h* 2 2 [(*- r) hi2) F** (r, s) 
s 

(mt f, 1 t) 2 = — 16a'X w (6 0 /Z) 5 /i{^— 2 l(s* — r*)h/2] (9.9.84) 


X F“* (r, s) - 2 [(s* - r*) h/2] |(r* + s*) h/2 

r* 

+ So, o, tl F b>X (r\ s*) + h 2 2 [(s-0 h/2] F** (7, 1)} 

s 

In the above relations, the symbol 2 signifies summation over 


the cells along the trailing edge, and the symbol 22’ double sum - 

s 

mation over all the cells on the lifting surface. 

When performing calculations of the total aerodynamic character¬ 
istics, one must have in view that these calculations are carried 
out in the system of coordinate axes depicted in Fig. 9.6.1 (with 
the rule of signs indicated in this figure). All the geometric quan¬ 
tities are measured and the pressure coefficients are found in the 
system of coordinates whose axis Oz passes through the vertex of 
the wing (see Fig. 9.11.1). When the mean aerodynamic chord 6 0 
is taken as the characteristic dimension, the aerodynamic coefficients 
and derivatives are found by converting the values of c y , m x , m z , 
and their derivatives by the following formulas: 


^tj, A — Cy j Cy t A — Cy , Cy t \ — Cy b 0 l 6a 
C “ V = Cy Z b 0 /b A , Cy Z \ A = Cy Z (6„/6 A ) 2 


(9.9.85) 
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rn Z ' A = m z bJb A , m“ A = m z b 0 /b A , m“ A A = mf (b 0 /b A ) 2 

m° z a A = m a z z (b 0 /b A ) 2 , m z f A A = (bJb A ) 

m x< A = m x bJb A , m x f' A A = m x ( bJb A ) 2 , m x f' A A = * (b 0 /b A ) 3 (9.9.87) 

In the above expressions, it is assumed that 


J (9.9.86) 


a A = (da/dt)b A /V' X> , <o 2 , A = & z b A /Voo 
k, a = (dQ z /dt) b 2 A /Vl, k. a - (dQ*/<«) K/Vl 


(9.9.88) 


9.10. Properties 

of Aerodynamic Derivatives 

Let us consider the general properties of the aerodynamic deriva¬ 
tives as applied to finite-span wings with a constant leading and 
trailing-edge sweep. Investigations show that at low Strouhal 
numbers ( p* -► 0) the value of a derivative is a function of three 
arguments: /& w = 1^1 — Mi,, tan % 0 , and ri w . These arguments, 

called similarity criteria, are determined, as can be seen, by the 
aspect ratio X w , the leading-edge sweep angle %o> the taper ratio iv, 
and the Mach number Moo. For an incompressible fluid, there are 
two such arguments: tan % 0 and ri w . If a rectangular wing is 

being considered, it is necessary to assume that tan % 0 = 0 and 
r) w = 1; for a triangular wing, rj w = oo. 

Diagrams characterizing the dependence of the stability deriva¬ 
tives on the similarity criteria for wings with a taper ratio of r] w = 2 
in a subsonic flow are shown in Figs. 9.10.1-9.10.10 as illustrations. 

The mean aerodynamic chord b A has been taken as the character¬ 
istic dimension when calculating the data in these figures (the 

kinematic variables a A) (o 2 , A , ® 2iA , the coefficient m z , A ). This 
makes the dependence of the aerodynamic derivatives on the geo¬ 
metric parameters of the wing more stable, the results approaching 
the relevant quantities for rectangular wings. 

When calculating the rolling moment m xl , we chose the wing 
span l as the characteristic geometric dimension, while for the 

kinematic variables and w xl we took the half-span 1/2. The 
origin of coordinates is on the axis of symmetry, while the axis Oz 
passes through the beginning of the mean aerodynamic chord b A . 
When necessary, we can convert the obtained derivatives to another 
characteristic dimension and to a new position of the axis Oz. 
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Ftg. 9.10.1 

Change in the quantity &c“ A 
used ini calculating the stabil¬ 
ity derivative c“ for a wing 
in a subsonic flow 


Fig. 9.10.2 

Change in the quantity kc y z, A A 
determining the derivative 

c y a A f° r a wing at su b son!c 

velocities 



Fig. 9.10.3 

• • 

Values of Pc* a a1 and Pc“^ 2 
characterizing the change ’ in 
the derivative of the coefficient 

c y 'with respect to aA [for a 
lifting surface at M x < 1 
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Fig. 9.10.4 


Values of and k 3 Cy Z ' A 

determining the derivative of 

Cy, a with respect to ft> 2 , a for a 
subsonic flow over a wing 



Fig. 9.10.5 

-Change in the variable km x i x i 
determining the derivative of 
the rolling moment coefficient 
with respect to cOj.! for a wing 
at M x < 1 



Fig. 9.10.6 

Values of ^ 2 ( m xf 1 )i an d 

k 2 (m x f l )-2 characterizing the 
change in the rolling moment 

coefficient with respect to (i) xl 
for a wing in a subsonic flow 







Ch. 9. Aerodynamic Characteristics in Unsteady Motion 481 


Fig. 9.10.7 

Function A 
the derivative mf 
in a subsonic fl 


Fig. 9.10.8 

Values of A: 3 m* A 41 
determining the 

m z?A f° r a wing 
velocities 


Fig. 9.10.9 

Values of km^ z ’ A A 

the derivative m 
at < 1 


determining 
A for a wing 




determining 
a a for a wing 



31-01715 
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Fig. 9.10.10 

Variables 

P m > A A characterizing 

change in the derivative m 
for a wing at M a0 <. 1 



According to the data shown in Figs. 9.10.1-9.10.10, the aero¬ 
dynamic derivatives are determined as follows: 


Cy = (kcy)/k, c“ a a = [(/r f c“ A A1 ) + ML (k 3 c^ A A2 )]!k 3 (9.10.1) 
• • • 

* 3 c°;, 2 a A ) + ML (k*c% a A 2 )]/fc 3 (9.10.2) 

3 /n“f ) t + Ml (/c 2 m“f l ) 2 ]/F (9.10.3) 

• 3 < A ai) -r ML (^m“ A A2 )]/^ (9.10.4) 

m“ z A A = (km™; a a )/&, m™;\ A = [(/c 3 m“*x A ) + ML (k 3 rn^' A i)]/k 3 (9.10.5) 
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We can nse the graphs (Figs. 9.10.1-9.10.10) to find the stability 
derivatives for the entire range of subsonic numbers M<*,, including 
an unsteady incompressible flow (M^ — 0, k = 1). The data of 
these graphs point to the increase in the lifting capacity of the 
wings when going over from an incompressible (M <*, — 0) to a com¬ 
pressible fluid (MLc < 1). Here the stability derivatives at M K < 1 
can be calculated sufficiently accurately according to the Prandtl- 
Glauert compressibility rule c — c !c (l — ML)~ 1/2 , where c and c lc 
are aerodynamic variables in a compressible and incompressible 
fluid, respectively. The lower the aspect ratio, the smaller is the 
action of the compressibility, i.e. the smaller is the influence of 
the number M»<1. This is due to the fact that the disturbances 
introduced into a flow attenuate with a decrease in the cross-sectional 
dimensions of a wing, i.e. with a decrease in the aspect ratio. 

Near the tips of a wing in a subsonic flow, the air flows from the 
bottom side where the pressure is higher to the upper one. This leads 
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to lowering of the lifting capacity of the wing. The intensity of such 
overflow grows with a decrease in the aspect ratio of a wing; conse¬ 
quently, an increase in this aspect ratio improves the lifting ca¬ 
pacity. 

An analysis of the influence of the leading-edge sweep angle y -0 
shows that its growth leads to an appreciable diminishing of the 
derivative c 7 - for a wing with a high aspect ratio. At small aspect 
ratios, the influence of the angle y 0 is virtually absent because in 
this case even an insignificant change in y 0 leaves the planform of 
the wing almost unchanged. 

A change in the taper ratio q w at given values of k w and '/„ has 
a slight effect on the lifting capacities, especially for low aspect 
ratios of a wing. The explanation is that at I w < 1 most of the 
lift force is produced by the lifting surface near the leading edges, 
which is especially noticeable with low aspect ratios. A large value 
of the taper ratio q v , (at '/„ = const) corresponds, as it were, to cut¬ 
ting off a part of the poorly lifting tail surface of the wing. 

An analysis of the found values of the centre of pressure coefficient 
c p — x v b 0 = m z ,a c,j,A (where ir p is the distance to the centre 
of pressure from the front of the mean aerodynamic chord) allows 
us to conclude that the quantity c p grows with an increase in the 
sweep angles (the centre of pressure is displaced more noticeably 
to the tail). The aspect ratio affects c p in the same way as the angle 
y 0 . At low values of k v ,, however (of the order of 0.5 and below), 
the position of the centre of pressure does not virtually change. 

The derivatives m]] a ,A and ni’ vl ' 1 that characterize damping in 
oscillatory motion grow with an increase in the aspect ratio a w . 
This indicates an increase in the damping upon longitudinal unsteady 
motion and rolling of the wing. The above graphs allow us to con¬ 
clude that the influence of the sweep angle and taper ratio on the 
damping of low-aspect-ratio wings is relatively small. The above- 
mentioned derivatives together with the quantity mf , A character¬ 
izing the longitudinal static stability grow with increasing subsonic 
numbers M OO 4 

Aerodynamic derivatives capped with dots depend greatly on the 
aspect ratio in the subsonic region. The values of the derivatives 
grow with an increasing number M x . The change in the dotted 
derivatives, i.e. in the aerodynamic characteristics that are purely 
unsteady, is especially great at near-sonic velocities. At numbers 
Moo 1, the magnitudes of the derivatives with dots grow appre¬ 
ciably, and their signs change. A typical feature here is the growing 
influence of the wing planform on the aerodynamic variables for 
a non-stationary unsteady flow. 

The data characterizing the change in the non-stationary deriva¬ 
tives for a wing at supersonic velocities are presented in Figs. 9.10.11- 
9.10.20. According to these data, the stability derivatives are deter- 
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Fig. 9.10.11 

Values of a'c“ determining the 

stability derivative c® for a 
wing in [a supersonic flow 



Fig. 9.10.12 

Change in the quantity 
a'c 0>z ^ A determining the deriv- 

ative a A f° r a wln 8 at su ” 
personic velocities 



Fig. 9.10.13 

Relations for 


* V, At 


and 

a ' 3c y A \2 characterizing the 
change in the derivative of the 

coefficient c y with respect to a A 
for a wing at M 0c > 1 
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Fig. 9.10.16 

Values of a' s (m‘vi vl )i and 
to. . . 

“ " ( m *i )* characterizing the 
change in the derivative of the 
rolling moment coefficient with 

respect to gi x1 for a wing in a 
supersonic flow 
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Fig. 9.10.17 

Variable a 'm“ A determining 
the derivative m“. for a wing 
at Moo > 1 





Fig. 9.10.18 

Values of a' 3 m^ A A1 and 
“^"^determining the deriv¬ 
ative m“ A for a wing in a 
supersonic flow 



Fig. 9.10.19 

Function a ’ m z z A A determining 

the derivative m< z z ’ A A for a 
wing at Moo > 1 
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mined with the aid of formulas (9.10. l)-(9.10.5) in which the quan¬ 
tity k = ]/"l — M- x is replaced with a' — V — 1. 

The graphs allow us to arrive at the conclusion that the lifting 
capacities of wings at Moo > 1 grow with an increase in the aspect 
ratio, although to a smaller extent than at subsonic velocities. 
Particularly, for a rectangular wing (% 0 = 0), the increase in c “ 
when Moo > 1 occurs only up to A vv = 3-4, and then the derivative 
c“ remains virtually constant. For triangular wings, the constancy 
of c“ is observed beginning from a'A. w ^ 4, i.e. when the leading 
edges transform from subsonic into supersonic ones. 

The derivatives of longitudinal and lateral damping (m z ^ A and 
i), as with subsonic velocities, grow (in magnitude) with an 
increase in the aspect ratio. Their change for low-aspect-ratio wings 
is only slightly influenced by the sweep angle and the taper ratio. 
Unlike the case when Moo < 1, at supersonic velocities the deriva¬ 
tives m^ z : A and mS? 1 , and also m* decrease when Moo in- 

2,A 7 z 

creases. 

The dotted aerodynamic derivatives change to a smaller extent 
under the influence of the wing aspect ratio at Moo > 1. But they 
grow in magnitude at supersonic flow near values of Moo > 1. 
For these velocities, as when Moo < 1, a sharp change in the magni¬ 
tude of the non-stationary derivatives is also attended by a change 
in their signs. 

At large numbers Moo (Moo^ 2.5-3.0), the aerodynamic deriva¬ 
tives with dots decrease, tending to zero at Moo —*■ oo. The influence 
of the planform on their values is not so great at the usual veloci¬ 
ties (sub- or supersonic), but becomes considerably greater in the 
transonic region where the number M x equals unity or is somewhat 
larger than it. 
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9.11. Approximate Methods for 

Determining the Non-Stationary 
Aerodynamic Characteristics 

Hypotheses of Harmonicity 
and Stationarity 

The harmonicity of oscillations, which is the basis of the method 
of calculating non-stationary aerodynamic characteristics set out 
above, reflects only a partial, idealized scheme of unsteady flow over 
a craft. In the general form, such flow may be characterized by 
other time dependences of the kinematic parameters. At present, 
methods have been developed that can be used for unsteady flows 
described by any functions. But owing to their great intricacy, it 
is not always possible to use them in practice. 

It is therefore necessary to have less strict and sufficiently simple 
methods of calculating the total and local non-stationary aerody¬ 
namic characteristics. One such method is based on what is called 
the hypothesis of harmonicity (see [19]). By this hypothesis, an 
aerodynamic coefficient for unsteady flow is represented by series 

(9.6.8) in which the stability derivatives c q J, c q i, and others are 
functions of the mean angle of attack a 0 , the Mach, Reynolds, and 
Strouhal numbers for a given wing. 

In the linear theory of flow of an ideal fluid, such a relation is 
limited to the Mach and Strouhal numbers. According to this theory, 
the aerodynamic derivatives depend very slightly on the Strouhal 
number for low-aspect-ratio wings of any planform at all numbers 
M oo when the latter are large. We can assume that in a first approxi¬ 
mation this is also true for any other time dependence of the kine¬ 
matic variables. But now with any function describing wing motion, 
the stability derivatives can be taken from the results of calcula¬ 
tions or experiments obtained for a harmonic change in the kine¬ 
matic variables, and the values of these variables can be determined 
on the basis of their true time dependences for the given mode of 
motion. 

This is the essence of the harmonicity hypothesis. It allows us to 
obtain more accurate results when the stability derivatives depend 
less on the Strouhal number. When solving problems on the flight 
stability of craft, the Strouhal numbers p* quite rarely exceed values 
of 0.05-0.07. Consequently, in practice, we may use the non-station¬ 
ary characteristics for p*->0with sufficient accuracy and, there¬ 
fore, proceed in our calculations from the harmonicity hypothesis. 

The harmonicity hypothesis allows us to obtain more accurate 
results if the change in the kinematic variables can be represented 
by a smaller number of terms in the Fourier series corresponding 
to a narrower spectrum of frequencies characterizing this change. 
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When studying non-stationary flow over craft, researchers use 
rather widely what is known as the steadiness hypothesis. The 
content of this hypothesis consists in that all the aerodynamic char¬ 
acteristics are determined only by instantaneous values of the 
angle of attack. 

The local values of the pressure coefficients are the same as in 
stationary flow at an angle of attack equal to its true value at the 
given instant. According to this hypothesis used in the linear theory, 
the aerodynamic coefficient is 

c y ( t) = c“a (f) (9.11.1) 

where a ( t) is the true angle of attack at the given instant, and c“ 
is the stability derivative in steady flow. 

If a craft rotates about its lateral axis at the angular velocity Q z , 
the expanded hypothesis of steadiness is used according to which 

c y (t) = c*a ( t) + c“z< 0 2 (f) (9.11.2) 

Experimental investigations show that the hypothesis of harmo- 
nicity yields more correct results than that of steadiness. This is 
especially noticeable for wings with low aspect ratios. An increase 
in the aspect ratios is attended by larger errors because at large 
values of X w the dependence of the aerodynamic derivatives on the 
Strouhal number becomes more appreciable. This is not taken into 
account in the approximate methods. 


Tangent-Wedge Method 

According to this method, in a stationary supersonic linearized 
flow over a thin sharp-nosed airfoil, the pressure coefficient at a cer¬ 
tain point is determined according to the local angle of inclination 
of a tangent to the airfoil contour a — (In (lor the upper side), 
and a — p L (for the bottom side), i.e. the corresponding value of 
this coefficient is the same as that of a local tangent surface of 
a wedge. By formulas (7.5.20) and (7.5.20'), in which we assume that 
= p on the bottom and (3 L — — P on the upper side of the air¬ 
foil, at the corresponding points we have 

p b = 2(a + P)/V^^T, p u - -2{a-$)lVW^l (9.11.3) 

where (1 is the local angle of inclination of the contour calculated 
with a view to the sign for the upper side of the airfoil. 

With account taken of these data, the difference of the pressure 
coefficients on the bottom and upper sides is 

A p = Ph — P u — 4a la' (9.11.4) 

where a' = M'to — 1. 
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It is presumed that formula (9.11.4) for A p can also be applied 
to non-stationary flow if instead of a we adopt the value of the 
local summary angle of attack determined from boundary condi¬ 
tion (9.6.32) in the form 

a s = — v/Vcx, = a + co m z — (o z x (9.11.5) 

where x = x/b 0 , z = 2z/l, and = Q x l/(2Voc) [with a view to the 
chosen coordinate system, the sign of m z x has been changed in 
■comparison with (9.6.32)]. 

Let us write A p in the form of a series: 

A p = p a a -f o xl + co 2 (9.11.6) 

Substituting for A p in (9.11.6) its value from (9.11.4), but using 
a s from (9.11.5) instead of a, we find the aerodynamic derivatives: 

p a = 4.1a.', p“ A 'i = 4z/a', p“ z = — 4xla' (9.11.7) 

According to the tangent-wedge method, for all wings we have 


:__„, z_-vi _ n 

— fiv^ * *• n\i — m X i — u 


(9.11.8) 


Knowing the quantity (9.11.7), we can find the stability deriva¬ 
tives: 


Cy — — j p a dx dz’, Cy z - ■■ -'j? J j p“ 2 dx dz 
0 *0 *0 
* *j _ _ 

m* i 1 =- j- ^ ^ p axl z dx dz f 

o 

l l *i 

m“ ——T" 2- j ^ p a xdxdz; Tn° z z =^~ ^ p u>z xdxdz 

o SCO o y 0 


(9.11.9) 


We locate the origin of the coordinates at the nose of the centre 
■chord of a wing (Fig. 9.11.1). We adopt the centre chord b 0 as the 
characteristic dimension for m z and co 3 , and the span l and half¬ 
span 1/ 2, respectively, for m xl and co xl . For such a wing, the equa¬ 
tions of the leading and trailing edges in the dimensionless form are 
asj follows: 

- __ xn_ _ _ (iy-f-1) Uw tan y„ - 

X °~ b o — 4r| vV 

- _ .r, t / r| w — 1 ik + 1 X w tanxn \~ 

Xl —bT~ 1 + ^ 4 ) z 


| (9.11.10) 
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Fig. 9.11.1 

Diagram of a wing in the calcu¬ 
lation of stability derivatives 
according to the method of 
local wedges 



Let us write the ratio of the centre chord to the span and the 
aspect ratio of a wing: 

bjl= 2ri w /[A. w (r) w + 1)], IriS = 2p w Z/[(p w -f 1) b 0 ] (9.11.11) 

The tangent of the sweep angle along the trailing edge is 

tan x t = tan % 0 — (2 bjl) (1 — l/ii vv ) (9.11.12) 


Introducing (9.11.10) arid (9.11.7) into (9.11.9). we obtain the 
stability derivatives of a wing: 


4=-t, ,;'=4r 

y a 9 u a L 


i_ f hw-l-riw-i-l , iy-i~2 _ tan Xo 


3r)w (*lw +1) 


1 21 vv ^ ^ 

xl 3a' i)«+l 


3a' L »i=. 4 n 2 w 

T lw _ r /,T l'v + 3 / tanVn \ 2 ‘ 


] (9.11.13) 


(9.11.14) 


a “z “z 2 r t lw + 1 , l»T 2t l"' + 3 K- tan- 

m z = —c y z , m z = -'- 1 - 


(9.11.15) 


In the particular case of rectangular wings for which tanxo = 0 
and — 1, we have 

Cy — 4/a', Cy z — 2/a' 

= —2/(3a‘) 
mj — —2/a', m z z = — 


4/(3a f ) 


(9.11.16) 

(9.11.17) 

(9.11.18) 
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For triangular wings (rj w = oo and tan % 0 = 4), we have 
Cy — 4/a', c" z = 8/(3a') (9.11.19) 

nixi 1 = — l/(3a') (9.11.20) 

m“=—8/(3a'), i?C*=—2/a' (9.11.21) 

It must be noted that the tangentwvedge method makes it pos¬ 
sible to determine only the aerodynamic derivatives without dots. 
The results obtained coincide with the accurate solutions according 
to the linear theory for infinite-span rectangular wings, and also 
for triangular wings with supersonic leading edges, at small Strouhal 
numbers (p* -*■ 0). For finite-aspect-ratio wings, the tangent-wedge 
method yields more accurate solutions when the numbers M x and 
the aspect ratios X w are larger. 
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Ablation, 15 
Acceleration, 
resultant, 72f 
vector, 72, 113 
Adiabat, shock, 172, 184 
Aerodynamic coefficients, 
airfoil, 294 

conversion from one aspect ratio 
to another, 258ff 
dynamic components, 398 
and similarity method, 139ff 
static components, 398 
unsteady flow, 416ff 
Aerodynamics, 
ablating surfaces, 23 
blunt-nosed bodies, 23 
bodies of revolution, 22 
boundary layer, 19 
classification, 17 
continuum, 19f 
controls, 22 
definition, 13 
development, 13 
experimental, 15 
force, 17f 

high-speed, I4f, 18, 59 
hulls, 22 
hypersonic, 18 
ideal lluid, 18 
incompressible fluid, 18 
interference, 23 
low-speed, 14 
optimal shapes, 24 
radiating gas, 131 
rarefied gases, 20 
steady-state, 20 
subsonic, 18 
supersonic, 18, 59 
transonic. 18 


Aerodynamics, 
unsteady, 20, 436 
wing. 2If 

Aerohydrodynamics, 14 
Aerothermodynamics, 18 
Air, see also Flow(s), Gas 
diatomic model, 67, 69 
dissociating, equation of state, 65 
dissociation and ionization, 192f 
motion at high speeds, 14 
structure in dissociation, 67 
Aircraft. 20, see also Craft 
Airfoil, 

aerodynamic forces, 293f 
arbitrary configuration, 285ff 
in compressible flow, 264ff 
drag, 278 
fictitious, 2701' 

in hypersonic flow, 291 f, 297 
longitudinal force, 293 
in mid-span section, 337 
polar, 296 
sharp-nosed, 285f 
curved. 290f 
sideslipping wing, 299ff 
in supersonic flow, 285ff 
symmetric. 297ff, 317ff, 321ft 
thin, 

in incompressible flow, 234ff 
in nearly uniform flow, 293 
in subsonic flow, 264ff, 
total drag, 275 
wedge-shaped, 297f 
Angle(s), 
attack, 381 
balance, 52 
in normal section, 301f 
optimal, 47 
true. 252 
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Angle(s), 

balance rudder, 58 
banking, 39 
control surface, 407f 
course, 39 
downwash, 251f 
span-averaged, 252f, 255, 257 
total, 253 
elevator, 407 
flow deflection, 220f 

behind shock, 166, 176f, 189 
critical, 176f, 182 
hypersonic velocities, 221 
and shock angle, I82f 
flow deviation, see Angle, flow de¬ 
flection 

Mach, 161, 212 
pitching, 39f 
rolling, 39f 
rudder, 407 
setting, 252, 260f 
shock, 167f 
oblique, 176ff 
and velocity, 189 
sideslip, 38f, 52 
sweep, 299f, 363 
ultimate flow, 221f 
yawing, 39f 
zero lift, 240 
Approach, 

Eulerian, 72 
Lagrangian, 71f 
Axis, 

doublet, 102 
flight path, 37 
lateral, 37 
lateral body, 38 
lift, 37 

longitudinal body, 38 
normal, 38 


Backpressure, I55f 
Balancing, longitudinal, 56f 
Boundary conditions, 132ff, 424 
dimensionless equations, 145 
linearized How, 310ff 
unsteady flow, 451 
on vortex sheet, 312, r 424 
and wall temperature, 145 
Boundary layer, 34ff 
thickness, 36 
turbulent core, 36 


Centering, 55 
central, 55 


Centering, 
neutral, 56 
Centre, 

aerodynamic, 50f, 55 
angle-of-attack, 51 
coordinate, 240 
elevator deflection, 51 
sideslip angle, 58 
force reduction, 404 
moments, 36f 
pressure, 48 

and aerodynamic centre, 51 
conical flow, 363 

Centre-of-pressure coefficient, 49, 
295, 297, 389, 483 
compressible flow, 274 
nearly uniform How, 240 
pentagonal wing, 371 
sideslipping wing, 302 
symmetric airfoil, 297ff 
tetragonal wing, 365 
wedge-shaped airfoil, 298 
Characteristics, 208ff 
aerodynamic, 
rectangular wing, 385ff 
triangular wing, 349 
unsteady motion, 394ff 
conjugate, 210, 212 
determination, 209f 

in hodograph, 214, 282 
first family, 2l0ff, 216, 219, 222f 
kind, 209f 
nodal point, 227 
orthogonality, 213f 
in physical plane, 21 Of 
second family, 210ff, 216, 219, 222f 
stability, 413ff 
Chord, 

local, wing, 259 
mean aerodynamic. 45, 262 
mean geometric, 45 
wing, 45 

in wing section with optimal plan- 
form, 258 
Circulation, 

flow, I03f, 243, 430 
intensity, of vortex, 236f 
velocity, 91 ff, 236, 311, 428f, 434 
in vortex-free How 92 
vortex, 439, 447 
Coefficient(s), 

aerodynamic, see Aerodynamic co¬ 
efficients 

centre-of-pressure, see Centre-of- 
pressure coefficient 
correlation, 30 
one-point, 31 
two-point, 30 
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Coefficient! s), 
damping, 4141 
longitudinal. 403 
rolling, 403 
yawing, 403 

drag, see Drag coefficient 
Lame’s, 82f, 85, 87 
lateral-force, 44, 400 
lateral linear deformation, 109 
lateral motion, 406 
lift, see Lift coefficient 
longitudinal-force, 44, 296, 399 
longitudinal moment, 297 
compressible flow, 303 
longitudinal motion, 406 
moment, see Moment coefficient 
normal-force, 44, 51, 56f, 296, 397, 
448f, 456 

compressible flow, 303 
and stability derivatives, 400, 
405f 

pitching-moment, 43, 49, 51, 363, 
401, 404f, 416ff, 448f, 456 
body axis, 44 

pressure, see Pressure coefficient 
pressure-drop, 284 
rolling-moment. 43. 401, 416ff, 

448f 

body axis, 44 
spiral, 403 
side-force, 43 

stagnation pressure, behind shock, 
175 

static lateral stability, 57 
static longitudinal stability, 54f 
suction force, 306f, 383f 
vortex drag, 315 
wave drag, 277f, 283, 350, 387 
induced, 315 
wing drag, 315 
yawing-moment, 43, 401 
body axis, 44 
spiral, 403 

Compressibility, gas, 14, 16, 58f 
influence on non-stationary flow, 
452ff 

Conditions, 

boundary, see Boundary conditions 
Chaplygin-Zhukovsky, 428, 431 
compatability, 209 
at infinity, 425 
initial, 132 
Cauchy’s, 206 
Conductivity, thermal, 63f 
and pressure, 63 
and temperature, 63f 
Cone, 

disturbance, 160, 315, 319 


Cone, 

Macli, 160, 315, 319 
inverted, 319 
tip, 371 
Contour, 

multiply connected, 94 
simply connected, 94 
Controllability, craft, 395 
Controls, 

fast-response, 407 
inertiafree, 407 
Coordinate systems, 
body axis, 37 
curvilinear, 82ff 
cylindrical, 82f 
fixed, 37 
flight path, 37 
local geographic, 39 
normal earth-fixed, 39 
spherical, 82f 
wind, 38 
Core(s), 

turbulent, 36 
vortex, 256 

semi-infinite, 253 
Correction, Prandtl-Glauert, 268 
Cosines, direction, 40 
Craft, 

banking, 410 
controllability, 395 
fast-response, 407 
inertiafree, 407 
manoeuvrability, 395 
thermal protection, 23 
Criterion(a), similarity, 17, 140ff, 187 
hypersonic, 284f 
Curl, velocity, 78 
Curves, 

characteristic, see Characteristics 
equipotential, 90 


Decrement, logarithmic, 414 
Deformation, see also Strain 
relative linear, I08f 
relative volume, 109 
wing surface, 451 
Degree(s), 

dissociation, 60 
equilibrium, 69 
and pressure, 60 
and temperature, 60 
freedom, inert, 194 
ionization, 60f 
static lateral stability, 57 
static longitudinal stability, 54f 
Density(ies), 

characteristic, for dissociation, 69 


32 * 



500 Subject Index 


Density(ies), 
critical, 152, 154 
in jet, 153 

ratio, 165, 172f, 184, 188, 189ff 
limiting, 186 
reduced mass, 157 
source distribution, 316f 
stagnation, 151, 153, 192 
Derivatives, 
aerodynamic, 

and aspect ratio, 483 
properties, 478ff 
circulation, 466 

stability, see Stability derivatives 
time, 396f 
Diagram, 

enthalpy-entropy, 66f 
phase, caloric, 67 
Diffusion, gas, 121 
Diffusivity, thermal, 128 
Dimensions, characteristic, 44f 
Dissociation, 60, 189ff 
Disturbance(s), 159 
cone, 160 
propagation, 159f 
source, 159 
in subsonic flow, 160 
supersonic, 319 
in supersonic flow, 160 
Divergence, velocity, 86 
Doublet, 102f 
axis, 102 

distribution function, 354, 358, 360 
incompressible How, 360f 
supersonic linearized flow, 360 
moment, 102, 354 
potential function, 354f 
power, 354 

in supersonic How, 353ff 
velocity potential, 103 
Downwash(es), 250ff, 465f 
disturbed region, 465ff 
semi-rate, 77 
on vortex sheet, 467ff 
wing, 468 
Drag, 38, 42 
friction, 44 
induced, 252 
nose, 44 
overall, 44 
pressure, 44 
profile, 275 
total, 275, 314, 384 
wave,'276f 283 
wing, 381 ff 
total, 384 

Drag coefficient, 42, 140, 296 
airfoil, 333f 


Drag coefficient, 
dimensionless, 145 
distribution over wing span, 341 
friction, 350 

induced, 252f, 256f, 261, 384 
and lift coefficient, 296 
minimum, 47 
overall, 44, 339, 341, 350 
sideslipping wing, 302, 304 
symmetric airfoil, 298f 
tetragonal wing, 337ff, 345ff 
thin wing, 381 
wedge-shaped airfoil, 298 


Edge(s), 
combined, 463 
leading, see Leading edge(s) 
side, see Tip(s) 

trailing, see Trailing edge(s) 
Effect, 

Magnus, 403 
mid-span, 301 
sideslip, 300 
tip, 301 
Energy, 

dissipation, 127 
equation, 124ff 
particle, 124ff 

supplied by conduction, 125 
supplied by diffusion, 125f 
supplied by radiation, 126 
Enthalpy, 65 
stagnation, 151, 185 

Entropy, 

gradient, 216 

non-dissociating perfect gas, 170 
at stagnation point, 191 
Epicycloids, 219f 
Equation(s), see also Formula 
Abel, 468 

adiabat, shock, 172, 184 
Bernoulli, 137f 
Cauchy-Riemann, 97 
Chaplygin, 269 
characteristic, 208, 218 
in hodograph, 219ff 
non-isentropic How, 219 
roots, 209f 
vortex-free How, 219 
continuity, 80ff, 164, 200f, 423f 
in Cartesian coordinate system, 
81 f 

in dimensionless variables, 142f 
How along curved surface, 88 
incompressible How, 81 
linearized How, 309 
for potential motion, 81, 85f 



Subject Index 501 


Equation(s), 

Continuity, 

steady flow, 81, 85, 88f 
two-dimensional flow, 81, 88 
unsteady flow, 81 
coupling, 254, 257 
diffusion, 121 

in Cartesian coordinate system, 
123 

in cylindrical coordinate system, 
1221 ' 

dimensionless, 1421’ 

and boundary conditions, 145 
energy, 124 ft, 175 
conservation, 165 
in dimensionless variables, 143 
two-dimensional plane motion, 
127 

Euler, 113, 136 
flow rate, 89 
gas dynamics, 

fundamental, 129, 201, 309 
system, 129ff, 144 
Gromeka’s, 134, 36 

hodograph, 180 
Hugoniot. 172f 
integro-differeutial, 254 
kinematics, fundamental, 201 
Lagrange, 135 
Laplace, 811, 266 
mass flow rate, 156ff 
momentum conservation, 164 
motion, 

axisymmetric form, 117 
curvilinear coordinates, 114f 
cylindrical coordinates, 116f 
in dimensionless variables, 142 
disturbed, 413 
ideal gas, 134 
inviscid fluid, 113, 200f 
linearized flow, 308 
particle, 100 
potential. 81, 85f 
spherical coordinates, 118ff 
steady flow, 117 
two-dimensional. 119, 200f 
vector form, 113f 
viscous fluid, 113 
Navier-Stokes, 1121’ 
oblique shock. 103ft. 1691' 
basic, 171 
pathline, 71 
potential function. 367ff 
speed of sound, 264 
state, 

diatomic gas mixture, 69f 
dissociating gas, 65 
perfect gas, 65 


Equation(s), 

steady flow, 136 

stream function, differential, 205 
two-dimensional flow, near curved 
surface. 120f 

velocity potential, 201 f, 264, 309f, 
372ff _ 

linearization, 264f 
vortex, 2031' 
vortex lines, 91 
wave, 423ff 
Equilibrium, 
stable, 52 
static, 52f 
trim, of craft, 52 
unstable, 52 

Exponent, adiabatic, 26, 6If 


Factor, local friction, 42 

Fall, free, 409f 

Fan, Prandtl-Mevor (expansion), 280, 
2851’ 

Field, 

pressure, 326. 330 
velocity, 71 

Filament, 
stream, 74 
vortex, 429 
strength. 4331' 

Fineness, 284. see also Ratio, lift- 
to-drag 

Flow(s), see also Motion(s) 
at angle of attack, 243ft, 351ff 
axisymmetric. 117, 2001'. 222 
basic kinds, 17 
boundary condition, 451 
in boundary layer, 17, 19 
circulation (circulatory), 103f, 243, 
430 

calculations. 439ff 
compressible. 26411, 274, 302f, 306 
over circular cylinder, 241 
conical, 355ft. 386 
cross, 359 

along curved surface, 88 
disturbed, 420 

from supersonic source, 319f 
downwash, 457, see also Downwash 
equilibrium, 194ft 
expanding radial, 231 
expansion. 220 

fictitious incompressible, 270f 
forward, 3911' 
plane-parallel, 98f 
free, 17 

external. 35 
streamline. 132 
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Flow(s), 

over hexagonal wing, 366ff 
hypersonic, over thin airfoil, 29lf 
incompressible, 90, 240ff, 249ff, 

360f 

cross, 359 

over flat plate, 243ff 
velocity potential, 105 
inviscid, 17, 35, 200f 
isentropic, 138, 149ff, 222, 290f, 
420f 

isotropic, 31 
laminar, 28 
lutpral OQQ 

linearized, 264f, 297, 308ff, 360 
longitudinal, 299 
nearly uniform, 235, 282, 293 
at angle of attack, 351 ff 
linearized, 264 
pressure, 235 
velocity, 235 

non-circulatory, 242f, 431 
non-equilibrium, 193ff 
behind shock, 197f 
non-isentropic, 219, 222 
one-dimensional, 158 
parallel, 98, 249f 
stream function, 98 
streamlines, 98 
velocity potential, 98 
plane, 123, 222 
over plate, 241 ff 
potential, 79, 104, 201 f, 356 
Prandtl-Meyer, 279, 285 
at hypersonic velocities, 281f 
limiting case, 286 
purely subsonic, 275 
from reservoir, 154ff 
reverse, 39If 

without separation, 132f, 145 
two-dimensional, plane, 133 
velocity ratio, 133 
behind shock, 174f 
steady, 73, 117, 122f, 200f 
non-potential, 136f 
potential, 136f 
subcritical, 176 
subsonic, 3021' 

stability derivatives, 478ff 
over thin airfoil, 264f 
supercritical, 177, 274ff 
supersonic, 211, 282, 308ff, 353ff 
over airfoil, 285ff 
disturbed, 222ff 

over finite-span wing, 308ff, 385 
over rectangular wing, 385 
over sharp-nosed airfoil, 285f, 
290f 


Flow(s), 

stability derivatives, 483ff 
over tetragonal wing, 344 
over thin plate, 269ff 
over thin wing, 315f, 385 
unsteady, 425, 456ff 
over wings, 315f 

over symmetric airfoil wing, 312 
tetragonal, 331 ff, 343ff 
over tetragonal wing, 331 ff, 343ff 
over thin plate, 243 
three-di mensional, 
disturbed, 308 
steady, 309 
transverse, 359 

over thin plate, 240ff 
over triangular wing, 355ff 
two-dimensional, 89f 
axisymmetric, 200f 
near curved surface, 120f 
isentropic, 222 
non-isentropic, 222 
plane, 200f, 211, 264 
spatial, 119, 211 
supersonic, 211 
vortex, 202 
vortex-free, 219 
turbulent, 28ff 
quasi-steady, 31 

unsteady, 73, 146, 394, 416ff, 425, 
456 ff 

deformable wing, 451 
nearly uniform, 421 
velocity, in jet, I50f 
viscous; 17, 19 

in boundary layer, 134 
pressure, 110 
vortex, 78, 202, 309 
steady, 89 

vortex-free, 79ff, 92, 219, 309 
Fluid, 

barotropic, 420, 423 
ideal, 

integrals of motion, 134ff 
pressure, 26ff 
incompressible. 158 
inviscid, see Fluid, ideal 
viscous, 127 

Fluid mechanics, 14, 18 
Force(s), 

aerodynamic, airfoil, 293f 
body, 27 
complex, 246f 

conversion to another coordinate 
system, 40f 
dissipative, 127 
drag, 38, 42, see also Drag 
gyroscopic, 403f 
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Force(s), 
lateral, 38 

lift, 38, 42, 2501, 254 
flat plate, 248, 393 
maximum, 47 
nearly uniform flow, 236 
rectangular wing, 386 
total, 315 
triangular wing, 362 
longitudinal, 38, 44, 293 
mass, 27 

external, work, 124 
on moving body, 25ff 
normal, 38, 416f 

produced by pressure, 293 
ponderomotive, 27 
side, 38, 42 
suction, 249, 382ff 
correction factor, 383f 
sideslipping wing, 305ff 
triangular wing, 362 
surface, 25f, 107f 
work, 124f 
viscous, 146 

Formula, see also Equation(s) 
Biot-Savart, 95 

conversion, coordinate systems, 

82 ff 
Euler, 97 

Karman-Tsien, 268 
Prandtl-Glauert, 268, 302, 306 
Reynolds generalized, 33f 
Sutherland’s, 63 
Zhukovsky, 248 
Zhukovsky-Chaplygin, 247 
Frequency, oscillations, 414 
Friction, see also Viscosity 
in turbulent flow, 3211 
Function, 
conformal, 240f 
dissipative, 127 

doublet distribution, 354, 358, 360f 
potential, 79, 243, 354f, 367ff, 457, 
see also Velocity potential 
derivatives, 458 
doublet, 354f 
gradient, 80 
stream, 89f, 98, 202 


Gas, see) also Air, Flow(s), Fluid 
compressibility, 14, 16, 58f, 4522 
conduction of electricity, 19 
diatomic, mean molar mass, 70 
diffusion, 121 
dissociation, 60, 189ff 
dynamics, 14f, see also Aerodynam¬ 
ics, high-speed 


Gas, 

equations, 1292, 144 
flow from reservoir, 1541T 
heating, 59ff 

ideal, 134, 149, see also Gas, per¬ 
fect 

interaction with body, 15f, i8 
ionization, 189f 
jet, configuration, 149f 
kinetic coefficients, 63f 
mixture, 67 

mean molar mass, 70 
parameters, at stagnation point, 191 
perfect, see also Gas, ideal 
calorically, 65 
equation of state, 65 
thermally, 65 
recombination, 60 
stream, configuration, 149f 
viscous, flow in boundary layer, 
134 

Gradient, 
entropy, 216 
normal velocity, 32 
potential function, 80 
pressure, 107 
velocity, 34 


Half-wing, infinite triangular, 321 
Heat, specific, 61f 

Heating, aerodynamic, 15, 18, 23 

Hodograph, 1790 

Hypothesis, 

absence of reverse influence, 17 
continuum, 16, 20 
harmonicity, 488f 
Khristianovich’s, 273 
Newton’s, 32 
plane sections, 253f 
Prandtl’s, 32f 
steadiness, 17, 489 
expanded, 489 

stress-strain proportionality, 108 
Zhukovsky-Chaplygin, 244 


Instability, 
dynamic, 394 
static, 53, 415 
directional, 57f 
lateral, 57 
longitudinal, 54f 
Integral(s), 

Bernoulli, 138 
Couchy-Lagrange, 420ff 
linearized expression, 421 
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Integral(s) 

Lagrange, 135 
motion, 1343 
Intensity, 

source distribution, 318 
turbulence, 29 
vortex circulation, 236f 
Interaction, 

body-plasma, 19 
chemical, 15, 18 
force, 15 
mechanical, 15 
terms, 402 
thermal, 15, 18 
Interference, aerodynamic, 20f 
Ionization, 60, I89f 
thermal, 60 
Isobars, 66f 
Isochors, 66f 
Isotherms, 66f 


Law, 

Dalton’s, 69 

elliptic, circulation distribution, 
258f 

energy conservation, 124, 165 
Fourier, 125 
mass conservation, 80 
momentum conservation, 164 
Newton’s friction, 32 
thermodynamics, second, 181 
Layer, boundary, see Boundary layer 
Leading edge(s), 367 
sonic, 316, 363, 365, 384 
subsonic, 303ff, 316, 326f, 331ff, 
351 ff, 355ff, 366ff, 381 ff 
supersonic, 303f, 316, 330f, 351f, 
3 72 ff, 385 

sweep parameter, 316f 
Length, 
mixing, 34 
relaxation, 198 
Level, turbulence, 29 
Lift, 38, 42, see also Force, lift 
Lift coefficient, 43, 253ff, 296, 315 
compressible flow, 274 
and drag coefficient, 296 
nearly uniform flow, 236, 238 
pentagonal wing, 371 
sideslipping wing, 302, 304 
symmetric airfoil, 298f 
tetragonal wing, 364f 
total, 387 

triangular wing, 362ff 
wedge-shaped airfoil, 298f 
wing tips, 387 


Line(s), 

disturbance, 160 
Mach, 160, 211 
waximum thickness, 348f 
vortex, 90f 

weak disturbances, 161, 182, 211 
Loop, perfect, 409f 


Magnetogasdynamics, 19 
Manoeuvrability, craft, 395 
Margin, static stability, 55 
Method, 

Burago’s, 275ff 
characteristics, 22, 200ff 

calculation of supersonic flow 
parameters, 285ff 
and wind tunnel nozzle shaping, 
2303 

conformal transformations, 240ff 
doublet distribution, 3533 
Glauert-Trefftz, 255 
Khristianovich, 2693 
mapping, 240 
reverse-flow, 3913 
similarity, 139 
small perturbations, 412 
sources, 3173, 4253 
field of application, 3513 
tangent wedges, 292, 4893 
stability derivatives, 490f 
Model, vortex, 

intricate lifting surface, 430 
non-circulatory flow, 431 
Modulus, 

longitudinal elasticity, 108 
shear, 109 
Moment(s), 

conversion to another coordinate 
system, 40f 
destabilizing, 53f 
doublet, 102 
gyroscopic, 403f 
pitching, 38, 400f, 404f, 4l6f 
positive, 38 
rolling, 38, 401f, 416f 
stabilizing, 52 
tilting, 53 
yawing, 38, 401 

Moment coefficient, 284, 295, 388 
see also Criefficient(s): longitudinal 
moment, pitching-moment, rolling- 
moment, yawing-moment 
compressible flow, 274 
nearly uniform flow, 236, 239 
pentagonal wing, 371 
sideslipping wing, 302, 304 
symmetric airfoil, 298f 
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Moment coefficient, 
tetragonal wing, 3641' 
wedge-shaped airfoil, 298 
Motion(s), see also Flow(s) 
air, at high speeds, 14 
asymmetric, 4491' 
basic, 411 
centre o£ mass, 407 
disturbed, 411 
equations, 11411 
fluid, 

inviscid compressible, 113f 
viscous incompressible, 113 
free, 412 
stability, 412 

integrals, ideal fluid, 134ff 
irrotational, 79 
lateral, 4061 
longitudinal, 406f 
at low Strouhal numbers, 444 
oscillatory, 414f, see also Oscilla¬ 
tions 

damping, 483 
particle, 106 
fluid. 75ft 

pitching, 406, 408ff 
modes, 408ff 
proper, 412 
sinusoiadal, 410 
spiral, 403 
stable, 4111' 
symmetric, 449f 
undisturbed, 411 
unstable, 41 If 
unsteady, 415, 459 
aerodynamic characteristics, 

394 ff 

vortex-free, 79ff 


Neutrality, 55, 57f 
Nose, blunted, 23 
Nozzle, 

critical section area, 231 
two-dimensional supersonic, 231 ff 
shaped, 2321' 
unshaped, 231 

wind tunnel, for supersonic flow, 
230f 

Nnmber(s), 
dimensionless, 17 
Froude, 142, 146f 
Mach, 47, 141f, 147, 395 
critical, 303 
initial value, 271, 273f 
limiting value, 186f 
behind normal shock, 184, 186f 


Number(s), 

Prandtl, 143. 1461' 

Reynolds, 47. 1411', 1461', 395 
Strouhal, 142, 146, 3971' 


Operator, Laplacian.^lll, 1 117, 119' 
Oscillations, 
damped, 414 
frequency, 414 
harmonic, 398 
longitudinal, 408 
period, 414 
periodic, 414 
wavelength, 414 


Paradox, Euler-D’Alembert, 248 
Parameter(s), see also Characteristics, 
Variables 
averaged, 31 

disturbed supersonic flow, 222ff 
stagnation, 191 

behind normal shock, 184f 
supersonic flow, calculation by 
method of characteristics, 
285ff 

swoop, leading edge, 3161 
Particle, fluid, 

angular strain, 76, 78 
energy, 125f 
internal, 124 
kinetic, 124 
linear strain, 76, 78 
motion, 75ff 

relative volume deformation, 109 
Palhline, particle, 71, 74 
equation, 71 
Pattern, wing, 

Chaplygin’s horseshoe, 250 
vortex, see also Model, vortex 
non-stationary, 428f 
Period, oscillations, 414 
Plane, 

independent variables, 205 
physical. 205 

Plato, 24111. see also Wing(s) 
fineness, 284 
potential, 243 
rliombiform, 364 
thin, 240ff 

at angle of attack, 2430 
Point, 

nodal, characteristics, 227 
stagnation, 185f, 191 f, 268 
Polar, 

airfoil, 296 
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Polar, 

craft, 46ff 
first kind, 46 
second kind, 47 
shock, 180, 182 
Potential, 

additional, 310f, 313, 321 
complex, 97, 104 

circulatory-forward flow, 243 
cylinder, 244f 

flow over circular cylinder, 241 
flow over plate, 241 f 
non-circulatory flow, 243 
parallel flow, 98 
disturbance, 457 
disturbed velocities, 424 
doublet region, 356 
elementary source, 318ff 
retarded, 425 
total, 313f 

velocity, see Velocity potential 
Pressure(s), 
absolute, 272 
critical, 152, 154f 
dimensionless, 145 
excess, 235, 265 
gradient, 107 
in ideal fluid, 26ff 
in jet, 152f 
linearized flow, 265 
nearly uniform flow, 235 
ratio, 166, 172f, I89f, 
behind shock, 175 
normal shock, 184 
stagnation, 151, 153, 191 f, 224 
flow behind shock, 174f 
Pressure coefficient, 42, 172, 187f, 

281 f, 390, 416 
compressible flow, 268, 306 
conical flow, 362 

conversion to various Mach num¬ 
bers, 271 f 

hexagonal wing, 370, 372 
hypersonic flow, 292, 297 
limiting value, 186 
nearly uniform flow, 235, 293 
ratio, 166, 172f, 186 
rectangular wing, 385f 
behind shock, 291 
sideslipping wing, 302, 304 
at stagnation point, 185f, 191, 268 
tetragonal wing, 337, 339, 345f 
triangular wing, 325ff, 363 
Principle, 

flow superposition, 105 
freezing, 196 
inverted flow, 16 
Problem, Cauchy, 206ff 


Rate, mass flow, 156ff 
specific, 156f 
Ratio, 
aspect, 

influence on aerodynamic deriv¬ 
atives, 483 

and wing lifting capacity, 482f, 
487 

density, 165, 172f, 184, 188 

dissociation and ionization, 189ff 
limiting, 186 

lift-to-drag, 46f, see also Fineness 
maximum, 47 
mass velocity, 156f 
pressure, 166, 172f, 186 

dissociation and ionization, 189f 
normal shock, 184 
behind shock, 175 
pressure coefficient, 186 
pressure recovery, across shock, 
174 

taper, and wing lifting capacity, 
483 

temperature, 166, 172f, 184, 189ff 
dissociation and ionization, 

189H 

velocity (speed), 152, 156, 

271 

flow without separation, 133 
and Mach number, 152 
Recombination, 60 
Region, 
doublet, 

influence, 356f 
potential, 356 
integration, 320 
multiply connected, 94 
simply connected, 94 
source influence, 319f 
Relaxation, 194 
dissociative, 194f 
length, 198 
in shock waves, 196ff 
time, 194, 199 
dissociative, 194f 
vibrational, 194f 
vibrational, 194f 
Resistance, see Drag 
Rotation, about centre of mass, 
407 

Rule, Prandtl-Glauert compressibili¬ 
ty, 482 


Scale, turbulence, 30f 
Sheet, vortex, see Vortex sheet 
Shock (s), 156, 159, see also Wave(s), 
shock 
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Shock(s) 

adiabat, 172, 184 
angle, 159 
attached, 183f, 187 
curved, 1591 
straight, 1591 
curved, 1591, 178f 
density ratio, 165,172f 
detached, 
curved, 1591 

flow over sharp-uosed cone, 177 
expansion, 181, 211, 281 
at hypersonic velocities, 186ff 
lambda-shaped, 275 
local, 275 

normal. 159, 168f, 18411 

in dissociated and ionized gas, 
189ff 

oblique, 159, 16311, 171 

in dissociated and ionized gas, 
189 

formation, 1611 
polar, 180, 182 
possibility, 182 
pressure ratio, 166, 172f 
strength. 172 

temperature behind, 170, 172 
temperature ratio, 166, 172f 
thickness, 163 
and Mach number, 163 
velocity behind, 166, 171 
Similarity, 
aerodynamic, 13811 
dynamic, 139, 144f 
full-scale and model Hows, 1461 
complete, 147 
partial, 146 
geometric, 139 
Sink, 
point, 

three-dimensional, 100 
two-dimensional, 100 
strength, 100 

Sound, speed, 67f, I42f, 151f, 155, 
264 

critical. I5lf, 155 
local, 152 
and pressure, 67f 
stagnation conditions, 151 
and temperature, 671 
in undisturbed flow, 142f 
Source, 

distribution density, 3l8f 
disturbances, 159 
elementary, potential, 318ff 
point, 

three-dimensional, 100 


Source, 

two-dimensional, 99 
region o£ influence, 319f 
strength, 100. 427 
varying, 4251 

vortex, two-dimensional, 103 
Span, characteristic dimension, 262 
Specific heats, 
and pressure, 61 f 
and temperature, 611 
Speed, see also Velocity 
fluctuation, 29 
sound, see Sound, speed 
Stability, 

dynamic, 394f, 41011 
free motion, 412 
motion, 411 
neutral, 412 

longitudinal, oscillatory, 415 
oscillatory, 414 
static, 5211, 415 

axisymmetric craft, 54 
lateral, 53, 571 
directional, 57f 
rolling, 57 
longitudinal, 53ff 

and elevator deflection, 50 
margin, 55 

Stability derivatives, 397f, 418£ 
acceleration. 399 

and aerodynamic coefficients, 399 

and control surfaces, 4021 

conversion, 404If 

dynamic, 398 

first order, 398 

groups, 399 

gyroscopic, 404 

Magnus, 403 

potential function, 458 

rotary, 399 

second order, 398 

static, 398, 4021 

in subsonic flow, 47811 

in supersonic flow, 48311 

wing, 449 

Strain, see also Deformation 
angular 76, 78 
linear, 76, 78 
specific volume, rate, 78 
Stream. 

filament, 74 
free 25 

function, 89f, 98, 202 
Streamlines, 731, 98, lOif 
family, 74, 104 
zero, 1041 
Strength, 

bound vortex, 435 
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Strength, 

free vortex filaments, 433f 
shock, 172 
sink, 100 
source, 100, 425ff 
vortex, 430, 433, 435, 447 
vortex layer, 430, 433, 447 
vortex sheet, 429f 
vortex tube, 91 
Stress, 

friction, see Stress, shear 
normal, 107ff 
shear, 31ff, 107f 

in laminar flow, 31 f 
in turbulent flow, 32ff 
Strophoid, 180f 
Sublayer, 
laminar, 35 
viscous, 35 
Surface(s), 
control, 402f 
angles, 407f 

discontinuity, 156, see also Shock(s) 
lifting, 
flat, 428 

intricate planform, 429f 
rectangular, 428f 
wave, 211 

wing, deformation, 451 
System(s), 

coordinate, see Coordinate systems 
disturbed sources, 320 
vortex, 429 


Temperature, 

characteristic, dissociation, 69 
critical, 154 

ratio, 166, 172f, 184, 18911 
behind shock, 170, 172 
stagnation, 153, 191f 
Terms, interaction, 402 
Theorem, 
equivalence, 209 
Helmholtz, 78, 91 
Kutta-Zhukovsky, 430 
Stokes, 93f 
Theory, 

aerodynamic, of wing, 21 
boundary layer, 19 
finite-span wing, 21 
heat transfer, gas-dynamic, 19 
infinite-span wing, 21 
linearized, supersonic flow over 
finite-span wing, 308ff 
“loaded line”, 253 
second-order aerodynamic, 293, 296, 
298 


Theory, 

shock wave, 159fl 
vortex, 428ff 
Time, 

relaxation, 194, 199 
dissociative, I94f 
vibrational, 194f 
Tip(s), 

influence on flow over wing, 342f 
rounding, 260 
sonic, 317 
subsonic, 317, 385 
supersonic, 317, 364 
Trailing edge(s), 
sonic, 317, 365 
subsonic, 317, 428 
supersonic, 317, 364, 366ff, 372ff 
Trajectory, particle, see Pathline 
Triangle, definiteness, 232 
Trim, lateral, 58 
Trimming, 55 
Tube, 
stream, 74 
vortex, 91 
strength, 91 
Tunnels, wind, 15 
aerodynamic, 29 
Turbulence, 

homogeneous, 31 
initial, 29f 
intensity, 29 
isotropic, 31 
scale, 30f 


Variables, 

dimensionless, 141 f, see also Crite¬ 
ria, similarity 
Eulerian, 72 
kinematic, 3951,,. 441 
Vector, 

acceleration, 72 
total, 113 

aerodynamic forces, resultant, 36f, 
252 

moment of aerodynamic forces, re¬ 
sultant, 36f 

principal, hydrodynamic pressure 
forces, 246 
velocity, 72 

divergence, 78, 86 
Velocity(ies), 
actual, 28 

additional, 323, 325f, 328ff, 355 
average, 28 
calculation, 226ff 
at characteristic-shock intersec¬ 
tion, 227ff 
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Velocity, 

at characteristic-surface intersec¬ 
tion, 227 ff 
circulation, 91 ff 
complex. 97, 245, 247 
curl, 78 

dimensionless, 433, 435 
divergence, 78, 86 
fictitious, 266 
fluctuation, 28 
component, 28 
free-stream, 25 
in gas jet, 150f 
induced, 251, 440 
by bound vortex, 432, 434 
compound due to doublets, 362 
by free vortices, 432, 434 
by vortex sheet, 434 
local, 154 

nearly uniform flow, 235 
potential, see Velocity potential 
ratio, 152, 156, 271 
fictitious, 266 

flow without separation, 133 
and Mach number, 152 
relative, 152, see also Velocity, ratio 
behind shock, 166, 171 
supersonic, 275, 303f 
total, 245 
vector, 72 
vortex llow, 89 
vortex-induced, 94ff 
Velocitv potential, 79, 98, 103, 105, 

' 201 f, 264f, 372H, 457 
dimensionless, 452 
doublet. 103 
elementary source, 318ff 
hexagonal wing, 366, 368f 
incompressible flow, 266 
induced by doublets, 360 
linearized fiow, 264f 
non-stationary sources, 426f 
on plate, 243 

rectangular wing, 385f, 389 
supersonic unsteady flow, 425 
two-dimensional llow, 264 
on vortex sheet, 460 
Viscosity, 

dynamic, 32, 63 
and pressure, 63 
and temperature, 63f 
and fiuid fiow, 28ff 
Volume, relative rate of change, 78 
Vortex(ices), 103 

bound, 250, 311, 429 
strength, 435 
linear, 430 

velocity induced by, 432, 434 


Vortex(ices), 

circulation, 439, 447 
intensity, 236f 
components, 78 
core(s), 256 
semi-infinite, 253 
strength, 253 
curvilinear, 95 
equivalent. 250 
filament, distribution, 429 
free, 250, 429 
strength, 433f 

velocity induced by, 432, 434 
horseshoe, 256, 438 
oblique, 43011, 437 
infinite, 95f 
interaction, 96 

layer, strength, 430, 433, 447 
line, 95f 

model (pattern), 428ff 
point, 104 
semi-infinite. 96 
sheet, see Vortex sheet 
source, two-dimensional, 103 
strength, 430. 433, 435, 447 
system, 429 
theory, 428ff 
tube, 91 
strength. 91 

Vortex sheet. 251, 256, 312, 429 
boundary conditions, 424 
strength, 429f 

velocity induced by, 312, 434 
velocity potential, 460 
Vorticily. 91. 93 


Warp, geometric, 259 
Wave(s), 

Mach, 161 

three-dimensional, 211 
shock. 159, see also Shock(s) 
formation, 159ff 
infinitesimal, 182 
weak, 161 

simple pressure. 161 
spherical, 427 
stationary, 159 
surface, 211 

Wavelet, see Line(s), weak disturb¬ 
ances 

Wing(s), 

conditional, with toothed edges, 
464 

downwashes. 465 

finite-span, 249ff, 254, 2580, 300f, 
308 ff 

in incompressible flow, 249ff 
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Wing(s), 

finite-span 301 
in supersonic flow, 308ff 
hexagonal, 364, 366fE, 372ff 
with dovetail, 370 
infinite-span, 

in plane parallel flow, 249f 
swept, 299 

lift force, 21, 362, 386 
lifting capacity, 

and aspect ratio, 482f, 487 
and taper ratio, 483 
in linearized flow, 31 Off 
non-elliptical planform, 260 
optimal planform, 258ff 
pentagonal, 364, 370 
rectangular, 260, 385K 

aerodynamic characteristics, 

385ff 

in linearized flow, 386 
in supersonic flow, 386 
semi-infinite, 328ff 
sideslipping, 299f, 302, 304ff 
in subsonic compressible flow, 302f 
in supersonic flow, 308ff, 315, 344 
surface deformation, 451 
swept, 300, 341 
symmetric airfoil, 312, 317ff 
idealized, 313, 317 


Wing(s), 

taper ratio, 263 
tetragonal, 364f 
with dovetail, 364f 
in supersonic flow, 344 
symmetric airfoil, 331ff 
with vee-shaped appendage, 364f 
thin, 315f 

at angle of attack, 351ff 
in nearly uniform flow, 351 ff 
symmetric airfoil, 317ff 
trapezoidal, 260, 262 

aerodynamic characteristics, 349 
lift force, 3621' 
pressure field. 326, 330 
semi-infinite, 328ff 
suction force, 362 
symmetric about x-axis, 326f, 
330f 

vortex model, 436ff 
zero-thickness, 3121' 

Work, 

external mass forces, 124 
surface forces, 124f 


Zone, non-equilibrium, 197 
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The book presents the general theory of dimensions of 
physical quantities, the theory of mechanical and physical 
scaling, and the theory of modelling. 

Typical examples of applications of the similarity and 
dimensions theory are given, illustrating how the funda¬ 
mental mechanical relationships are obtained in ship 
hydrodynamics, aviation, explosion technology, astro¬ 
physics, and some other fields. The book presents the gene¬ 
ral theory of self-similar motions of continuum, the theory 
of shock wave propagation through gases, the theory of 
one-dimensional unsteady motions in a gas, the funda¬ 
mentals of the gas dynamics theory of atomic explosion 
in the atmosphere, the theory of averaging gas flow char¬ 
acteristics in ducts, the modelling and dimensionless char¬ 
acteristics of compressors, the theory of thrust of jet 
engines, and the theory of efficiency of the ideal prop¬ 
eller both at subsonic and supersonic flight velocities. 



